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Abstract 



In Part I, we extend our analysis in |arXiv:0807.1107 , and show that a mathematically 



conjectured geometric Langlands duality for complex surfaces in [T], and its generalizations 
- which relate some cohomology of the moduli space of certain ( "ramified" ) G-instantons to 
the integrable representations of the Langlands dual of certain affine (sub) G-algebras, where 
G is any compact Lie group - can be derived, purely physically, from the principle that the 
spacetime BPS spectra of string-dual M-theory compactifications ought to be equivalent. 

In Part II, to the setup in Part I, we introduce Omega-deformation via fluxbranes 
and add half-BPS boundary defects via M9-branes, and show that the celebrated AGT 
correspondence in [21 Ej, and its generalizations - which essentially relate, among other 
things, some equivariant cohomology of the moduli space of certain ( "ramified" ) G-instantons 
to the integrable representations of the Langlands dual of certain affine W-algebras - can 
likewise be derived from the principle that the spacetime BPS spectra of string-dual M-theory 
compactifications ought to be equivalent. 

In Part III, we consider various limits of our setup in Part II, and connect our story 
to chiral fermions and integrable systems. Among other things, we derive the Nekrasov- 
Okounkov conjecture in jl] - which relates the topological string limit of the dual Nekrasov 
partition function for pure G to the integrable representations of the Langlands dual of an 
affine G-algebra - and also demonstrate that the Nekrasov-Shatashvili limit of the "fully- 
ramified" Nekrasov instanton partition function for pure G is a simultaneous eigenfunction of 
the quantum Toda Hamiltonians associated with the Langlands dual of an affine G-algebra. 
Via the case with matter, we also make contact with Hitchin systems and the "ramified" 
geometric Langlands correspondence for curves. 
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1. Introduction, Summary and Acknowledgements 

The correspondence between 4d gauge theories and 2d CFT's have long been observed 
in the physical and mathematical literature. In a mathematical work [5] that dates back as 
early as 1994, Nakajima showed that the middle-dimensional cohomology of the moduli space 
of [/(iV)-instantons on a resolved ALE space of v4fc_i-type can be related to the integrable 
representations of an affine SU (fc)-algebra of level N. Physicists then attempted to seek a 
physical derivation of this beautiful 4d-2d relation; in particular, Vafa and Witten quickly 
realized [B] that one needs string theory to "see" Nakajima's result, whence in 1995, Vafa 
presented evidence [7] that the correct framework to derive Nakajima's result is in the context 
of heterotic-type IIA string duality, following which in 1996, Harvey and Moore argued [8] 
that it is the equivalence of the algebra of BPS states in heterotic/IIA dual pairs which is 
relevant. That said, a direct physical derivation - in the sense of an equivalence between 
generating functions of the middle-dimensional cohomology of the moduli space of U(N)- 
instantons on a resolved ALE space of A^-i-type and the integrable representations of an 
affine S'C/(fc)-algebra of level N - was still lacking. 

Six years later in 2002, a similar development took place in the physical literature, where 
it was conjectured by Nekrasov in [9] that the equivariant cohomology of the moduli space of 
<S77(iV)-instantons on a (resolved) ALE space of ADE-type should be related to ADE WZW 
models on the SW curve underlying the associated 4d M = 2 pure SU (N) theory. Shortly 
thereafter in 2003, the seminal result in [9] - regarding the exact evaluation of the SW 
prepotential via the Nekrasov partition function - was made mathematically rigorously by 
Nekrasov and Okounkov in [4], where a more refined and far-reaching 4d-2d conjecture was 
also proposed; they asserted that the topological string limit of the dual Nekrasov partition 
function of a 4d M = 2 pure G theory should be related to the integrable representations of 
the Langlands dual of an affine G-algebra, where G is any Lie group. 

Then in 2007, Dijkgraaf, Hollands, Sulkowski and Vafa finally gave a direct physical 
derivation in [10] of Nakajima's result; the aforementioned generating functions were parti- 
tion functions of BPS states in two different but dual frames in string/M-theory which could 
then be equated to each other. Right at about the same time, in an attempt to generalize the 
geometric Langlands duality for Lie groups [TT] to affine Kac- Moody groups, mathematicians 
Braverman and Finkelberg were also led to formulate a conjecture in [Tj, which asserts that 
the intersection cohomology of the moduli space of G-instantons on M 4 /Zfc should be related 
to the integrable representations of the Langlands dual of an affine G-algebra. This conjec- 
ture was henceforth known as a geometric Langlands duality for surfaces, since it involves 
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G-bundles over a complex surface as opposed to a complex curve (which is the underlying 
ingredient in Beilinson and Drinfeld's formulation in [12] of a geometric Langlands duality 
for Lie groups). Witten, in a series of lectures delivered at the IAS in 2008 [13], argued, 
somewhat abstractly, that a geometric Langlands duality for surfaces can be understood as 
an invariance of the BPS spectrum of the mysterious 6d M = (2, 0) SCFT under differ- 
ent compactifications down to 5dQ Combining the insights from Witten's lectures and the 
work of Dijkgraaf, Hollands, Sulkowski and Vafa, the author was able to give a concrete 
M-theoretic derivation in [15] of this geometric Langlands duality for surfaces; he showed 
that for the A-D groups, the duality can be derived from the principle that the spacetime 
BPS spectra of string-dual M-theory compactifications ought to be equivalent. 

Next came a mini revolution in 2009, when Alday, Gaiotto and Tachikawa, motivated by 
the insights from Gaiotto's work in JTU], verified in [2] that the Nekrasov instanton partition 
function of a 4d M = 2 conformal SU (2) quiver theory is equivalent to a conformal block 
of a 2d CFT with WValgebra symmetry that is Liouville theory. This celebrated 4d-2d 
correspondence, better known since as the AGT correspondence, was anticipated to hold 
for other gauge theories as well. In particular, it was soon proposed and checked to some 
extent in [3], that the correspondence should hold for 4d M = 2 asymptotically-free SU(2) 
theories; it was also proposed and checked to some extent in [17], that the correspondence 
should hold for a 4d M = 2 conformal SU(N) quiver theory whereby the corresponding 
2d CFT is an A^-i conformal Toda field theory which has W^-algebra symmetry; and 
last but not least, the correspondence for a 4d M = 2 pure arbitrary G theory was also 
proposed and checked to hold up to the first instanton level in [T5]. The basis for the AGT 
correspondence for SU(N) - as first pointed out by Alday and Tachikawa in [12] - is a 
conjectured relation between the equivariant cohomology of the moduli space of SU(N)- 
instantons and the integrable representations of an affine Wjv-algebra. This conjectured 
relation was first proved mathematically for finite Wjv-algebras in [20], and later proved 
mathematically for affine WV-algebras in [211 E2] . An original effort to furnish a fundamental 
physical derivation of the AGT correspondence from the viewpoint of 6d M = (2, 0) SCFT 
was also undertaken by Yagi in [231124] . although certain assumptions made in loc.cit. require 
further investigation. 

"Ramified" generalizations of the AGT correspondence for pure SU(N) to include sur- 
face operators were also proposed and checked to some extent in [23] |2"S] . although the 
correspondence for pure arbitrary G with a full surface operator had already been proved 

1 A written account of these lectures can also be found in [13] . 
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mathematically in 2004 by Braverman in [27J (as made known to physicists in [19J). Nonethe- 
less, based on peripheral physical evidence, it was later conjectured by Chacaltana, Distler 
and Tachikawa in [28], that the AGT correspondence should hold for pure arbitrary G with 
not just a full but with any surface operator, where on the 2d CFT side, one has a most 
general affine W-algebra. 

The AGT correspondence for SU (N) was further proposed in [291 EH] to hold on IR 4 /Z m , 
where on the 2d CFT side, one has an m-th para-WV-algebra; this proposal was checked to 
be true for N = m = 2 in [29, 31 J . Ideas for this proposal were based on physical evidence 
presented in [32], where it was also conjectured that the AGT correspondence on M 4 /Z m 
should hold not just for SU(N) but for any ADE group, where on the 2d CFT side, one 
has an m-th para- W-algebra derived from the affine ADE-algebra. 

As 2d CFT's can often be associated with integrable systems, the AGT correspondence 
also implies certain relations between the Nekrasov instanton partition function and inte- 
grable systems. An example which actually predates the AGT correspondence would be 
Nekrasov's conjecture in which asserts that the Nekrasov instanton partition function 
should be related to a tau-function of Toda lattice hierarchy A more recent example that 
arose from the AGT correspondence would be Alday and Tachikawa's conjecture in [19] . 
which asserts that the "fully-ramified" Nekrasov instanton partition function should be re- 
lated to Hitchin's integrable system. 

Our main aim is to furnish in a pedagogical manner, a fundamental M-theoretic deriva- 
tion of all the above 4d-2d relations, and more. Let us now give a brief plan and summary 
of the paper. 

A Brief Plan and Summary of the Paper 

In §2, we will employ a chain of string dualities to physically relate distinct compactifi- 
cations of M-theory down to six-dimensions, where around the five compactified directions, 
there can be (i) coincident M5-branes; (ii) coincident M5-branes and an orientifold fiveplane; 
(iii) coincident M5-branes, an orientifold fiveplane, and a four-dimensional defect of the kind 
studied in [2H]- The relation under string dualities between multi-Taub-NUT space and D6- 
branes and NS5-branes, and the relation under string dualities between Sen's four-manifold 
and D6-branes/06-planes and NS5-branes/ON5-planes, play a central role in our arguments; 
they are described in detail in Appendix A. 

In §3, we will show that the Braverman-Finkelberg (BF) conjecture [1] of a geometric 
Langlands duality for surfaces, can, for the A, B, C, D and G groups, be derived, purely 
physically, from the principle that the spacetime BPS spectra of the string-dual M-theory 
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compactifications obtained in §2 ought to be equivalent. As an offshoot, we would be able 
to also demonstrate (i) an identity of the dimension of the intersection cohomology of the 
moduli space of A-, D- and G-instantons on singular ALE spaces; (ii) a Langlands duality 
of the dimension of the intersection cohomology of the moduli space of B- and C-instantons 
on singular ALE spaces. Likewise for the E and F groups, we will show that the Langlands 
duality can be derived, purely physically, from the principle that the spacetime BPS spectra 
of string-dual compactifications of M-theory and type IIB theory on singular K3 manifolds 
ought to be equivalent. Furthermore, for the simply-laced A and D groups, we would be 
able to also derive (1) a McKay- type correspondence of the intersection co homologies of the 
moduli spaces of instantons, which serves as a generalization of Proudfoot's conjecture in [33] 
to completely blown-down ALE spaces; (2) a level-rank duality of chiral WZW models; (3) 
a 4d-2d Nakajima-type duality involving completely blown-down ALE spaces. In particular, 
for the A groups, (2), (3), and our main derivation of a geometric Langlands duality for 
surfaces, physically realize the commutative diagram in (Ml §1]; and for the D groups, (1), 
(2), (3), and our main derivation of a geometric Langlands duality for surfaces, physically 
realize a D-type ALE space generalization thereof. 

In §4, we will derive a non-singular and quasi-singular generalization of the geometric 
Langlands duality for surfaces for the A and B groups. In turn, this would allow us to 
make contact with and generalize a closely-related field-theoretic result obtained earlier by 
Witten |T3], and reproduce, purely physically, Nakajima's celebrated result in Via the 
string-dual M-theory compactifications with four- dimensional defects obtained in §2, we will 
also derive a "ramified" version of the geometric Langlands duality for surfaces for the A, 
B, C, D and G groups. 

In §5, to the setup in §3, we will introduce Omega-deformation via the fluxbrane back- 
ground studied in [351 [36], a dd half-BPS boundary defects realized by M9-branes [37], and go 
on to show that the pure AGT correspondence for the A, B, C, D and G groups, can likewise 
be derived from the principle that the spacetime BPS spectra of string-dual M-theory com- 
pactifications ought to be equivalent. Our derivation physically reproduces the mathematical 
conjecture by Braverman et al. in [20], that the Nekrasov instanton partition function for 
pure G is given by the norm of a coherent state in the Verma module over the Langlands 
dual affine W-algebra. Furthermore, the underlying Seiberg- Witten curve - interpreted as 
an N- or 2iV-fold cover of the two-punctured Gaiotto curve C [Ml E] - also arises naturally 
in our picture. A crucial ingredient in our derivation is the realization by a gauged WZW 
model of affine W-algebras obtained from a quantum Drinfeld-Sokolov reduction procedure; 
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this realization is described in detail in Appendix B. 

In §6, we will first add four-dimensional defects to our setup in §3, and derive a "ram- 
ified" generalization of the pure AGT correspondence for the A, B, C, D and G groups. 
Our derivation reproduces the conjecture by Chacaltana-Distler-Tachikawa in [28], that the 
"ramified" Nekrasov instanton partition function for pure G is given by the norm of a co- 
herent state in the Verma module over the Langlands dual afline W-algebra associated with 
an arbitrary embedding of su(2) in the underlying Lie algebra. In anticipation of a con- 
nection to integrable systems, we then specialize our formulas to the case of a full defect. 
In so doing, we would be able to reproduce exactly the mathematical result by Braverman 
in [27], that relates the "fully-ramified" Nekrasov instanton partition function for pure G 
to the norm of a coherent state in the Verma module over the Langlands dual of an afline 
G-algebra. Second, based on our setup in §4.1 which underlies our earlier derivation of a 
non-singular generalization of the geometric Langlands duality for surfaces, we will derive a 
smooth A-type ALE generalization of the pure AGT correspondence for the A, B, C, D and 
G groups. Our derivation reproduces and generalizes to nonsimply-laced gauge groups the 
conjecture by Nishioka-Tachikawa in [32], that the Nekrasov instanton partition function for 
pure simply-laced Q on an v4 m _i-type ALE space is given by the norm of a coherent state 
in a Verma module over the sum of a parafermionic coset afline algebra RCFT[A m _i,^] 
and the m-th para- W-algebra derived from the afline (/-algebra. In particular, our deriva- 
tion furnishes us with a concrete definition of RCFT[A ?n „ 1 , G] even when G / A - see 



eqns. (6.62)-(6.63) and eqns. (6.72)-(6.73). Last but not least, via building blocks defined 
by M-theory compactifications with M9-brane boundaries that are in one-to-one correspon- 
dence with the three-punctured sphere and cylinder of Gaiotto's construction in [16], we will 
derive the AGT correspondence with matter. For brevity, we will consider just conformal 
linear and necklace quiver theories with n SU(N) gauge groups, although our arguments 
can be straightforwardly generalized to other Gaiotto-type theories as well. Once again, the 
underlying Seiberg-Witten curve - this time interpreted as an iV-fold cover of the generically 
multi-punctured Gaiotto curve C e ff that is a sphere and a torus, respectively [16j - arises 
naturally in our picture. 

And finally in §7, via our results in §5 and §6, we will make contact with chiral fermions, 
integrable systems, and the "ramified" geometric Langlands correspondence for curves. First, 
by considering the topological string limit in our derivation of the AGT correspondence for 
a conformal necklace quiver with n SU(N) gauge groups, we will reproduce and generalize 
a purely field-theoretic result by Nekrasov-Okounkov in |4], that relates the corresponding 
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Nekrasov instanton partition function of the M = 2* SU(N) theory to the theory of N chiral 
fermions on a torus. Second, by considering the topological string limit in our derivation of 
the pure AGT correspondence for G, we will reproduce the conjecture by Nekrasov-Okounkov 
in [1], which implies that the corresponding Nekrasov instanton partition function for pure 
G is equal to the norm of a coherent state in the integrable highest weight module over the 
Langlands dual of an affine G-algebra of level 1. Moreover, if G = SU(N), we find that 
the corresponding Nekrasov instanton partition function for pure SU(N) is a tau-function 
of Toda lattice hierarchy; this also coincides with Nekrasov's conjecture in [9j. Third, by 
considering the Nekrasov-Shatashvilli limit in our derivation of the "fully-ramified" pure 
AGT correspondence for G, we will show that the corresponding "fully-ramified" Nekrasov 
instanton partition function for pure G is a simultaneous eigenfunction of the quantum 
Toda Hamiltonians associated with the Langlands dual of an affine G-algebra. And last, 
guided by the relation between the elliptic Calogero-Moser system and the "tamely-ramified" 
Hitchin system on a single-punctured torus, we will show that in the Nekrasov-Shatashvili 
limit, the corresponding "fully-ramified" Nekrasov instanton partition function of a confor- 
mal linear and necklace quiver theory of n SU(N) gauge groups is also a P-module in the 
"tamely-ramified" geometric Langlands correspondence for SU(N) at genus zero and one, 
respectively. In turn, this confirms the conjecture by Alday-Tachikawa in [19], that the 
aforementioned Nekrasov instanton partition function is a simultaneous eigenfunction of the 
quantum Hitchin Hamiltonians for SU(N). 

Shorter Routes Through This Paper 

As indicated in the contents page, this paper can actually be broken up into four parts. 
Part I, or §2— §4, discusses the geometric Langlands duality for surfaces and its various gen- 
eralizations. Part II, or §5— §6, discusses the AGT correspondence and its various generaliza- 
tions. Part III, or §7, discusses the relation of the AGT correspondence to chiral fermions, 
integrable systems and the "ramified" geometric Langlands correspondence for curves. Part 
IV, or the Appendix, contains materials in support of our discussions in §2 and §5. 

Readers who are interested in the physical derivation of a geometric Langlands duality 
for surfaces, should read §2. 1— §2.2 and §3. 1 §3.3. Readers who are interested in the physi- 
cal derivation of a non-singular or quasi-singular generalization of the geometric Langlands 
duality for surfaces, should read §2.1, §3.1, and §4.1 or §4.2, respectively. Readers who 
are interested in the physical derivation of the "ramified" geometric Langlands duality for 
surfaces, should read §2.3, §3.1— §3.2, and §4.3. Readers who are interested in the physical 
derivation of (i) a McKay-type correspondence of the intersection cohomologies of the mod- 
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uli spaces of instantons, (ii) a level-rank duality of chiral WZW models, and (iii) a 4d-2d 
Nakajima-type duality involving singular ALE spaces, should read §2.1— §2.2, §3.1 §3.2, and 
§3.4. 

Readers who are interested in the physical derivation of the pure AGT correspondence, 
should read §2.1— §2.2, §3.1— §3.2, and §5. 1 §5.3. Readers who are interested in the physical 
derivation of a "ramified" generalization of the pure AGT correspondence, should read §2.3, 
§4.3, §5. 1 §5.3, and §6.1. Readers who are interested in the physical derivation of an A-type 
ALE generalization of the pure AGT correspondence, should read §2.1— §2.2, §3.1— §3.2, §4.1, 
and §6.2. Readers who are interested in the physical derivation of the AGT correspondence 
with matter, should read §2.1, §3.1, §5.1— §5.2, and §6.3. 

Readers who are interested in the relation of the AGT correspondence to chiral fermions, 
should read §2.1, §3.1, §5.1— §5.2, §6.3, and §7.1. Readers who are interested in the relation 
of the AGT correspondence to the Nekrasov-Okounkov conjecture in |4] and the tau-function 
of To da lattice hierarchy, should read §2.1— §2.2, §3.1— §3.2, §5.1— §5.3, and §7.2. Readers who 
are interested in the relation of the AGT correspondence to quantum afline Toda systems, 
should read §2.1— §2.2, §3.1— §3.2, §5.1— §5.3, §6.1, and §7.3. Readers who are interested in the 
relation of the AGT correspondence to the "ramified" geometric Langlands correspondence 
for curves and the Alday-Tachikawa conjecture in [19], should read §2.1, §3.1, §5.1— §5.2, §6.1, 
§6.3, §7.3, and §7.4. 
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Part I 

A Geometric Langlands Duality for Surfaces 



2. Dual Compactifications of M-theory with M5-Branes, OM5-Planes and 4d 
Defects 



2.1. Dual Compactifications of M-theory with M5-Branes 

Consider a six- dimensional compactification of M-theory on the five-manifold x 
M 4 /Zfc. Here, M 4 /Zfc is a singular ALE manifold of type A^-x] is a circle of radius 
R s ; and the subscript l rC means that we perform, in the sense of [38], a "Z„-twist" of the 
theory as we go around the circle - that is, we evoke a Z^-outer-automorphism of IR 4 /Zfc 
(and of the geometrically-trivial six-dimensional spacetime) as we go around the circle and 
identify the circle under an order n translation. Wrap on this five-manifold a stack of N 
coincident M5-branes, such that its worldvolume, in Euclidean signature]^] will be given by 
l t x S[ x IR 4 /Zfc, where M> t is the "time" direction. In other words, let us consider the 
following M-theory configuration: 

M-theory : I 5 x R ( x Sj x M 4 /Z fc . (2.1) 
s v ' 

N M5-branes 

Taking the "eleventh circle" to be one of the decompactified directions along the M. 5 subspace, 



we see that (2.1 ) actually corresponds to the following ten-dimensional type IIA background 
with iV coincident NS5-branes wrapping 1; x Sj, x IR 4 /Z / t, where the IIA string coupling gf 
and string length l s are such that gfl s — > oo: 

IIA : l 4 xl,xSix M 4 /Z fc . (2.2) 
v v ' 

N NS5-branes 

Let us now T-dualize along the M. t direction of the worldvolume of the stack of NS5- 
branes. From §A.3, we learn that T-dualizing along any one of the worldvolume directions 

2 The six-dimensional (2, 0) theory that lives on the worldvolume of the stack of coincident M5-branes is 
a unitary, physically sensible quantum field theory with positive energy. Thus, it is possible to formulate the 
"same" theory on a space of Lorcntzian or Euclidean signature via analytic continuation. For our purpose, 
it will be more useful to adopt a Euclidean signature. 
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of an NS5-brane (where the background solution is trivial), will bring us back to an NS5- 
brane. This means that we will arrive at the following type IIB configuration with IIB string 
coupling gf ~ 1 (since gf = gfl s /r, and r — > oo, where r is the radius of lR t ): 

IIB : IR 4 x Sj >r _, x Si x M 4 /Z fc . (2.3) 

s - : v ' 

TV NS5-branes 

Next, let us T-dualize along a direction that is transverse to the stack of NS5-branes. As 
explained in §A.3, since the NS5-branes are coincident, one will end up having a multi-Taub- 
NUT manifold TNn with an An_\ singularity at the origin, with no NS5-branes. Thus, as 
one can view one of the M's in IR 4 to be a circle of infinite radius, in doing a T-duality along 
this circle, we will arrive at the following type IIA background: 

IIA : TN^° x x x R 4 /Z k , (2.4) 

where TN§^° is a multi-Taub-NUT manifold with an A^-i singularity at the origin and 
asymptotic radius R — > 0. (As explained in §A.3, R — > because we are T-dualizing 
along a trivially-fibered circle of infinite radius.) At this stage, one also finds that gf — > 0. 
Consequently, this can be interpreted as the following M-theory background with a very 
small "eleventh circle" S^: 

M-theory : TN§~*° x x S* x S^.^ x M 4 /Z fc . (2.5) 



From §A.l, we learn that the singular ALE space R /Z^ is simply TNf* with an A 



k-l 



singularity at the origin whose asymptotic radius R — > oo. Note also from §A.2 that M- 
theory on such a space is equivalent upon compactification along its circle fiber to type 
IIA string theory with k coincident D6-branes filling out the directions transverse to the 



space. In other words, starting from (2.5), one can descend back to the following type IIA 
background: 

IIA : TN^° x Sk_>o x Si x r ^ xl 3 . (2.6) 

S ; v : " 

k D6-branes 

Note however, that we now have a type IIA theory that is strongly-coupled, since the effective 
type IIA string coupling from a compactification along the circle fiber is proportional to the 
asymptotic radius which is large. (See §A.2, again.) 
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Let us proceed to do a T-duality along S^, which will serve to decompactify the circle, 
as well as convert the D6-branes to D5-branes in a type IIB theory. By coupling this step 
with a type IIB S-duality that will convert the D5-branes into NS5-branes, we will arrive at 
the following type IIB configuration at weak-coupling: 

IIB : TN^° x Sj.^ xSixi 4 . (2.7) 
v ' 

k NS5-branes 

Finally, let us do a T-duality along §J. r ^. , which will bring us back to a type II A 
background with NS5-branes and gf — > ooj^] Lifting this IIA background back up to M- 
theory, we will arrive at the following configuration: 

M-theory : TN^° xS^xRt xl 5 , (2.8) 

k M5-branes 

where there is a nontrivial Z n -outer- automorphism of TN§^° as we go around the circle. 

Hence, from the chain of dualities described above, we conclude that the six-dimensional 
M-theory compactifications with N and k coincident M5-branes wrapping the five compact- 



ified directions along the manifolds S* x IR 4 /^ and x TN^° as shown in (2.1) and (2.8) 
respectively, ought to be physically dual to each other. 

2.2. Dual Compactifications of M-theory with M5-Branes and OM5-Planes 



To the stack of coincident M5-branes in (2.1), one can add a fiveplane that is intrinsic 



to M-theory known as the OM5-plane [39] • Then, we would have the following M-theory 
configuration: 

M-theory : M 5 x R t x x R A /Z k , (2.9) 
v v ' 

N M5-branes/OM5-plane 

where as before, we evoke a Z n -outer-automorphism of M^/T^k (and of the geometrically- 
trivial 1R 5 x M f spacetime) as we go around the circle and identify the circle under an 
order n translation. 

Unlike the usual Op-planes, the OM5-plane has no (discrete torsion) variants and is thus 
unique. Its presence will serve to identify opposite points in the spatial directions transverse 
to its R t x x M 4 /Zfc worldvolume. Consequently, the gauge symmetries associated with 



3 Recall the T-duality relation gf ~ gfl s /r. Therefore, because gfl s , though small, is still nonzero, 
having r — > would mean that gf — > oo. 
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the stack of M5-branes will be modified, much in the same way how Op-planes modify the 
effective worldvolume gauge symmetry on a stack of Dp-branes by identifying open-string 
states with exchanged Chan-Paton indices that connect between the Dp-branes. An essential 
fact to note at this point is that the OM5-plane can be interpreted as a unique ON5^-plane in 
type IIA string theory under a compactification along an "eleventh circle" that is transverse 
to its worldvolume |39j; here, the '-' superscript just indicates that its presence will result 
in an orthogonal gauge symmetry in the type IIA theory, while the 'N' just denotes that 
it can only be associated with NS5-branes. This means that the presence of an OM5-plane 
will serve to convert an existing gauge symmetry (in a certain regime) of the worldvolume 
theory on the stack of coincident M5-branes to that of an orthogonal (and not symplectic) 
type. This fact will be important later. 

Let us now take the "eleventh circle" to be one of the decompactified directions along the 



IR subspace. We then see that (2.9) actually corresponds to the following ten-dimensional 
type IIA background with N coincident NS5-branes wrapping R ( x Sj, x M 4 /Za. on top of an 
ON5^-plane, where gfl s — >■ oo: 

IIA: IR 4 x R,xSixl 4 /Z fc . (2.10) 
v v ' 

N NS5-branes/ON5^-plane 

Let us next T-dualize along the IRf direction of the NS5-branes/ON5^-plane configu- 
ration. From §A.6, we learn that T-dualizing along any one of the worldvolume directions 
of an NS5-brane/ON5~-plane configuration (where the background solution is trivial), will 
bring us back to an NS5-brane/ON5~-plane configuration. This means that we will arrive 
at the following type IIB configuration where gf ~ 1: 

IIB : IR 4 x x S£ x M 4 /Z fe . (2.11) 
v — : v ' 

N NS5-branes/ON5^-plane 

Here, the ON5^-plane is the T-dual counterpart of the ON5^-plane. It is also the S-dual 
counterpart of the usual 05~-plane in type IIB theory |39j . 

Now, let us T-dualize along a direction that is transverse to the stack of NS5-branes/ ON5^- 
plane. As explained in §A.6, one will end up with Sen's four-manifold SN^ with a 
singularity at the origin [ID] (which one can roughly regard as TN^ with a Z 2 -identification 
of its S 1 fiber and IR 3 base), with no NS5-branes and no ON5^-plane. Thus, as one can view 
one of the R's in IR 4 to be a circle of infinite radius, in doing a T-duality along this circle, 
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we will arrive at the following type IIA background: 



IIA : SN^° x Sj^o xSix R 4 /Z k , (2.12) 

where SN$~*° is Sen's four-manifold with a Djv singularity at the origin and asymptotic 
radius R — > 0. (As explained in §A.6, R — > because we are T-dualizing along a trivially- 
fibered circle of infinite radius.) This is consistent with the fact that a T-duality along a 
direction transverse to the ON5^-plane gives rise to a solution that can be identified with a 
unique OM6-plane in M-theory [39] , which, in turn, implies the Z2-symmetry that is inherent 



in Sen's four-manifold [40] . At this stage, one also finds that gf — > 0. In other words, (2.12) 



can also be interpreted as the following M-theory background with a very small "eleventh 



circle" S^: 



M-theory : SNff* x x x S^.^ x M 4 /Z fc . (2.13) 



From §A.l, we learn that the singular ALE space M /Z& is simply TNp. with an A 



fe-i 



singularity at the origin whose asymptotic radius R — > oo. Also from §A.2, we learn that 
M-theory on such a space is equivalent upon compactification along its circle fiber to type 
IIA string theory with k coincident D6-branes filling out the directions transverse to this 



space. In other words, starting from (2.13), one can descend back to the following type IIA 
background: 

IIA : SN*->° x StV+o x^x Sl t r _> x ^ 3 - (2-14) 

V ^ v : " 

k D6-branes 

Note however, that we now have a type IIA theory that is strongly-coupled, since the effective 
type IIA string coupling from a compactification along the circle fiber is proportional to the 
asymptotic radius which is large. (See §A.2, again.) 

Let us proceed to do a T-duality along S\ x , which will serve to decompactify the circle, 
as well as convert the D6-branes to D5-branes in a type IIB theory. By coupling this step 
with a type IIB S-duality that will convert the D5-branes into NS5-branes, we will arrive at 
the following type IIB configuration at weak-coupling: 

IIB : SN§~>° x S^-mi x S l n xR 4 . (2.15) 
v ' 

k NS5-branes 

Finally, let us do a T-duality along S^. r _^ , which will bring us back to a type IIA 
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background with NS5-branes and gf — > ooj^] Lifting this IIA background back up to M- 
theory, we will arrive at the following configuration: 

M-theory : SNfjr* x Si x R t xM 5 , (2.16) 

V V ' 

k M5-branes 

where there is a nontrivial Z n -outer- automorphism of SN§^° as we go around the circle. 

Thus, from the chain of dualities described above, we conclude that the six-dimensional 
M-theory compactifications with N and k coincident M5-branes wrapping the five com- 
pactified directions along the manifolds x 1R 4 /Zfc (in the presence of an OM5-plane) and 



S* x SN§~^° as shown in (2.9) and (2.16), respectively, ought to be physically dual to each 
other: 



2.3. Dual Compactifications of M-theory with M5-Branes, OM5-Planes and 4d Defects 



To the stack of N coincident M5-branes in (2.1), one can add a 4d defect of the kind 
studied in 



For definiteness, let us consider the following M-theory configuration: 





1 


2 3 


4 5 


6 7 


8 9 10 


N M5's 
defect 













(2.17) 



Here, the ' — ' sign in the column labeled by j means that the particular brane or defect 
extends along the j th direction with coordinate Xj. We take xq and x\ to be the coordinates 
on R t and S*, respectively, so that (x2, x$, £4, £5) would be the coordinates on M. 4 /Zk ~ 
C 2 /Zfc. Then, if z = X2 + ix^ and w = X4 + ix§, the singular ALE manifold C 2 /Zfc can be 
viewed as a complex surface C 2 whose coordinates (z, w) are identified under the Z^-action 



(z, w) — > ((z, C _1 w), where ( = e 2m / h . According to (2.17), the 4d defect then wraps R t x S 4 
and the z-plane. Consequently, the presence of the 4d defect (i) modifies the theory living 
on lj x Sj,; (ii) introduces - when observation scales are much larger than the radius of S 4 
- a surface defect (which we will describe below) in the 4d M = 4 SYM theory living on the 
"constant-time" hypersurface C 2 /Z fc , at w — 0. Such a 4d defect was first considered in [T9"] . 

Characterization of the 4d Defect by a Partition of N 

This 4d defect can be labeled by a partition of iV when n — 1, as follows. First, set 
k = 1 for ease of illustration. (The same arguments will apply for k > 1, except that one 



4 Recall the T-duality relation gf = gfl s /r. Therefore, because gf l s , though small, is still nonzero, 
having r — > would mean that gf — > 00. 
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must further take into account the above-mentioned identification under the Z^-action.) As 
usual, freeze the center-of-mass degrees of freedom of the stack of N coincident M5-branes; 
then, along the 2345-directions, we have an M = 4, G = SU(N) theory on C 2 with a 
Gukov-Witten surface operator |4T] along the z-plane. 

Second, note that this surface operator introduces a singularity in the gauge field A^. 
if (r, 9) are the polar coordinates of the transverse w-plane in C 2 , i.e., w = re l9 , the gauge 
field diverges as 

A^dx^ ~ diag(«i, a 2 , • • • ,(*n) idO, (2-18) 

near the surface operator. By a gauge transformation, one can assume that 1 > a% > oti+i > 
0. 

Third, note that the commutant of a — i diag(«i, a 2 , • • • ,«v) is a subgroup L C G 
which is called the Levi subgroup; in other words, the gauge group G reduces to L along the 
surface defined by the z-plane. The structure of a can take the general form 

a = i diag(«(i), . . . , am, a( 2 ), • • • , ar 2 ), • • • , «(M), • • • , «(M)), ( 2 - 19 ) 

V v " V v ' >> v " 

n\ times ri2 times n^j times 

where n« > This means that the Levi subgroup is 

L = S[U(m) x U(n 2 ) x • • • x U(n M )\, (2.20) 

where = ni + n 2 + • • • + %. It is in this sense that the underlying 4d defect can be 
characterized by the partition [n 1; n 2 , . . . , um] of N, and be called one of type L. 

Reduction of Gauge Group and Parabolic Subgroups 

It will be useful for later to also discuss the connection between (i) the reduction, along 
the surface, of the gauge group G to its Levi subgroup L, and (ii) parabolic subgroups of 
Gc (the complexification of G). 

To this end, let p be a subalgebra of $jc (the Lie algebra of Gc) spanned by elements x 
satisfying 

[a,x}=i\x, A < 0. (2.21) 

Then, p is called a parabolic subalgebra, and the corresponding subgroup V C Gc is called 
a parabolic subgroup. 

5 Onc can also have n J+ i > n*, but we will not consider such a situation in this paper. 
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Note that since L is the commutant of a, (2.21) means that there ought to exist a 
correspondence between L and V. For example, consider G = SU(4) and L = S[U(2) x 
U(l) 2 }; according to our above discussion, L is associated to the partition [nj] = [2,1,1] 
and a = i diag(a(i), a(i), a(2), a(3)); in this case, the corresponding parabolic subgroup is 
"P — ^[2,1,1], and its elements take the form 



/* 


* 





o\ 


* 


* 








* 


* 


* 







* 


* 


*/ 



(2.22) 



where the sign V denotes some complex number such that the determinant of the matrix is 
one. 

As a second example, consider G = SU(4) and L = t/(l) 3 ; according to our above dis- 
cussion, L is associated to the partition [nj] = [1, 1, 1, 1] and a = i diag(«(i), a(2), «(3), «(4)); 
in this case, the corresponding parabolic subgroup is Pp.,1,1,1], and its elements can be any 
complex semi-lower triangular 4x4 matrix of determinant one. In general, when the Levi 
subgroup is L = [/(l)^ -1 , the corresponding parabolic subgroup is just the Borel 

subgroup B. 

As a final example, consider G = SU(N) and L = SU (N) = G; according to our above 
discussion, L is associated to the partition [m] = [N] and a = Oj^] in other words, there is 
no defect. In this case, the corresponding parabolic subgroup Vm would be spanned by all 
complex N x N matrices of determinant one, i.e., V\m = SL(N, C) = G ■. 

Note that one can also understand the above correspondence between L and V\ ni \ to be 
a consequence of the fact that G/h ~ Gc/V[ ni ] as Riemannian manifolds. This isomorphism 
also means that we can describe the reduction of the gauge group along the surface in terms 
of parabolic subgroups: the SU(N) gauge group is reduced along the surface by an amount 
SU(N)/h, and from the preceding observations, this is the same as V[N]/V[ ni ]. 

Dual Compactifications with M5-Branes and 4d Defects 



Now consider the M-theory configuration given in (2.17): 

M-theory : IR 5 x R t x x M 4 /Z fc , 

v v ' 

N M5-branes with a 4d defect 



(2.23) 



6 For the partition [TV], we have a — i diag(am, am, ... , otm). Since G = SU (N) is the group of traceless 
unitary N x N matrices of determinant one, we must also have ^2 a (i) — 0- Altogether, this means that 
5 = 0. 
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where (i) we evoke a Z n -outer-automorphism of M. 4 /Z k (and of the geometrically-trivial 
IR 5 x M f spacetime) as we go around the circle and identify the circle under an order n 
translation; (ii) the 4d defect wraps K t x and the z-plane in /Z k ~ C z /Z k x C w /Z k . 
(The simultaneous Z^-action on the z- and w-plane is as described below (2.17).) As argued 
in [26J §2-2], one can replace the defect with a certain four-dimensional orbifold which spans 
the directions transverse to the defect. In other words, we have the following equivalent 
M-theory configuration: 



M-theory : M 3 x C W ./Z M xl,xSix C z /Z k x C w /{Z k x Z M ), (2.24) 

v v ' 

N M5-branes 

with coordinates (xi ,Xg,x 8 ;w';x ;xi,z;w), where w' = x G + ix 7 . Here, C W //Z M can be 
regarded as the w/-plane identified under the ZA/-action w' — > 7~ 1, u/, where 7 = e 2?n//M ; 
C z /Z k can be regarded as the z-plane identified under the Z^-action z — » (z; and C w / (Z k x 
Zm) can be regarded as the w-plane identified under the {Z k x ZA/)-action to — > (~ lr yw. 
The Z^f-action, in addition to acting geometrically, also acts representation-theoretically: 
at a low-energy scale much larger than the radius of with n — 1, the iV-dimensional 
representation of the U(N) gauge group of the 4d theory living on the "constant-time" 
hypersurface C z /Z k x C w /(Z k x Z M ) gets multiplied, under the Z M -action, by (c.f. [42] j45]) 



/ 22 

(7, •••,7, 7 , •••,7 j---»7 



M ,...,7 M ^ 



(2.25) 



ni times 



ri2 times 



riM times 



Taking the "eleventh circle" to be the decompactified xio-direction along the M. 3 sub- 



space, we see that (2.24) actually corresponds to the following ten-dimensional type IIA 
background with N coincident NS5-branes wrapping 1 ( x S|, x C z /Z k x C w /(Z k x Zm), 
where the IIA string coupling gf and string length l s are such that gfl s — > 00: 



IIA : R 2 x C wl /Z M xK f xSix C z /Z k x C w /(Z k x Z M ) . (2.26) 

v v ' 

N NS5-branes 

Let us now T-dualize along the M. t direction of the worldvolume of the stack of NS5- 
branes. From §A.3, we learn that T-dualizing along any one of the worldvolume directions of 
an NS5-brane (where the background solution is trivial), will bring us back to an NS5-brane. 
Therefore, we will arrive at the following type IIB configuration with IIB string coupling 
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gf ~ 1 (since gf = gfl s /r, and r — > oo, where r is the radius of R t ): 



IIB : M 2 x C W //Z M x xS^x C z /Z fc x C w /(Z fe x Z M ) . (2.27) 



N NS5-brancs 



Next, let us T-dualize along the £g-direction transverse to the stack of NS5-branes. As 
explained in §A.3, since the NS5-branes are coincident, one will end up having a multi-Taub- 
NUT manifold TN^ with an A^_i singularity at the origin, with no NS5-branes. To this 
end, note that one can view K along the Xg-direction to be a circle of infinite radius. In 
doing a T-duality along this circle, we arrive at the following type IIA background: 

IIA : TN^X w , /Zm x Sj^o xSix C z /Z k x C w /(Z k x Z M ). (2.28) 

Here, TNj^°\c ,/z M is a multi-Taub-NUT manifold with an A^-i singularity at the origin 
whose w'-plane (spanning the x^-Xj directions of its M. 3 base in the Xq-x^-x^ directions that 
supports a nontrivial S 1 -fibration in the Xg-direction) is further identified under the Z^- 
action w' — >■ 7 -1 «/, and whose asymptotic radius R — > 0. (As explained in §A.3, R — > 
because we are T-dualizing along a trivially- fibered circle of infinite radius.) At this stage, 
one also finds that gf — > 0. Consequently, this can be interpreted as the following M-theory 
background with a very small "eleventh circle" S^: 

M-theory : TN^\ w , /IiM x x S\ x x TN^\ Cw/Zm . (2.29) 

To arrive at this configuration, we have noted that from §A.l, the singular ALE space 
Cz/Z/j x C w /Z*k is simply TNk with an A^-i singularity at the origin whose asymptotic radius 
R — > oo. Here, TN^°°\c w /% M is a multi-Taub-NUT manifold with an A^-i singularity at the 
origin whose w-plane (spanning the X4-X5 directions of its M. 3 base in the X3-X4-X5 directions 
which supports a nontrivial S 1 -fibration in the ^-direction) is further identified under the 
Zjv/-action w — > jw, and whose asymptotic radius R — > 00. 

From §A.2, we learn that M-theory on the space TN^°° is equivalent upon compacti- 
fication along its circle fiber to type IIA string theory with k coincident D6-branes filling out 



the directions transverse to the space. In other words, starting from (2.29), one can descend 
back to the following type IIA background: 

IIA : TN^°\ Cw , /Zm x x x xl x C W /Z M . (2.30) 

N v ' 

k D6-branes 
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Note however, that we now have a type IIA theory that is strongly-coupled, since the effective 
type IIA string coupling from a compactification along the circle fiber is proportional to the 
asymptotic radius which is large. (See §A.2, again.) 

Let us proceed to do a T-duality along S^, which will serve to decompactify the circle, 
as well as convert the D6-branes to D5-branes in a type IIB theory. By coupling this step 
with a type IIB S-duality that will convert the D5-branes into NS5-branes, we will arrive at 
the following type IIB configuration at weak-coupling: 

IIB : TN^\ wI , Zm x xSixl 2 x C W /Z M . (2.31) 

" v '■ ' 

k NS5-branes 

Finally, let us do a T-duality along Sj. r ^. , which will bring us back to a type IIA 
background with NS5-branes and gf — > ooQ Lifting this IIA background back up to M- 
theory, we will arrive at the following configuration: 

M-theory : TN^°\ Cw , /Zm x x R t xC w /Z M x IR 3 . (2.32) 

V v ' 

k M5-branes 

Here, the Z^-action, in addition to acting geometrically, also acts representation-theoretically: 
when n = 1, the dimensional representation of the U(k) gauge group of the 4d theory along 
TN§~*°\c ,/z M gets multiplied, under the ZM-action, by (c.f. [42 4 43]) 



(.7, 



.7,7 



■ 7 



,7 



M 



,7 M ) 



(2.33) 



n, , times 



where k — n' x + n' 2 + • • ■ + n' M . Note that the partition [n' u n' 2 , ■ ■ ■ , n' M ] of k depends on the 
partition \n\, n 2 , . . . , %] of N, as one would expect. We shall elaborate on this in §4.3. 



Now reverse the argument in [261 §2.2] that took us from (2.23) to (2.24). We then get 



M-theory : TN§~~*° x x R t xR 5 , (2.34) 



k M5-branes with a 4d defect 



where the 4d defect wraps x M. t and the x$-xg directions in TN§~~*°. (Recall that the re- 
direction is spanned by the S 1 -fiber of TN§^°, while the X6-X7-xs-directions are spanned by 



7 Recall the T-duality relation gf = gfl s /r. Therefore, because gf l s , though small, is still nonzero, 
having r — > would mean that gf — > oo. 
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its R 3 base.) Also, there is a nontrivial Z n -outer-automorphism of TN$~*° as we go around 
the circle. 

Assuming that the center-of-mass degrees of freedom of the stack of k coincident M5- 
branes are frozen, the presence of the 4d defect means that at a low-energy scale much larger 
than the radius of with n = 1, the SU(k) gauge group of the 4d Af = 4 theory living on 
the "constant-time" hypersurface TN§^° is broken to a Levi subgroup L' C SU(k) along 
the Xg-xg directions that is the commutant of 

— •••■> a (2), "(2), • • • , "(M), • • • , "(Af)). (2.35) 



~v 

. times 



At any rate, from the chain of dualities described above, we conclude that the six- 
dimensional M-theory compactifications with iV and k coincident M5-branes wrapping the 
five compactified directions along the manifolds x 1R 4 /Z^ and x TN^ in the presence 



of 4d defects as shown in (2.23) and (2.34), respectively, ought to be physically dual to each 
other. 

Dual Compactifications with M5-Branes, OM5-Planes and 4d Defects 



To the stack of coincident M5-branes with a 4d defect in (2.23), one can, as was done in 
§2.2, add an OM5-plane [39]. Then, we would have the following six-dimensional M-theory 
compactification: 

M-theory : R 5 x R t x S* x R A /Z k , (2.36) 
v v ' 

N M5 + OM5 + 4d defect 

where (i) we evoke a Z n -outer-automorphism of M 4 /Z& (and of the geometrically-trivial 
IR 5 x K f spacetime) as we go around the circle and identify the circle under an order n 
translation; (ii) the 4d defect wraps R t x S* and the z-plane in M 4 /Zfc ~ C z /Z^ x C^/Z^. 
(The simultaneous Z^-action on the z- and w-plane is as described below ( 2. 17[ ) .) 



Combining our arguments behind (2.24)-(2.34) with those behind (2.9)-(2.16), we arrive 



at the following physically dual six-dimensional M-theory compactification: 

M-theory : SNfjr* xSixl ( xl 5 , (2.37) 



k M5 + 4d defect 



where the 4d defect wraps x IR t and the x$-x$ directions in SN$~*°, Sen's four-manifold 
with a Djv singularity at the origin whose asymptotic radius R — » 0. (Note that the re- 
direction is spanned by the S 1 -fiber of SN§^°, while the Xft-Xj-Xg- directions are spanned by 
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its M. 3 base. See §A.4 for further details, if desired.) Also, there is a nontrivial Z n -outer- 
automorphism of SN^° as we go around the S* circle. 



3. An M-Theoretic Derivation of a Geometric Langlands Duality for Surfaces 



3.1. An Equivalence of Spacetime BPS Spectra and a Geometric Langlands Duality for 
Surfaces for the A-B Groups 

We shall now derive, purely physically, a geometric Langlands duality for surfaces for 
the A-B groups. As a start, note that in §2.1, we showed that the following six-dimensional 
M-theory compactification on the five-manifold X 5 = M 4 /^fc x with iV coincident M5- 
branes around it, 

M-theory : R 4 /Z k x^xlj xR 5 , (3.1) 



N M5-branes 
p4 . 



where we evoke a Z ra -outer- automorphism of K /Z& (and of the geometrically-trivial K x R t 
spacetime) as we go around the circle and identify the circle under an order n translation, 
is physically dual to the following six-dimensional M-theory compactification on the five- 
manifold A 5 = S^ x TN§~^° with k coincident M5-branes around it, 

M-theory : I 5 x l( x Sj, x TN%~*°, (3.2) 

N v ' 

k M5-branos 

where there is a nontrivial Z n -outer-automorphism of TN§^° as we go around the circle 
of radius R s . 

Notice that because M 4 /Zfc and TN$~*° are hyperkahler four-manifolds which break 
half of the thirty-two supersymmetries in M-theory, the resulting six- dimensional spacetime 



theories along IR t x IR 5 in (3.1) and (3.2), respectively, will both have 6d M = (1, 1) super- 
symmetry. As usual, there are spacetime BPS states which are annihilated by a subset of the 
sixteen supersymmetry generators of the 6d Af = (1, 1) supersymmetry algebra; in particular, 
a generic (half) BPS state in six dimensions would be annihilated by eight supercharges [44J. 
Since the supersymmetries of the worldvolume theory of the stack of M5-branes are repre- 
sented by the spacetime supersymmetries which are unbroken across the brane-spacetime 
barrier - in this instance, only half of the sixteen spacetime supersymmetries are unbroken 
across the brane-spacetime barrier because the M5-branes are half-BPS objects - a generic 
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spacetime BPS state would correspond to a worldvolume ground state that is annihilated by 
all eight worldvolume supercharges]^] For example, in a six-dimensional compactification of 
M-theory with an M5-brane wrapping K3 xS 1 , where K3 is a hyperkaher four- manifold, the 
sixteen spacetime BPS states which furnish the massless representations of the 6d M = (1, 1) 
spacetime supersymmetry algebra correspond to the ground states of the worldvolume theory 
of the M5-brane [B] . 

For our immediate purpose of deriving purely physically a geometric Langlands duality 
for surfaces, it suffices to ascertain the spectrum of such spacetime BPS states in the M- 



theory compactifications (3.1) and (3.2). To do so, we would first need to describe the 



quantum worldvolume theory of the stack of M5-branes. 

Quantum Worldvolume Theory of the Stack of M5-branes 

In ten dimensions or less, the fundamental string, and in particular its magnetically- 
dual NS5-brane, have their origins in the M2- and M5-branes of eleven-dimensional M-theory, 
respectively. From this fact, it is clear that the fivebranes must be as fundamental as the 
strings themselves. Moreover, one can also expect that upon quantizing the worldvolume 
theory of the fivebranes, we would get a spectrum spanned by a tower of excited states, 
much like when we quantize the worldsheet theory of a fundamental string. 

Indeed, the quantum worldvolume theory of I coincident M5-branes is described by 
tensionless self-dual strings which live in the six-dimensional worldvolume itself |15] . In the 
low-energy limit, the theory of these strings reduces to a non-gravitational 6d M = (2,0) 
superconformal field theory of / — 1 massless tensor multiplets]^] Each of these / — 1 multiplets 
consists of a chiral two-form Y (i.e., with self-dual field strength dY = *dY), an Sp(4) 
symplectic Majorana-Weyl fermion and an 5*0(5) vector (p A of scalars that parameterize 
the five transverse positions of the M5-branes in eleven dimensions. {Sp(4) ~ SO (5) is the 
i?-symmetry of the M = (2, 0) superconformal algebra.) 

Alternatively, one can also describe the quantum worldvolume theory via a sigma-model 
on instanton moduli space jl5l H6]; in particular, if the worldvolume is given by M x Sj, x M t , 
where M is a generic hyperkahler four-manifold, one can, in an appropriate gauge, compute 



8 By a worldvolume ground state, we really mean a state that is annihilated (in Lorentz signature) by 
the positive semi-definite operator H — P of the worldvolume supersymmetry algebra {Q a , Qp} = H — P, 
i.e., a minimal energy state that saturates the bound H > P, where H is the Hamiltonian operator which 
generates translations along R t ; P is the momentum operator around S^; and the Q a 's and Qps - where 
a,/3 = 1, . . • , 8 - are the eight worldvolume supercharges. 

9 Actually, there are, to begin with, I such tensor multiplets from the I M5-branes. However, a single 
tensor multiplet has been omitted, as we have implicitly frozen its scalars that describe the (transverse) 
center-of-mass degrees of freedom of the I M5-branes. 
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the spectrum of ground states of the quantum worldvolume theory (that are annihilated by 
all of its supercharges), as the spectrum of physical observables in the topological sector of 
a two-dimensional Af = (4, 4) sigma-model on x R t with target the hyperkahler moduli 
space A4g{M) of G-instantons on M. On the side of (3.1 ) where I = N, we have G = SU(N) 
if n = 1, and G = SO(N + 1) if n = 2 and iV is even. 

To arrive at the above claim that the spectrum of ground states of the quantum world- 
volume theory is captured by the spectrum of physical observables in the topological sector 
of the sigma-model, note that (i) the eight supercharges of the M = (4, 4) sigma-model 
on x M.t represent the eight supersymmetries of the 6d JV = (2,0) quantum worldvol- 
ume theory which are left unbroken on M x x R t ; (ii) the physical observables of any 
two-dimensional supersymmetric sigma-model that are annihilated by all of its supercharges 
necessarily span its topological sector. 

To arrive at the above claim about G, n and N, first note that at a low-energy scale 
much larger than R s whence the 6d J\f — (2,0) Aat_i SCFT is effectively compactified on 
S*, we get 5d maximally supersymmetric SU(N) theory on M x ]R t . Next, notice that a 
Z n -outer-automorphism of M would also result in a Z n -outer-automorphism of the SU(N) 
gauge group (since it is associated with a principal 5'L r (iV)-bundle over M x M f ); as such, the 
gauge group is effectively G = SU(N) or SO(N+l), depending on the aforementioned values 
of n and N jl?]. Since instantons on M originate from static particle-like BPS configurations 
of the 5d gauge theory on M x 1(, our claim follows. 

The existence of such static particle-like BPS configurations on M x K ( which manifest 
as G-instantons on M, can be understood as follows. Upon compactifying on (which one 
can always regard as the "eleventh circle"), M5-branes which wrap MxSj,x K t reduce to 
D4-branes in type IIA string theory which wrap Mxl t . In type IIA string theory, one can 
have (half-BPS) DO-branes within the M x M t worldvolume of the D4-branes |48j. These 
DO-branes correspond to the static particle-like BPS configurations in question. 

Being DO-branes, they are charged under a one-form RR gauge field which arises from 
the Kaluza-Klein (KK) reduction on S^. Consequently, a single DO-brane of unit RR charge 
has momentum 1/R S along S*. In the case where n = 1, we do not "twist" the theory as 
we go around S^; the scalar fields ip of the sigma-model are therefore periodic around this 
circle: if a parameterizes the (compact) spatial direction of the sigma-model worldsheet, then 
ip{a + 2n) = ip(cr). Hence, the operator e 2vlRaPs which effects the translation o — > a + 2tt, 
where p s is the momentum along S^, is such that e 2mRsPs = 1, i.e., p s = m/R s , where 
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m G Z> j^] Hence, the KK mode, or the DO-brane charge, is m. This is the usual story for 
KK reduction on a circle, where there can be bound states of m DO-branes that manifest as 
instantons on M with instanton numbers m. 

In the case where n > 1, we must "Z n -twist" the theory as we go around S*; in 
particular, this circle will be identified under an order n translation. As such, we must now 
include a twisted sector in the sigma-model. In the twisted sector, the scalar fields ip of 
the sigma-model are periodic only up to a Z n -factor around the circle, i.e., ip(a + 2tt) = 
e 2mr i/ n <p(a), where Tj = 1, 2, . . . , n — 1. In other words, e 2mRaPs = e 27m ^/ n , or p s = + 
where m G Z>o. Together with the untwisted sector, we then have p s = m/R s ,(m + 
-)/R s , {m + -)/R s , . . . , (m + /R s . Therefore, the KK modes, or the DO-brane charges, 
are m,m + -, m + m + — -. Hence, there can be bound states of m, m + -, m + 

and m+ DO-branes that manifest as instantons on M, giving rise to the instanton 
numbers m, m+^,m+^,..., and m + respectively^] 

Altogether from the last two paragraphs, it would mean that instantons on the spin 
manifold M (modulo the noncompactness of M) have instanton numbers that take values in 



7i>o/n. In particular, for n = 1 whence we have S'f/(iV)-instantons on the side of (3.1), the 
instanton numbers take only non-negative integer values, as is well-known. For n = 2 and 
even iV whence we have SO(N + l)-instantons, the instanton numbers take values in Z>o/2; 
this is consistent with the fact that for nonsimply-connected groups such as SO(N + 1), the 
instanton numbers may not always be integral. Indeed, our results agree with [B], §3.2, first 
paragraph, where for 5*0(3), it was shown that the instanton number takes values in Z> /2; 
moreover, our results also agree with [50, Appendix B], where for all other SO(N + 1), it 
was shown that the instanton numbers take only non-negative integer values. In the latter 
case of all other SO(N+ 1) where one only has integral instanton numbers, there necessarily 
has to be further binding of pairs of bound states consisting of full and one-half-fractional 
DO-branes whose respective charges take the forms m + | and (m + 1) — |, such that we 
effectively have an integral number of DO-branes only. 

Spacetime BPS States from the Af = (4, 4) Sigma-Model on S l n x K t 

As explained earlier, the spectrum of spacetime BPS states would correspond to the 
spectrum of ground states of the quantum worldvolume theory of the M5-branes; in turn, as 
claimed and justified thereafter, this is captured by the spectrum of physical observables in 

10 The case of m being negative is a priori possible, but its correspondence to DO-brane charge means that 
we have to restrict to non-negative values of m only. 

11 Fractional branes such as these which give rise to fractional instanton numbers in this instance, have 
also appeared elsewhere in string theory - see [13 §13.2] and references therein. 
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the topological sector of the M = (4, 4) sigma-model on S 4 x R f that are annihilated by all 
of its eight supercharges. As such, the spacetime BPS states would correspond to differential 
forms on the target space M.q(M). These differential forms are necessarily (i) harmonic, as 
all eight supercharges - which have a well-known sigma-model interpretation [51 J as de Rham 
differentials and their adjoints on A4g{M) - annihilate them; (ii) square-integrable, as they 
are expected to be well-defined even on a noncompact space like Aic(M). Therefore, the 
spacetime BPS states would correspond to L 2 -harmonic forms which span the L 2 -cohomology 
of (some natural compactification of) M. G (M) ^ 



The Gradings on J\Aq(M) 

In order to determine in detail the spectrum of spacetime BPS states in the M-theory 



compactification (3.1), we must first and foremost ascertain how JM.q{M), where M = 
M 4 /Zfc, is graded. Firstly, it is clear that M.q(M) has got to be graded by the instanton 
number a. 

Secondly, note that a G-bundle on a generic four-manifold X is topologically classified 
by P2 G H 2 (X,tci(G)). As such, it would appear that A^g(M) ought to also be graded by 
Pi. However, because M is a complete blowdown of the fully- resolved ALE space IR 4 /Zfc, we 
have H 2 (M, 7Tx(G)) = 0; that is, p 2 is effectively zero. 

Thirdly, since the theory is supposed to be physically consistent, the instanton action 
ought to be finite in an integration over M. As M = IR 4 /Zfc is noncompact, this implies 
that only flat connections survive at infinity; in other words, we have, at infinity, a choice 
of conjugacy classes of the homomorphism p^ : m(M) — > G, where tti(M) = Note also 
that a G-bundle on IR 4 /Zfc is the same as a Z^-equivariant G-bundle on IR 4 ; since the origin 
is a fixed point of the Z^-action, it follows that the Z^-action acts in the fiber of the bundle 
at 0. Such an action is given by a conjugacy class of the homomorphism p : Z& — > G. In 
short, this means that in addition to a, A1g{M) has also got to be graded by the conjugacy 
classes of the homomorphisms po and p^ one is allowed to pick at the origin and infinity of 
M = M 4 /Zfc, respectively. Therefore, M.g(M) consists of components labeled by (a,po,Poo)', 
that is, one can write 

M G (M)= M%ZJM). (3.3) 

a,po,Pao 

Note that a is not really independent of po and p^, as we shall now explain. 

12 The good ultraviolet behavior of any string theory - in this case, one described by a sigma-model with 
Af = (4,4) supersymmetry - would lead to a natural compactification of M.q(M). 

13 It is a theorem that on any complete manifold which is therefore compact, an L 2 -harmonic form repre- 
sents a class in the L 2 -cohomology [52] . 



27 



More About the Instanton Number 

Notice that M = M 4 / Z fc is defined by imposing an order k cyclic identification of R . 
This means that the total number of DO-branes ought to be kd, where d is the number of 
DO-branes in a fundamental region of M. Moreover, according to our earlier explanations, 
for G = SU(N), d must take values in Z>o; for G = SO(3), d must take values in Z>o/2; and 
for all other G = SO(N + l) with even N, d must again take values in Z>o- In all, this means 
that we can write the instanton number as a = kd = kn'(i — j), where for G = SU(N), 
SO (3) and SO(N + 1), n' = 1, 1 and 2, while i,j are certain integers divided by 1, 2 and 
2. In all cases, i > j, as d must be non-negative. Here, one can interpret (z — j) as the 
contribution from the bound states of DO-branes, and n' ^ 1 if bound states consisting of 
fractional DO-branes necessarily need to be paired to form bound states of full DO-branes. 

That said, since M is noncompact, the total instanton number must actually be shifted 
by an amount which depends on the conjugacy class of p^. (See [6j §4.4].) In our language, 
this means that we have to omit DO-branes at infinity - which are necessarily associated with 
flat gauge fields that consequently have zero instanton number and are thus topologically 
trivial - when counting the total instanton number. Since a conjugacy class of p^ can be 



interpreted as a dominant coweight p, of G._ and since the instanton number is a scalar, it 
would mean that we can actually write the shifted instanton number as a = kn'(i—j)—b(p, p), 
where b is some positive real constant, and ( , ) is just the scalar product in coweight space. 

Last but not least, note that in our counting of the total instanton number performed 
hitherto, we have implicitly overlooked the DO-branes at the origin of M: in writing a = 
kn'(i — j) in the paragraph before last, we have accounted for the DO-branes away from 
the origin which have k mirror partners under the order k cyclic identification, but not the 
DO-branes at the origin which do not have any mirror partners (since the origin is a fixed- 
point of the identification). Thus, just like how we can exclude the DO-branes at infinity 
by subtracting b(p,p) from the total instanton number, we can include the DO-branes at 
the origin by adding b(X, A) to the total instanton number, where b is some positive real 
constant, and A is a dominant coweight of G which corresponds to a conjugacy class of po- 
In short, we can write the instanton number as 



a = kn'{i- j) + 6(A,A) -b(p,p), (3.4) 



14 To understand this claim, note that conjugacy classes of a homomorphism p : U(l) ~ > G are classified 
by highest weights of the Langlands dual group G v . Furthermore, these highest weights are associated with 
irreducible representations of G v . In turn, this means that they ought to be dominant. (See [S31 §13.2].) 
Thus, since weights of G v are also coweights of G, we have our claim. 
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where for G = SU(N), SO (3) and SO(N + 1), n' = 1, 1 and 2, while z, j - whereby % > j - 
are certain integers divided by 1, 2 and 2, respectively. Hence, as mentioned earlier, we find 
that a is not really independent of p (or A) and (or p). 

For n = 1 whence we have G = SU(N) with n' = 1 and i,j being certain integers, 



expression (3.4) is indeed consistent with results from the mathematical literature (which 



only addresses the case of simply-connected groups like SU(N)): eqn. (3.4) coincides with [TJ 
eqn. (4.3)] after we set b = b = 1/2 and identify with (l,m) of loc. cit.. 



The Spectrum of Spacetime BPS States in the M-Theory Compactification (3.1) 

We are now ready to state the generic Hilbert space "Heps of spacetime BPS states in 



the M-theory compactification (3.1 ). To this end, let us first denote by HL2W(A^^ M (M 4 /Z fc )), 



the L 2 -cohomology of the Uhlenbeck compactification U{M.^ (M 4 /Zfc)) of the component 
M.q^{R a /Tjk) of the highly singular moduli space Mci^/^k) labeled by the triples A = 



(k,\,i) and \x = (k,fi,j) (where a is correspondingly given by Q) (J Then, since one 
can express H^ 2 W(A^^ M (M 4 /Z fc )) as the intersection cohomology m*U{M^{R 4 /Z k )) [M], 
we can write 

"Hbps = ©< s = m*K(M x G jRVZ k )). (3.5) 
Notice that because we cannot have a negative number of DO-branes, we must have a > 0. 



In turn, this implies, via (3.4) and the condition i > j, that 



A > /i. 



(3.6) 



As k G Z + and A and p are dominant coweights of G, the triples A and p can be regarded as 
dominant coweights of the corresponding affine Kac-Moody group G^s of level k. (See [53l 



14.3.1].) Thus, we find that (3.6) is also consistent with [Tj Theorem 4.8], which implies 



that "H B p S is empty unless A > /i. 

The Partition Function of Spacetime BPS States for G = SU (N) 

One can of course go on to state the partition function of spacetime BPS states. The 
partition function, which counts (with weights) the total number of states, can be obtained 
by taking a trace in the Hilbert space of states. Note at this point that taking such a trace is 



15 To define a cohomology on a space, one first needs to compactify the space; see footnote 12 as to why 
string theory ought to lead to a natural compactification of the target space. Then, according to [T], a 
suitable compactification in this case would be given by the Uhlenbeck compactification. 

16 Although the .Mg(R 4 /Z^) target space of the string described by the sigma-model is highly singular, it 
is well-known that the physics remains well-behaved. 
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geometrically equivalent to identifying the two ends of the sigma-model worldsheet S n x 
to form a torus. Let the modulus of this torus be r = t% + ir 2 ; then, if n — 1, the partition 
function for simply-connected G = SU(N) can be written as (c.f. [55] ) 

Zsu{N) — Tr^ BPS g p , (3.7) 

where q = e 2mT , and P is the momentum operator along S*. 

Since P measures the number of DO-branes (as each DO-brane has unit momentum 



along S*), according to our analysis leading up to (3.4), we have P = k{i — j) + |(A, A). 



Together with (3.5), we can therefore write (3.7) as 



Z SW) = E E E dimm*U(M X s ™ N)fi (R A /Z k )) q m . (3.8) 

A p, m>0 

Here, 

m\ = h x - ^; (3.9) 

m = k{i — j) is a non-negative integer, as i,j are integers such that (i — j) G Z> ; the 
non-negative number 

2(fc + fc) ' (3 ' 10) 
where p v and /i are the Weyl vector and dual Coxeter number of the Langlands dual group 
SU(N) V , respectively; and the number 

where b = 1/2 in this SU(N) case. 

In this instance, A = (k, A, i) and /x = (A;, /x, j) can also be regarded as dominant weights 
of the corresponding Langlands dual affine Kac-Moody group SU(N) s of level k. 

The Partition Function of Spacetime BPS States for G = SO(N + 1) 

Now, let n = 2 whence the theory is "Z 2 -twisted" as we go around . In this case, the 
total partition function of spacetime BPS states for nonsimply-connected G = SO(N + 1) 
(where N > 2 is even), can be written as 

ZYoIn+i) = T^o ps ^ 2 q p ° + Tr^ ps &> 2 q p \ (3.12) 
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where is a projection onto Z 2 -invariant states, and the super (sub) script '0' or '1' indicates 
that the operator or space in question is that of the untwisted or twisted sector, respectively! 17 ] 
The meaning of m the trace over "Hgpg can be understood explicitly as follows. 
First, note that in the untwisted sector, we have the dominant coweights Ao = {k, Ao,io) and 
/io = (k, /io, jo) of SO(N + l) a ff of level k, where Ao > /io; according to our earlier discussion, 
io and jo are integers whereby (io - jo) G Z> , and to satisfy this condition unequivocally, one 
ought to have io G Z> and —jo G Z> ; that is, Ao and /io are dominant coweights with integer 
grading. Second, note that the intersection cohomology IR*U(A4 x . o(N+1) (1R 4 /Zfc)) which 



l SO(N+l),^ 



represents "H B ps° c ^bps c ^bps (see (3.5)), corresponds to the space of physical observ- 
ables of the Af = (4, 4) sigma-model that take the form C = f c ...e;c...e{<Po, V^o^o • • • VoVo ■ ■ ■ Voi 
where the y?o's and r/o's are untwisted bose and fermi fields of the sigma-model which are 
periodic and antiperiodic around S*, respectively]^] i.e., 

(Po d {o- + 27r) = (Po d ( a ) an d Vo^i* 7 + 2?r ) = ~Vo d ( a )- (3.13) 

Here, the indices run as c, d = 1, 2, . . . , dime ^(^s°o{n+^) V^))' where m o = kn'{io—jo) 
- the eigenvalue of Po — (Ao, Ao)/2 - is a non-negative integer, and n! = 2 or 1 if N > 2 
or iV = 2, respectively. The insertion of then means that in computing the trace over 
"Hgpg, one must consider only CV S which are invariant under the ^-transformations (p — > —if 
and 1] —7]. For later convenience, let us denote the space of such Z 2 -invariant CV S by 

^(M x s ^ +l) ^/Z k )) c m*u(M$™ +1) ^/z k )). 

Similarly, the meaning of &2 in the trace over "Hppg can be understood explicitly as 
follows. First, note that in the twisted sector, we have the dominant coweights Ai = (k, Ai, i±) 
and [ii = (kjftijjx) of SO(N + l) a fj of level k, where Ai > /ii; according to our earlier 
discussion, i\ and j\ are integers divided by 2 such that [i\ — ji) G Z> + |, and to satisfy 
this condition unequivocally, one ought to have i\ G Z> and —j\ G Z> + |; in other words, 
Ai and /ii ought to be dominant coweights with integer and half-integer grading, respectively. 
Second, note that the intersection cohomology YR*U{A4. X } ^ N+1 ^ ^(M. 4 /Z* k )) which represents 



"Hgpg 1 C "Hpps c -^bps (see (3.5)), corresponds to the space of physical observables of the 



Af = (4, 4) sigma-model that take the form 0\ = / c ...e;e...e(v 9 i> i Pi) r li ■ ■ ■ V1V1 ■ ■ ■ Vv Here, the 



17 The reason why one has to add a twisted sector whilst projecting onto Z2-invariant states - like in any 
consistent 2d CFT with a cyclic identification along its spatial direction - is because the spacetime BPS 
states come from the topological sector of the sigma-model which is therefore conformal. 

18 Unlike the commuting bose fields, the anti-commutativity of the fermi fields means that whenever a fermi 
field passes another in a correlation function as it is being translated around S*, the correlation function 
picks up a minus sign. As such, the fermi fields are effectively antiperiodic around S„. 
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ipiS and T]iS are twisted bose and fermi fields of the sigma- model which are thus antiperiodic 
and periodic around S*, respectively; specifically, we have 



<p\{p + 2tt) = e—ipl{a) = -^(<r), rjt(a + 2vr) = -e~ril{&) = rfifc), (3.14) 
and 



^(a + 2vr) = e-^^(<7) = -<^(a), V f(a + 2vr) = - e "^(a) = V f(a), (3.15) 



as n = 2 and the twist parameter v = 1. Also, c, ci = 1, 2, . . . , dim c U(M. s 1 ( ^ J+1 ^ ^(M 4 /^)), 
where mi = kn'{i\ —jx) - the eigenvalue of P\ — (Ai, Ai)/2 - is a non-negative integer divided 
2, and n' = 2 or 1 if iV > 2 or iV = 2, respectively. The insertion of then means that in 
computing the trace over %b PS , one must consider only 0\S which are invariant under the 
^-transformations if — > —if and 77 — > —77. Let us denote the space of such Z2-invariant Ox's 
by WU(M^ +1);Pl (R 4 /Z k )) C m*U(M^ +1)ifli (RyZ k )). Then, together with what 
was said in the previous paragraph, and by relabeling the integer-graded coweights Aq and 



Ai as A, we can write 

' J SO(N+l) — ^SOiN+X) "T" ^SO(JV+l)' 



7BPS _ 7 BPS,0 , 7 BPS,1 (n 1 p\ 

^SOtN+l) — ^SOtN+X) ~<~ ^SOfN+lV {O.LU) 



where 



and 



Z so(n + x) = E dimm*U(M^ +1)r jRVZ k ))q m °, (3.17) 

\,fi m >0 

Z SO(£ + i) = £<T £ dimWU(M X s ^ +lUi (RVZ k ))q m K (3.18) 

A,/^i mi>0 



The phase factor rri\ takes the form in (3.9). 



In this instance, the dominant coweights A = (k,\,i) and /i ,i = (k, /i 01 , j 01 ) of 
SO(N + l) aff are also (un)twisted dominant weights of the Z 2 -twisted affine Kac-Moody 



f2') ('2) 

group SU(Ny a g, furthermore, SU(Ny a g is equal to SO(N + l)a ff . In other words, A and /io,i 
can also be regarded as dominant weights of the Langlands dual affine Kac-Moody group 
SO(N+ 1)^ of level fc. 



Additionally, notice that (3.16)-(3.18) imply that the effective Hilbert space "Heps of 



spacetime BPS states (which one obtains after taking into account the projection &2 in the 



trace over all underlying states in (3.12)) ought to be given by 



^ps =000 ^bps =000 m*U(M x so(N+1) ^(RyZ k )), (3.19) 

A V = 0,X fi v A i/=0,l ii v 
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where v = or 1 if the sector is untwisted or twisted, respectively. 



The Spectrum of Spacetime BPS States in the M-Theory Compactification (3.2) 

Let us now turn our attention to the physically dual M-theory compactification (3.2) 
with k coincident M5-branes. One can proceed as before to ascertain the spacetime BPS 
states by computing the ground states of the M5-brane quantum worldvolume theory over 
l t x S), x TN§^°. As explained early on in this subsection, one can, if n = 1 for example, 
interpret the spacetime BPS states as the physical observables in the topological sector of 
the sigma-model on x M t with target the moduli space of {7(fc)-instantons on TiV 



N 



10 



That said, since we would like to make contact with a geometric Langlands duality for 
surfaces, we shall seek a different description of these spacetime BPS states, i.e, worldvolume 
ground states. To this end, recall that the low-energy limit of the worldvolume theory (minus 
the center-of-mass degrees of freedom) is a 6d M = (2, 0) superconformal field theory 

of massless tensor multiplets. Hence, where the ground states are concerned, one can regard 
the worldvolume theory to be conformally- invariant. Since it is conformally-invariant, one 
can rescale the worldvolume to bring the region near infinity to a finite distance close to 
the origin without altering the theory. Thus, one can, for the purpose of computing ground 
states, simply analyze the physics near infinity. 

Near infinity, the circle fiber of TN$~*° has radius R — > 0. To make sense of this 
limit, notice that a compactification along the circle fiber would take us down to a type 
IIA theory whereby the stack of k coincident M5-branes would now correspond to a stack 
of k coincident D4-branes. In addition, as explained in §A.2, since the circle fibration is 
a monopole bundle over an S 2 at infinity of charge N, we would also have N D6-branes 
spanning the directions transverse to its M 3 base; since TN§->° has an A N _i singularity 
at the origin, these N D6-branes will be coincident. In other words, we have, in the limit 
R — > 0, the following type IIA configuration: 

IIA : I 5 x Sj, x l( x IR 3 . (3.20) 

V v ' 

I-brane on Sjxli = AT)6 n fcD4 

Here, we have a stack of coincident D6-branes whose worldvolume is given by K 5 x x 

P3 



Hi 



and a stack of k coincident D4-branes whose worldvolume is given by x M. t x 



Generically, there ought to be, on the stack of D4- and D6-branes, a U (k) and U(N) gauge 



19 The reason why we have instantons of U(k) (and not SU(k)) is because in duality step (2.6), the 
center-of-mass degrees of freedom of the k D6-branes are not frozen. 
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group, respectively. Notice also that the two stacks intersect along x M t to form a D4-D6 
I-brane system. A set of D4- and D6-branes that intersect along two flat directions is a 
supersymmetric configuration. In our case, we have 2d M = (8,0) supersymmetry on the 
I-brane. 

We now argue that the sought-after spectrum of M5-brane worldvolume ground states 
can be computed solely from the I-brane theory along x K t . Firstly, notice that the 4-6 
open strings which stretch between the D4- and D6-branes descend from open M2-branes 
whose topology is a disc with an S}j boundary that ends on the M5-branes. Secondly, the 
interval filling the disc and thus, the tension of these open M2-branes, goes to zero as the type 
IIA open strings approach the I-brane and become massless. This means that the massless 
type IIA open strings which live along the I-brane descend from tensionless self-dual closed 
strings of topology S\ that live in the M5-brane worldvolume. Thirdly, the R — > limit 
can be viewed as a low-energy limit of these tensionless self-dual closed strings whence their 
corresponding spectrum would be spanned by the M5-brane worldvolume ground states 
that we are after. Altogether, these three points mean that the spectrum of M5-branes 
worldvolume ground states can be computed solely from the field theory associated with the 



massless 4-6 strings that live along the I-brane,^ Therefore, let us henceforth focus on the 
I-brane theory. 

The massless modes of the 4-6 open strings reside entirely in the Ramond sector. How- 
ever, in the NS sector, there are massive modes. Note at this point from §A.2 that the 
asymptotic radius R is given by gfl 8 , where gf and l s are the type IIA string coupling and 
string length, respectively. Since we are really analyzing the system at fixed coupling gf, the 
R — > limit can be interpreted as the l s — > low-energy limit, consistent with the regime 
that the aforementioned tensionless strings with topology S l R are in. In this limit, all the 
massive modes decouple; one is then left with the massless modes only. 

The massless modes are well-known to be chiral fermions on the two-dimensional I- 
brane [561 EZ] • If we have k D4-branes and N D6-branes, the kN complex chiral fermions 

tl> iA (z), ^ )0 (z), i = l,...,k, a = l,...,N, (3.21) 

will transform in the bifundamental representations (k,N) and (k,N) of U(k) x U(N), 



20 Apart from the fact that in the sigma-model computation of these ground states, we also consider a 
2d theory along S* x K t , one can also see that this claim is physically consistent as the I-brane theory 
has Af = (8, 0) supersymmetry which it inherits from the ambient spacetime, while the ground states are 
supposed to be invariant under eight spacetime supersymmetries which are also inherited from the ambient 
spacetime. 
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where ! z' is the complex coordinate on the 2d I-brane worldsheet. Being massless, the 
chiral fermions are necessarily free. Their action is then given (modulo an overall coupling 
constant) by 

J = I d 2 z ^d A+A 4, (3.22) 



where A and A 1 are the restrictions to the I-brane worldsheet x M f of the U (k) and U(N) 
gauge fields associated with the D4-branes and D6-branes, respectively. In fact, the fermions 
couple (up to certain discrete identifications under the Zfc and Zjv centers of U(k) and U(N)) 
to the gauge group 

U(l) x SU(k) x SU(N), (3.23) 

where the U(l) is the anti-diagonal. This point will be relevant shortly. 

At any rate, note that the chiral fermions on the I-brane are actually gauge- anomalous. 
Nevertheless, by repeating the arguments in [T5J eqn. (4.12)-(4.24)] whilst noting that 
is topologically equivalent to an ordinary circle, we find that the overall system consisting 
of the chiral fermions on the I-brane and the gauge fields in the bulk of the D-branes, is 
gauge- invariant and therefore physically consistent, as expected. 

The system of kN complex free fermions has central charge kN and gives a direct 
realization of u(kN)i , the integrable module over the Z n -twisted affine Lie algebra u(kN)^ 1 
of level lj^] Moreover, there exists the following twisted affine embedding which preserves 
conformal invar iance: 

u(l)SU ® «u(*)SU ® «u(JV)W C u(kN)^, (3.24) 



where this can be viewed as an affine analog of the gauge symmetry in (3.23). As such 



the total Fock space J?® kN of the kN complex free fermions can be expressed as 

J*™ = WZW^jW ® WZW Mk)p ® WZW^, , (3.25) 

where WZW^,>w, WZW^w and WZW^^w are the spectra of states furnished by 
w(l)Jyy, su(k)tf and su(N)^\ respectively, which can be realized in the relevant chiral 



21 To understand this claim, see (S3 §15.5.6], and note that (i) the identification under an order n trans- 
lation of the circle results in a Z n -twist of the underlying affine Lie algebra; (ii) a twisted version of an 
affine Lie algebra has the same central charge and level as its untwisted version (c.f. [18, §3]). 

22 Conventionally, affine Lie algebra embeddings are expressed in the additive notation. Nevertheless, the 
multiplicative notation will be used here and henceforth so that the the analogy with the underlying gauge 
symmetries would make sense. 
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WZW models. Consequently, the partition function of the I-brane theory will be expressed 
in terms of the chiral characters of u(l)^, su (k)P and su(JV)£°. 

Note that F® kN is the Fock space of the kN complex free fermions which have not yet 
been coupled to A and A 1 . Upon coupling to the gauge fields, the characters that appear in 
the overall partition function of the I-brane theory will be reduced. In a generic situation, the 



free fermions will couple to the gauge group U(l) x SU(k) x SU(N) (see (3.23)). However, 
in our case, only the U(k) gauge field associated with the D4-branes is dynamical; the 
U(N) gauge field associated with the D6-branes should not be dynamical as the geometry 
of TN§^° is fixed in our description - the center-of-mass degrees of freedom of the N NS5- 



branes which give rise to the TN^° geometry via steps (2.3) and (2.4), are frozen. Also, it 
has been argued in [TU] that for a multi-Taub-NUT space whose S 1 fiber has a finite radius 
at infinity, there can be additional topological configurations of the gauge field (in the form 
of monopoles that go around the S 1 fiber at infinity) which render the U(l) gauge field 
non-dynamical; nonetheless, it is clear that one cannot have such configurations when the 
radius of the S 1 fiber at infinity is either infinitely large or zero. Therefore, the free fermions 
will, in our case, couple dynamically to the gauge group U(l) x SU(k). Schematically, this 
means that we are dealing with the following partially gauged CFT 

u(*JV)ffii/[u(l)2 >JW ® ( 3 -26) 

In particular, the u(l)^ fcAr and su(k)^g N chiral WZW models will be replaced by the corre- 
sponding topological G/G models. As a result, all chiral characters except those of su(N)^ 
which appear in the overall partition function of the uncoupled free fermions system on the 
I-brane, will reduce to constant complex factors after coupling to the dynamical SU(k) and 
U(l) gauge fields. Thus, modulo these constant complex factors which serve only to shift 
the energy levels of the ground states by numbers dependent on the highest affine weights 
of w(l)^- and su(k)^\ the effective overall partition function of the I-brane theory will be 
expressed solely in terms of the chiral characters of sw(iV)j™' ) . 

In summary, the sought-after spectrum of spacetime BPS states in the M-theory com- 



pactification (3.2) would be realized by WZW^,. n („). This observation is indeed physically 



consistent because according to footnote [8j the spacetime BPS states satisfy H = P - here, 
H and P are the Hamiltonian and momentum operators which generate translations along 
M.t and S*, respectively - while a chiral WZW model on x K t , having no right-moving 
excitations, has a spectrum whereby H = P. 
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A Geometric Langlands Duality for Surfaces for the Ajv-i Groups 

Let us now consider n = 1 whence there is no "twist" at all, i.e., su(N)^ is simply 
su(N)j., the integrable module over the untwisted affine Lie algebra su(N) a Q^ of level k. 
Then, unitarity of any WZW model requires that WZWgs(jv) fc be generated by dominant 
highest weight modules over su^N)^^, such that a generic state in any one such module can 
be expressed as [53] 

\fi') = EZ^...EZi\X), V n,m > and a J > 0. (3.27) 

Here, the EZj's are lowering operators that correspond to the respective modes of the cur- 
rents of su(N)zft t k (in a Cartan-Weyl basis) which are associated with the complement of the 
Cartan subalgebra; |A) is a highest weight state associated with a dominant highest affine 
weight A; fx' = A — a ■ ■ ■ — (5 is an affine weight in the weight system VL^ of sm(./V)£ - the 
module of dominant highest weight A of level k - which is not necessarily dominant; and 
a, /3 are positive affine roots. 

Note that each module labeled by a dominant highest affine weight A can be decomposed 
into a direct sum of finite-dimensional subspaces each spanned by states of the form \ for 
all possible positive affine roots a,. . . ,j3. These finite-dimensional subspaces of states are 
the jl'- weight spaces suiN)^^, C sii(N)^. Note at this point that there is a Weyl group 
symmetry on these weight spaces that maps jl' to a dominant weight jl in which also 
leaves the chiral character of 'su(N)^. and thus, the partition function of the chiral WZW 
model, invariant J^l As such, one can also express the spectrum of states of the chiral WZW 
model as 

WZWaaw, = WZW^x (3.28) 



Now, the physical duality of the M-theory compactifications (3.1) and (3.2) means that 



their respective spacetime BPS spectra ought to be equivalent, i.e., WZW^at),. ought to be 



equal to "Heps of (3.5). Indeed, since su(N) a s is isomorphic to its Langlands dual counterpart 
su(iV)^ ff , A and jl are also dominant weights of the Langlands dual affine Kac-Moody group 
SU(N)^ S whence we can identify them with A and /i of ( |3.5[ ), respectively; moreover, both 
Hbps an d WZW5^(iv) ( . are labeled by k. Specializing to the {A, /i}-sector of the spectra of 



23 See [H eqns. (14.143), (14.145), (14.165), (14.166) and (15.119)], noting that zj in loc. cit. corresponds 
to the Coulomb moduli in our story which must therefore be set to zero since the N D6-branes are coincident. 



37 



spacetime BPS states, we can thus write 



n^ s = wzwjb^a 



(3.29) 



As WZWa(]v)> is furnished by su(N)^, and since su(iV) aff ~ su(N)^ s whence su(N)^ is 



isomorphic to the submodule L su(N) k over 5u(N)^ s , via (3.5), we can also express (3.29) 



as 



m*U{M x su{N) ^/Z k )) = L w(N)l 



(3.30) 



Note that this is exactly [TJ Conjecture 4.14(3)] for simply-connected G = SU(N)\ This 
completes our purely physical derivation of a geometric Langlands duality for surfaces for 
the SU(N) = An -i groups. 

An Identity of the Dimension of the Intersection Cohomology of the Moduli space of Aw-i- 
Instantons on M 4 /^fc 



Let us now revisit the partition function (3.8 ). For simplicity, let us focus on a particular 



A'-sector, where A' = (k,X',0); that is, consider 



ft' m>0 



t 4 /z*))g r 



(3.31) 



where q = e T , and my is as given in (3.9). From (3.30), we hav 



dimIH*W(M 



X',m 

SU(N),p.> 



VZfc)) =multy(/i / ) 



Im'j 



(3.32) 



where multy (//)| m / is the multiplicity of the state of non-negative energy level m' = m/k 
in L 'su(N)^' ll ,. Consequently, via (3.9)— (3.11 ), we can write 



ZT(n),Aq) = r'»~ c/24 E E Hiulty(/2')U'^' = x4 Wt (9). 

m'>0 



(3.33) 



where g = e T and f = kr. Here 



x4( J v) fc ® = Tryg Lo+ ^- c / 24 , (3.34) 

24 Here, we recall that for any A = (k, A, i) and /i = (k, we have to = k(i — j) whereby (i — j) £ Z> . 
Thus, for A' = (fc,A',0), we have p! = (k,jl',j') such that the integer j' = — ^ < 0, where — f is known as 
the grade of the //-string in the mathematical literature, or the energy level of the \fi') state in the physical 
context. 
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and 



while 



kN, 



h'y 



k ' 



24 



and c\ 



k 



(3.35) 



(3.36) 



where hy and cy are as given in (3.10) and (3.11), respectively. Also, L - whose eigenvalue 
is m' G Z> - can be interpreted as the Hamiltonian operator of a 2d theory that is effectively 



defined on a torus of modulus f. Hence, it is clear from (3.33)-(3.36) that Zfjy^v) A' * s ec L ua l 



to the A '-sector of the partition function of a chiral su(iV) aff WZW model on x K f with (i) 
central charge kN; (ii) ground state energy level shifted by a number m' x ,. This observation 
is consistent with our earlier conclusion about the I-brane partition function, as expected. 
Let us now consider the modified partition function 



~mw /7BPS ( ~\ 

Q z su(N),\'W- 



(3.37) 



where 



Tfl\l = {k — l)h' x , + 



(C'v - d 



SU{N) v ,kJ 



24 



while c' 



SU(N) v ,k 



k dim su(Ny 
(k + h) 



(3.38) 



Notice that Zgff N -, x , is just Zg A , but with instanton number shifted by fay. In the 
dual 2d theory picture, this is tantamount to a trivial redefinition of the ground state energy 
level. Hence, ^f^ny) A' an< ^ ^su{N) \' can ^ e thought to define the "same" physical theory. 



From (3.34), one can see that Xl^ n ^ — 9 mv Xis«(JV) * s a cnarac ter of su(N)^ , where 
fay + /i A , — c' x ,/24 is the corresponding modular anomaly. As such, (3.33) would mean that 



the partition function Zg^ N ^ y ought to transform as a representation of the modular group 
SX(2,Z); specifically, we have (c.f. [331 ec L n - (14.235)]) the relation 



7BPS / 



-l/f) = 5>A'A^0,A(f) 



(3.39) 



where S is a f -independent unitary matrix (given by [5^ eqn. (14.217)]) associated with 
the Langlands dual affine Lie algebra su(N)^ s , which represents the SL(2, Z) transformation 
S : f — > — 1/fin the space of A- vector- valued partition functions Zfjj/ny) y 



Via (3.37) and (3.31), the relation (3.39) implies, in the limit of large k, the following 



identity involving the intersection cohomology of the moduli space of S'{7(iV)-instantons on 
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£ dunm*U(M^ m (N)fil (R 4 /Z k )) = J2T,T, S ^ mm * U ^ M su { N),^V^ 

p! m>0 A p. m>0 



(3.40) 

where the components S™ x are given by 



5™ A = g*A'lk>i§»»+*nA+n»A5 A , A 



(3.41) 



24 



Here, g = e ' T . (See also footnote 

In other words, in the limit of large k, the total dimension of the intersection cohomology 
of the component of the moduli space of v4Ar_i-instantons on M 4 /Zfc labeled by a highest 
weight A' or A - and therefore, the dimension of the corresponding sector of the Hilbert 
space of spacetime BPS states - is found to be intimately related to one another via 5u(iV)^ ff - 
dependent unitary modular transformations! 

A Geometric Langlands Duality for Surfaces for the -Bat/2 Groups 

Let us now restrict ourselves to even N, and consider n = 2 whence there is a "Z2-twist" , 
i.e., the relevant module is su(N) k , the integrable module over the Z2-twisted affine Lie al- 

(2) 

gebra su(N)U k of level k. Then, unitarity of any WZW model requires that WZW^^^) be 

(2) k 

generated by dominant highest weight modules over su^Ny^ k . By repeating the arguments 



that led us to write (3.27)-(3.30) in the untwisted case, whilst noting that the Weyl group 
symmetry mentioned therein persists in this case to map non-dominant affine weights p! v to 
dominant ones jx v even though the grading of £l' u (captured by its last index j' u ) may not 
be integral, we find that we can express the spectrum of states of the corresponding chiral 
WZW model as 

WZW^ ( 2) = WW i2) _,x. (3.42) 

X u=0,l y, v 

Here, the overhead bar means that we project onto Z 2 -invariant states (as required of twisted 
CFT's); v = or 1 indicates that the sector is untwisted or twisted, respectively; A and jx v are 
the (un)twisted dominant affine weights of the Z 2 -twisted affine Kac-Moody group SU(N) S J 
of level k; the space su(N) k 2 ^ is the /^-weight space of sw(iV)^' A , the module over Su(N)^ k 
of dominant highest weight A of level k. 



Now, the physical duality of the M-theory compactifications (3.1) and (3.2) means that 



their respective spacetime BPS spectra ought to be equivalent, i.e., WZW^^a) ought to 
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be equal to "%bps of (3.19). Indeed, since su(N)^ is isomorphic to so(N + l)^ ff , it would 
mean that A and jx v are also dominant weights of the Langlands dual affine Kac-Moody 



group SO(N + l)^ ff whence we can identify them with A and fj, v of (3.19), respectively; 



moreover, both "H^ps and WZW^^ta) are labeled by k. Specializing to the {A, /i^j-sector 
of the spectra of spacetime BPS states, we can therefore write 



A,/i„ 
BPS 



WZW 



(3.43) 



As WZW 



s7) ^(2),a is furnished by the Z 2 -invariant projection su(N) k 2 ^\ 



of ^(A0il A , 



»(2) 



so(jV + l)^ ff whence su(Ny k '' \& % is isomorphic to the submodule 



and since su(JV) aff 
L sb(N + 1)£„ over so(jV + l) aff , via (3.19), we can also express (3.43) as 



m*U(M A so{N+1) ^VZk)) = sb(N + 1)^ 



(3.44) 



for v — and 1. Thus, we have arrived at a G = SO(N + 1) generalization of [1, Conjecture 
4.14(3)]! This completes our purely physical derivation of a geometric Langlands duality for 
surfaces for the SO(N + 1) = B N / 2 groups. 

A Langlands Duality of the Dimension of the Intersection Cohomology of the Moduli Space 
of BN/2-Instantons on A-Type ALE Spaces 



Let us now revisit the partition function given by (3.16 )— (3.18 ). For simplicity, let us 



focus on a particular A'-sector, where A' = (k, A', 0); that is, consider 



Zs%t N+ i),M = <T* U U U dimIH*W(^^ +1)> -, (E 4 /Z fc ))g m " 



A',m„ 



(3.45) 



u=0,l p! v m v >0 



where q = e 2mT , and my takes the form given in (3.9). From our discussion leading up to 



(3.44), we have 



2.") 



dimIH*W(.M 



A',m„ 

SO{N+l)fi' v 



/Z fc )) = mult (/i 



v)\m' v i 



(3.46) 



where mult ^ | m j, is the multiplicity of the \n' u ) state of non-negative energy level m' v = 
m v jkri! in su(Ny k ^ \& a , and n = 2 or 1 if A" > 2 or A" = 2, respectively. Consequently, via 

25 Here, we recall that for any A = (k,X,i) and /i, y = (k, p- v ,jv)i we have m„ = kn'(i — j v ) whereby 
(i - j v ) £ Z> + | and = 2 or 1 if JV > 2 or JV = 2, respectively. Thus, for A' = (k, A',0), we 
have //^ = {k, £l'„, j' v ) such that j£ = — fpr < 0, where — j£ is known as the grade of the /x^-string in the 
mathematical literature, or the energy level of the \f/ u ) state in the physical context. 
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(3.9 )— (3.11 ), we can write 



i/=0,l m'„>0 



i/=0.1 



where q = e T and r = kn'r. Here 



AV 



X^ ) , 2) (g)=Tr v ^ 2 g^^v- c / 24 , 



(3.48) 



where as before, 3^2 singles out the Z2-invariant states, and 



m'y = h' y - 



24 



(3.49) 



The constants are 



kN, h\, 



(A',A' + 2p) 
2kri(k + W) 



"A' ,6 



246(A', A') 12(A',A' + 2p) 
k^' kn'(k + h v ) ' 



(3.50) 



such that 6 is some positive real constant (first introduced in (3.4)), and p and h y are the 



Weyl vector and dual Coxeter number associated with s\x{N) J^, respectively. Also, L 0>u - 
whose eigenvalue is m' v G Z> + | - can be interpreted as the Hamiltonian operator of a 2d 



theory that is effectively defined on a torus of modulus f. Hence, it is clear from (3.47) 



(|3.50|) that Zfo(7v+i) y is equal to the A'-sector of the partition function of a chiral su(N)^ 



WZW model on x M f with (i) central charge kN; (ii) ground state energy level shifted by 
a number m' A ,. This observation is consistent with our earlier conclusion about the I-brane 
partition function, as expected. 

Let us now consider the modified partition function 



yBPS (~\ _ ~m x , yttFH ( ~\ 

Zj SO{N+\),\'\ ( i) — 1 ^SOiN+l),*^) 



~mw ^BPS 



(3.51) 



where (c.f. [591 eqns. (12.7.5) and (13.11.5)]) 



-h> i i lx ' + pl ' 

hy + 24 + 2(k + W 



dim su(N) 
48 



(3.52) 



Notice that ^fo(iv+i) A' ^ s J us ^ ^so(Wi) A' but w ith instanton number shifted by my. In 
the dual 2d theory picture, this is tantamount to a trivial redefinition of the ground state 
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energy level. Hence, ZgofN+x) \> an d ^so(n+i) v can ^ e thought to define the "same" physical 
theory. 



From (3.48), one can see that x 



~\',u 



su(N)): 



(2) 



y ' is a (Z 2 -invariant) character of 



the ^-sector of su(N) k , where my + h' x , — c ~ b /2A is the corresponding modular anomaly. 



As such, (3.51), (3.47) and [59, Theorem 13.9] mean that the partition function Z^$ 1 



SO{N+l),X' 



ought to transform under S : t — > — 1/fas follows: 



7BPS 

Zj SO(N+ 



1),A'(-V^) = E 5 ^ 



A ib(JV+2)f ) 



lr/2). 



(3.53) 



Here, S is a r-independent matrix (given in [59, Theorem 13.9]); £ is a dominant highest 



weight of the Z2-twisted affine Kac-Moody group SO(N + 2)^ of level k; .: 

SO^N 



sb(N+2% 



(2)1 



where is as in (3.52) but with su(iV) replaced by so (N + 2). Notice that 



the group type on the LHS and RHSof (3.53) are not the same; nevertheless, the characters 
on the RHS of (3.53) will be given by the partition function Z^^ N ^(f/2) associated with 



£7Sp(iV)-instantons on M. /Z k (see discussion leading up to (3.108)); that is, 



7BPS 

Zj SO(N+ 



BPS 

usp(N),a 



J 1 2). 



(3.54) 



Via (3.51), (3.45) and (3.109), the relation (3.54) implies, in the limit of large fc, the 



following identity involving the intersection cohomology of the moduli space of instantons: 



EEE dimnTO(A< 



SO{N 



7Z*)) = E E E E 5 A m |dimIH*W(>l^ (7V) ^(M 4 /^)) 



^=0,1 p! v m„>0 



£ 5=0,1 Q m s >0 



(3.55) 



where the components <Sy| are given by 



S™ 5 = g™A'lfc»lg(»A5+m e +m 5 )/2£^ 



(3.56) 



Here, q = e 2n ^ T ; A' = (k, A',0) and [i! v = (k,fjf v ,j v ) are dominant coweights of the affine 
Kac-Moody group SO(N + l) a g of level k, where A' and p! v are the corresponding dominant 



coweights of SO(N + 1), and for N > 2, ^ = -j v G Z> + f (see footnote 25); f = (k, f , 0) 



and Cj = (k, (s,js) are dominant coweights of the affine Kac-Moody group USp(N) 3 s of level 
k, where £ and C<5 ar e the corresponding dominant coweights of USp(N), and |^ = — j'5 G 
Z>o + |. 
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At any rate, it is clear from (3.55) that in the limit of large k, the total dimension of 
the intersection cohomology of the moduli space of G-instantons on 1R 4 /Zfc in the A'-sector, 
can be expressed in terms of the dimensions of the intersection cohomology of the various 
components of the moduli space of G v -instantons on IR 4 /Zfc, where G = SO(N + 1) with 
even N. In other words, we have a Langlands duality of the dimension of the intersection 
cohomology of the moduli space of i?/v/2- m stantons on A-type ALE spaces! 

3.2. An Equivalence of Spacetime BPS Spectra and a Geometric Langlands Duality for 
Surfaces for the C-D-G Groups 

We shall now derive, purely physically, a geometric Langlands duality for surfaces for the 
C-D-G groups. For a start, note that in §2.2, we showed that the following six-dimensional 
M-theory compactification on the five-manifold X 5 = M 4 /Zfc x S 4 with iV coincident M5- 
branes and an OM5-plane around it, 

M-theory : R 4 /Z k x S* xl t xl 5 , (3.57) 
v v ' 

N M5-branes/OM5-plane 

where we evoke a Z n -outer- automorphism of M 4 /Zfc (and of the geometrically-trivial M 5 x M. t 
spacetime) as we go around the S 4 circle and identify the circle under an order n translation, 
is physically dual to the following six-dimensional M-theory compactification on the five- 
manifold X 5 = S 4 x SN§^° with k coincident M5-branes around it, 

M-theory : I 5 x R, x Sj x SN5r>°, (3.58) 

S v ' 

k M5-branes 

where there is a nontrivial Z n -outer-automorphism of SN§~^° as we go around the S 4 circle 
of radius R s . 

The case at hand is almost the same as that in the previous subsection except that we 
now have (i) an extra OM5-plane in the former compactification with iV M5-branes; (ii) the 
hyperkahler manifold SN^ in the latter compactification with k M5-branes. Consequently, 
as in the previous subsection, the resulting six-dimensional spacetime theories along M. t x IR 5 



in (3.57) and (3.58) will both have 6d M = (1,1) supersymmetry; moreover, the sought- 
after spacetime BPS states which are annihilated by eight supersymmetry generators of 
the 6d J\f — (1, 1) supersymmetry algebra, would be furnished by the ground states of 
the worldvolume theory of the (N M5)/OM5 stack. To derive purely physically in this 
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case a geometric Langlands duality for surfaces, it suffices to ascertain the spectra of such 



spacetime BPS states in the M-theory compactifications (3.57) and (3.58). To this end, let 



us now describe the quantum worldvolume theory of the (N M5)/OM5 stack in (3.57). (The 



worldvolume theory of the k M5-branes in (3.58) has already been described in detail in 



the previous subsection - one just has to replace TN§^° with SN§~^° in the description 
therein.) 



Quantum Worldvolume Theory of the (N M5)/OM5 Stack in (3.51) 



The presence of the OM5-plane in (3.57) modifies the worldvolume theory on the stack 



of N coincident M5-branes discussed earlier, in two ways. First and foremost, instead of an 
SU(N) symmetry group, we now have an SO(2N) symmetry group; in particular, the low- 
energy limit of the quantum worldvolume theory is now a non-gravitational 6d M = (2, 0) 
-Djv superconformal field theory of N massless tensor multiplets |39j. As such, one can, in 
an appropriate gauge, compute the spectrum of ground states of the quantum worldvolume 
theory, as the spectrum of physical observables in the topological sector of a two-dimensional 
M = (4,4) sigma-model on x W t with target the hyperkahler moduli space M.g{M) of 
G-instantons on M = R 4 /Z k . Here, we have G = SO(2N) or USp(2N - 2) if n = 1 or 2, 
respectively; G = G 2 if n = 3 and iV = 4 [47J . 

Second, upon compactification along S*, one can have DO-branes in the worldvolume 
of the corresponding (N D4)/04~ stack that correspond to G-instantonsj^] In the case 
where n — 1, we do not "twist" the theory as we go around S*; the KK mode, or the 
DO-brane charge, is then m, where m e Z>o. In the case where n > 1, we must "Z n - 
twist" the theory as we go around S*; the KK modes, or the DO-brane charges, are then 
m, m + ^,m + m + ^j-^; in other words, we can have bound states of full/fractional 

DO-branes with the aforementioned charges. 

The implications of this Z n -twist are as follows. Consider n = 1 whence G = SO(2N). 
Since there are no fractional branes, the total number of DO-branes in the entire configuration 
would be given by a non-negative integer; that is, the instanton number is d e Z> . This is 
consistent with the fact that although SO(2N) is a nonsimply-connected Lie group, because 
M is spin, the instanton number is nonetheless integral, 



27 



For n = 2 whence G = USp(2N — 2), the one-half-fractional DO-branes that result from 
the "Z2 twist" can form bound states with full DO-branes. Pairs of such bound states whose 



26 The '-' superscript in Op~ for any p, just means that it is associated with an orthogonal (as opposed to 
symplectic) gauge symmetry. 

27 This can be deduced from a generalization of the analysis in [50]. I would like to thank Siye Wu for his 
expertise on this matter. 
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corresponding charges are of the forms m+ \ and (m + 1) — |, can further bind together such 
that the total number d of DO-branes is effectively an integer; in other words, the instanton 
number is d e Z> . This is consistent with the fact that U Sp(2N — 2) is a simply-connected 
Lie group whence the instanton number is expected to be integral. 

For n = 3 and N = A whence G = G 2 , the one-third-fractional DO-branes that result 
from the "Z 3 twist" can form bound states with full DO-branes. Pairs of such bound states 
whose corresponding charges are of the forms m + | and (m + 1) — |, can further bind 
together such that the total number d of DO-branes is effectively an integer; in other words, 
the instanton number is again d G Z> . This is consistent with the fact that G 2 is also a 
simply-connected Lie group whence the instanton number is again expected to be integral. 

Spacetime BPS States from the Af = (4, 4) Sigma-Model on x R t 

According to what we have said above, the spectrum of spacetime BPS states would 
correspond to the spectrum of physical observables in the topological sector of the Af = (4, 4) 
sigma-model on x K ( . As explained in the previous subsection, the spacetime BPS states 
would then correspond to L 2 -harmonic forms which span the L 2 -cohomology of (some natural 
compactification of) A4g(M), where 

M G (M)= M P G °;ZJM). (3.59) 

Here, a is the instanton number; p^ : 7Ti(M) — > G is a homomorphism associated with flat 
gauge fields at infinity, where vri(M) = 7Ti(IR 4 /Zfc) = Z&; and po : Zt — > G is a homomorphism 
associated with the Z^-action in the fiber of the G-bundle at the origin. 

More About the Instanton Number 

Notice that M = R 4 /Z k is defined by imposing an order k cyclic identification of IR 4 ; 
therefore, the total number of DO-branes ought to be given by kd, where d is the effective 
number of DO-branes in each fundamental region of M. 

According to our explanations five, four and three paragraphs earlier, for G = SO(2N), 
d must take values in Z> ; for G = USp(2N — 2), d must take values in Z> because of 
further binding of bound states that contain one-half-fractional DO-branes; and for G = G 2 , 
d must also take values in Z> because of further binding of bound states that contain one- 
third-fractional DO-branes. In all, this means that we can write the instanton number as 
a = kd = kn'(i-j), where for G = SO(2N), USp{2N-2) and G 2 , n' = 1,2 and 3, while i,j 
are certain integers divided by 1, 2 and 3. In all cases, i > j, since d must be non-negative. 



46 



Here, one can interpret (i — j) as the contribution from the bound states of DO-branes, and 
n' ^ 1 if there exists bound states consisting of fractional DO-branes which necessarily need 
to be paired to form bound states of full DO-branes. 

That said, since M is noncompact, the total instanton number must actually be shifted 
by an amount which depends on the conjugacy class of p^. According to our explanations 
in the previous subsection, it would mean that we can actually write the shifted instanton 
number as a = kn'(i — j) — 6(p, p), where b is some positive real constant, p is a dominant 
coweight of G which corresponds to a conjugacy class of p^, and ( , ) is just the scalar 
product in coweight space. 

Last but not least, note that in our counting of the total instanton number performed 
hitherto, we have implicitly overlooked the DO-branes at the origin of M: in writing a = 
kn'{i — j) in the paragraph before last, we have accounted for the DO-branes away from 
the origin which have k mirror partners under the order k cyclic identification, but not the 
DO-branes at the origin which do not have any mirror partners (since the origin is a fixed- 
point of the identification). According to our explanations in the previous subsection, we 
can include the DO-branes at the origin by adding b(X, A) to the total instanton number, 
where b is some positive real constant, and A is a dominant coweight of G which corresponds 
to a conjugacy class of po- In short, we can write the instanton number as 

a = kn'{i — j) + b(X, A) — 6(p, p), (3.60) 



where for G = SO(2N), USp(2N — 2) and G2, n' — 1, 2 and 3, while i > j are certain 
integers divided by 1, 2 and 3. 

For n = 2 whence we have G = U Sp(2N — 2) with n' = 2 and i, j being certain integers 



divided by 2, expression (3.60) is indeed consistent with results from the mathematical 
literature (which only addresses the case of simply-connected groups like USp(2N — 2)): 
eqn. (3.60) coincides with [TJ eqn. (4.3)] after we set b = b = 1/2 and identify the integer 



n '{i ~~ j) with the integer (/ — m) of loc. cit.. 

Likewise, for n = 3 and = 4 whence we have G = G2 with n' = 3 and i, j being certain 



integers divided by 3, expression (3.60) is also consistent with results from the mathematical 



literature (which only addresses the case of simply-connected groups like G2): eqn. (3.60) 
coincides with [1] eqn. (4.3)] after we set 6 = 6 = 1/2 and identify the integer n'(i — j) with 
the integer (/ — m) of loc. cit. . 



The Spectrum of Spacetime BPS States in the M-Theory Compactification (3.51) 
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We are now ready to state the generic Hilbert space "Heps of spacetime BPS states in the 



M-theory compactification (3.57). To this end, let us first denote by HL2W(A^^ M (M 4 /Z fc )), 



the L 2 -cohomology of the Uhlenbeck compactification U{M.q (1R 4 /Zfc)) of the component 
.Mg „(R 4 /Zfc) of the highly singular moduli space Mci^/^k) labeled by the triples A = 



(k,\,i) and \i = (&,//, j) (where a is correspondingly given by (3.60))j 28 | Then, since one 
can express R*^ (M^(R 4 / Z k )) as the intersection cohomology m*U(M^(R 4 /Z k )) [M], 
we can write 

^bps = = m*U{M x G ^M}/Z k )). (3.61) 

Notice that because we cannot have a negative number of DO-branes, we must have a > 0. 



In turn, this implies, via (3.60) and the condition i > j, that 



A > fi. 



(3.62) 



As k G Z + and A and fi are dominant coweights of G, the triples A and fi can be regarded 
as dominant coweights of the corresponding afhne Kac-Moody group G a s of level k. 

The Partition Function of Spacetime BPS States for G = SO(2N) 

One can of course go on to state the partition function of spacetime BPS states. The 
partition function, which counts (with weights) the total number of states, can be obtained 
by taking a trace in the Hilbert space of states. Note at this point that taking such a trace is 
geometrically equivalent to identifying the two ends of the sigma-model worldsheet x K t 
to form a torus. Let the modulus of this torus be r = t\ + 2x2; then, if n = 1, the partition 
function for nonsimply-connected G = SO(2N) can (according to our explanations in the 
previous subsection) be written as 



7 bps 

^50(2^) 



Tr «BPS 1 



(3.63) 



where q = e 2mT , and P is the momentum operator along S^. 

Since P measures the number of DO-branes (as each DO-brane has unit momentum 



along SjJ, according to our analysis leading up to (3.60), we have P = k{i — j) + b(X, A). 



Together with (3.61), we can therefore write (3.63) as 



7 bps 

^50(2^) 



{2N),p,\ 



l /Zk))q m . 



(3.64) 



28 See also footnote 15 and 16 as to why (i) we need to compactify the moduli space; (ii) the physical 
theory is well-behaved despite the highly singular nature of the moduli space. 
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Here 



m x = h x - ^; (3.65) 
m = k{i — j) G Z> , as i,j are integers such that {i — j) G Z> ; the non-negative number 

(A,A + 2p v ) 

^ = 2(fc + fc) ' (3 ' 66) 

where p v and ft, are the Weyl vector and dual Coxeter number of the Langlands dual group 
SO(2N) y , respectively; and the number 

In this instance, A = (A;, A, i) and // = (k, p,,j) can also be regarded as dominant weights 
of the corresponding Langlands dual affine Kac-Moody group SO(2N)^ s of level k. 

The Partition Function of Spacetime BPS States for G = U Sp(2N — 2) 

Now, let n = 2 whence the theory is "Z2-twisted" as we go around S*. In this case, 
the total partition function of spacetime BPS states for simply-connected G = U Sp(2N — 2) 
can be written as 

ZTsl(2N-2) = T%o ps & 2 q p ° + Tr nh ps &> 2 g Pl , (3.68) 

where ^2 is a projection onto Z 2 -invariant states, and the super(sub)script '0' or '1' indicates 
that the operator or space in question is that of the untwisted or twisted sector, respectively 



(see footnote 17) 



The meaning of £?2 in the trace over 'H^ps can be understood explicitly as follows. 
First, note that in the untwisted sector, we have the dominant coweights Ao = (k, Ao, io) 
and po = (k,fio,jo) of USp{2N — 2) a g of level k, where Ao > /io; according to our dis- 
cussions hitherto, io and jo are integers whereby (io — jo) £ ^>o, and to satisfy this con- 
dition unequivocally, one ought to have i G Z> and — j G Z> ; that is, A and /i are 
dominant coweights with integer grading. Second, note that the intersection cohomology 



IH*ZY(A^° 5p{2 ^_ 2)jM (K 4 /Z fc )) which represents ?4ps° C H% PS C ^ B ps (see (3.61)), corre- 



sponds to the space of physical observables of the TV = (4,4) sigma-model that take the 
form Oq = f c ...e;c...e(fo, ffyvo ■ ■ ■ VoVo ■ ■ ■ Voi where the <^o's and r/o's are untwisted bose and 
fermi fields of the sigma-model which are periodic and antiperiodic around S*, respectively 



(see footnote 18), i.e., 

(Po (a + 2n) = (fo (a) and Vo d ( a + 2?r ) = ~Vo ( a )- (3.69) 
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Here, the indices run as c, d = 1, 2, . . . , dinicW(A1^ ^27v-2) p (^ 4 /^)); where m = 2k(i 
jo) - the eigenvalue of P — &(Ao, Ao) - is a non-negative integer. The insertion of <^ 2 
then means that in computing the trace over "H B ps> one must consider only OqS which 
are invariant under the Z 2 -transformations ip — > —if and rj — > —rj. For later conve- 
nience, let us denote the space of such Z 2 -invariant £> 's by m*U{M^ 2N ^ 2) - o {M^ /Z k )) C 

Similarly, the meaning of £?2 in the trace over "H B ps can be understood explicitly as fol- 
lows. First, note that in the twisted sector, we have the dominant coweights Ai = (k, \i,i±) 
and /ii = (k,pi,jx) of USp(2N — 2) a g of level k, where Ai > fix] according to our discussions 
hitherto, i\ and jx are integers divided by 2 such that {i\ — jx) G Z> + \, and to satisfy this 
condition unequivocally, one ought to have i\ G Z> and —jx G Z> + |; in other words, Ai 
and /ii ought to be dominant coweights with integer and half-integer grading, respectively. 
Second, note that the intersection cohomology IR*U(M.^ J 1 Sp ^ 2N _ 2 ^ ^(IR 4 /Z fc )) which repre- 
sents ^bps 1 C % B ps c Hbps ( see (3.61)), corresponds to the space of physical observables 
of the Af = (4,4) sigma-model that take the form 0\ = f c „ . e;g ... e(<ff, ( ff)Vi ■■■ ViVi ■■■ Vi- 
Here, the ipis and 7]i 's are twisted bose and fermi fields of the sigma-model which are thus 
antiperiodic and periodic around S*, respectively; specifically, we have 

ifil(a + 2vr) = e^V^a) = Tjt{a + 2vr) = -e^^(a) = r£{a), (3.70) 



and 



+ 2vr) = e-^ipfi*) = -cpfi*), r)f(a + 2vr) = -e~^{a) = t£(<t), (3.71) 

as n = 2 and the twist parameter v = 1. Also, c,d= 1, 2, . . . , dimcW(A / l^ 1 j 5^ 1 2Ar _ 2 - ) ^ i (M 4 /Z/ c )), 
where mi = 2&(zi — ji) - the eigenvalue of P\ — b{\\, Ai) - is a non-negative integer. The in- 
sertion of &2 then means that in computing the trace over "Hbps> one must consider only Ox's 
which are invariant under the Z 2 -transformations <p — > —if and r) — > —rj. Let us denote the 
space of such Z 2 -invariant d'sby WU(M^ N _ 2)>jii (R 4 /Z k )) C IH*W(A4^ ( 1 2JV _ 2) - i (M 4 /Z fc )). 
Then, together with what was said in the previous paragraph, and by relabeling the integer- 
graded coweights A and Ai as A, we can write 



vBPS _ 7 BPS,0 , 7 BPS,1 /o 79 \ 

Zj USp{2N-2) — Zj USp{2N-2) Zj USp(2N-2) ' 
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where 



and 



Z%S&»-2) = Y,^ E dimIH * W (^W- 2 ),,o( R4 /^))r o , (3.73) 

X,IM) m >0 

Zu P s%n-2) = Y.^ E dim I™(^aS 2 AT-2) )Pl ( R4 /^))? mi - (3-74) 

A, /xi mi>0 



The phase factor m\ takes the form in (3.65) with b = 1/2. 

In this instance, the dominant coweights A = (k,X,i) and /x ,i = /io,i,jo,i) of 
USp{2N — 2) aff are also (un)twisted dominant weights of the Z 2 -twisted affine Kac-Moody 

(I s ) (2) 

group SO(2N) a g, furthermore, SO(2N) a g is equal to USp{2N — 2)^ ff . In other words, A 
and /io,i can also be regarded as dominant weights of the Langlands dual affine Kac-Moody 
group USp{2N - 2)l s of level k. 



Additionally, notice that (3.72)-(3.74) imply that the effective Hilbert space "Heps of 



spacetime BPS states (which one obtains after taking into account the projection in the 



trace over all underlying states in (3.68)) ought to be given by 



^bps =000 ^bps =000 IH*W(M^_ 2) ^(M 4 /^)), (3.75) 

A ^=0,1 fi v A u=0,l fi v 

where v — or 1 if the sector is untwisted or twisted, respectively. 

The Partition Function of Spacetime BPS States for G = G2 

Now, let n = 3 whence the theory is "Z 3 -twisted" as we go around S* . In the case where 
N = 4, the total partition function of spacetime BPS states for simply-connected G = G 2 
can be written as 

Z l? = Tr ^ PS ^3 q Po + Tr Kps ^ 3 q Pl + Tr w|ps ^3 <f\ (3.76) 



where ^3 is a projection onto Z 3 -invariant states, and the super(sub)scripts '0' and 'l'/'2' 
indicate that the operator or space in question is that of the untwisted and twisted sectors, 



respectively. (See footnote 17 whose explanations also hold for the Z 3 case at hand.) 

The meaning of ^3 in the trace over %b PS can be understood explicitly as follows. 
First, note that in the untwisted sector, we have the dominant coweights Ao = (k, Aq,Zo) and 
Ho = (k,p, ,j ) of G^aff °f level k, where A > Ho] according to our discussions hitherto, 
io and jo are integers whereby (zo — jo) G Z>o, and to satisfy this condition unequivocally, 
one ought to have io G Z> and —jo £ Z> ; that is, Aq and Ho are dominant coweights with 
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integer grading. Second, note that the intersection cohomology IH*W(A^^° 2 (M 4 /Zfc)) which 
represents "H B ps° C "H B ps c ^bps ( see (3.61)), corresponds to the space of physical observ- 



ables of the N = (4, 4) sigma-model that take the form O = f c ...e;c...e(fo, pfyvo ■ ■ ■ VoVo ■ ■ ■ Voi 
where the <^o's and r^o's are untwisted bose and fermi fields of the sigma-model which are 



periodic and antiperiodic around S*, respectively (see footnote 18), i.e. 



(p c /(a + 2tt) = (p c ' d (a) and r] c 4 (a + 2tt) = -r% d {a). (3.77) 

Here, the indices run as c, d — 1, 2, . . . , dimcW(A^^° 2 '^(IR 4 /Zfc)), where m = 3k(i — j ) ~ 
the eigenvalue of Pq — b(Xo, Ao) - is a non-negative integer. The insertion of ^3 then means 
that in computing the trace over "H BPS , one must consider only CVs which are invariant 
under the ^-transformations: 

y? c ^e 2mf V, (p* -+e- 2iriB *<p S , rf -)• e 2 "V, rf e'^ i6 'rf, (3.78) 

where 9j = rrij/3, and rrij = 1,2. For later convenience, let us denote the space of such 
Za-invariant o 's by WU(M^2^V Z k)) C IH*W(M^(M 4 /Z fc )). 

The meaning of ^3 in the trace over "H BPS , where 7 = 1 or 2, can also be understood ex- 
plicitly as follows. First, note that in the ''j'-twisted sector, we have the dominant coweights 
A 7 = (kjXy,ij) and /x 7 = (fc,/i 7 ,j 7 ) of G 2a s °f level fc, where A 7 > /i 7 ; according to our 
discussions hitherto, z 7 and j 7 are integers divided by 3 such that (i 7 — j 7 ) G Z> + |, and to 
satisfy this condition unequivocally, one ought to have z 7 G Z> and — j 7 G Z> + |; in other 
words, A 7 and /x 7 ought to be dominant coweights with integer and one-third-integer grading, 
respectively. Second, note that the intersection cohomology IB*U(M.q 2 (M 4 /Zfc)) which 



represents H BP ' S 7 C % BP s c -^bps (see (3.61)), corresponds to the space of physical observ- 



ables of the Af = (4, 4) sigma-model that take the form 7 = f c ...e;c...e( ( fi, ( pi) r ]j • • • VjV^ • • • rfy- 
Here, the <^ 7 's and 7/ 7 's are twisted bose and fermi fields of the sigma-model which have the 
following boundary conditions around S*: 

p c Ja + 2vr) = e*¥<p c J<T), rfAo + 2tt) = -e^rfca), (3.79) 



and 



y%{p + 2tt) = e-—<p*(<r), n*{a + 2vr) = -e~— (3.80) 

as n = 3 and the twist parameter is 7. Also, c, = 1, 2, . . . , dime W(A^;™ 7 (M 4 /Z fc )), where 
m 7 = 3&(z 7 — jj) - the eigenvalue of P 7 — 6(A 7 , A 7 ) - is a non-negative integer. The insertion 
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of ^3 then means that in computing the trace over "Hgpg, one must consider only (9 7 's 
which are invariant under the Z 3 -transformations in ( 3.78[ ). Let us denote the space of such 



Z 3 -invariant C 7 's by m*U{M^{R A /Z fe )) C IH*U(M G ^(R 4 /Z k )). Then, together with 
what was said in the previous paragraph, and by relabeling the integer-graded coweights Aq 



and A 7 as A, we can write 



u=0 



BPS,v 
G 2 ' 



where 



7 BPS.u 
J G 2 



l /Z k ))q m ». 



(3.81) 



(3.82) 



The phase factor m\ takes the form in (3.65) with b = 1/2. 

In this instance, the dominant coweights A = (k, \,i) and fi u = (k,p, u ,j u ) of G 2a ,s 
are also (un)twisted dominant weights of the Z 3 -twisted affine Kac- Moody group SO (8)^; 
furthermore, SO(8)^ is equal to In other words, A and ii v can also be regarded as 

dominant weights of the Langlands dual affine Kac-Moody group G-^ of level k. 



Additionally, notice that (3.81)-(3.82) imply that the effective Hilbert space "HIps °f 
spacetime BPS states (which one obtains after taking into account the projection ^3 in the 



trace over all underlying states in (3.76)) ought to be given by 



^hps - © © © ^bps - © © © \B*U(M 



A 

G 2 ,tJ.v 



X u=0 jx v 



(3.83) 



where v 7^ if the sector is twisted. 



The Spectrum of Spacetime BPS States in the M-Theory Compactifi cation (3.58) 



Let us now turn our attention to the physically dual M-theory compactification (3.58) 



with k coincident M5-branes. One can proceed as before to ascertain the spacetime BPS 
states by computing the ground states of the M5-brane quantum worldvolume theory over 
R t x x SN^ . According to our earlier explanations, one can, if n = 1 for example, 
interpret the spacetime BPS states as the physical observables in the topological sector of 



2<) 



the sigma-model on x R t with target the moduli space of f/(/c)-instantons on SN^ 

That said, since we would like to make contact with a geometric Langlands duality for 
surfaces, we shall seek a different description of these spacetime BPS states, i.e, worldvolume 



29 The reason why we have instantons of U(k) (and not SU(k)) is because in duality step (2.14|, the 
center-of-mass degrees of freedom of the k D6-branes are not frozen. 
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ground states. To this end, recall that the low-energy limit of the worldvolume theory is a 
6d = (2, 0) Dk superconformal field theory of massless tensor multiplets. Hence, where 
the ground states are concerned, one can regard the worldvolume theory to be conformally- 
invariant. Since it is conformally-invariant, one can rescale the worldvolume to bring the 
region near infinity to a finite distance close to the origin without altering the theory. Thus, 
one can, for the purpose of computing ground states, simply analyze the physics near infinity. 

Near infinity, the S)j circle fiber of SN§^° has radius R — > 0. To make sense of this 
limit, notice that a compactification along the circle fiber would take us down to a type IIA 
theory whereby the stack of k coincident M5-branes would now correspond to a stack of 
k coincident D4-branes. In addition, as explained in §A.5, we will also have N D6-branes 
and an 06~-plane spanning the directions transverse to its M 3 /X 3 base, where Z 3 acts as 
r — > — r in IR 3 ; moreover, since SN^° has a singularity at the origin, the D6-branes 
will be coincident. In other words, we have, in the limit R — > 0, the following type IIA 
configuration: 

IIA : I 5 x Sj, x R, x M 3 /Z 3 . (3.84) 
v v ' 

I-brane on X R t = 7VD6/06" n fcD4 

Here, we have a stack of N coincident D6-branes on top of an 06~-plane whose worldvolume 
is given by IR 5 x x IR t , and a stack of k coincident D4-branes whose worldvolume is given 
by x lj x IR 3 /Z 3 ; these two stacks intersect along x WL t to form a D4-D6/06 - I-brane 
system. 



The proceeding analysis of this system is identical to the one for the system (3.20). 
In particular, the sought-after worldvolume ground states will correspond to the states of 
the I-brane theory on x M. t defined by the massless modes of the 4-6 open strings of the 
D4-D6/06 - system. Furthermore, this I-brane theory is a theory of massless free chiral 



fermions, and as in the case of (3.20), the chiral fermions will couple to certain gauge fields. 
In order to determine what these gauge fields are, let us now discuss what gauge groups 
should appear in the D4-D6/06 - I-brane system. 

By a T-duality along three directions, we can get to a D1-D9/09 - system, where 09~ 
is a spacetime-filling orientifold. One can compare this to an analogous D5-D9/09 =t system 
studied in [B0], where the gauge groups are of different types on the D5- and D9-branes; 
they are either orthogonal on the D5-branes and symplectic on the D9-branes or vice-versa, 
depending on the sign in 09 ± . This is due to the fact that there are four possible mixed 
Neumann-Dirichlet boundary conditions for the 5-9 open strings which stretch between the 
corresponding D-branes. On the other hand, there are eight possible mixed Neumann- 
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Dirichlet boundary conditions for the 1-9 open strings stretched between D-branes in the 
Dl-D9/09~ system; in other words, orthogonal gauge groups appear on both the Dl- and 
D9-branes. By T-dualizing back to a D4-D6/06 - system, one can conclude that generically, 
there ought to be, in the presence of the 06~-plane, an SO (a) and SO(2N) gauge group on 
the k D4- and N D6-branes, respectively, where a depends on k. 

To ascertain what a is, note that according to [61], the total central charge of the real 
chiral fermions should not change as we move the D4- and D6-branes around; in particular, 
it should not change as we move the stack of coincident D4- and D6-branes away from the 
06~-plane. When we move the stack of coincident D4- and D6-branes away from the 06~- 



plane, we effectively have the U(k) x U(N) theory described by (3.21 )-(3.22). Thus, a must 
be such that the total central charge of the real chiral fermions is kN. 

Since a single real chiral fermion will contribute one-half to the central charge, we ought 
to have a total of 2kN real chiral fermions. As the 2kN real chiral fermions are furnished by 
the massless modes of the 4-6 open strings, they necessarily transform in the bifundamental 
representation of SO (a) x SO(2N); this would mean that a = k. Hence, along the I-brane 
with complex coordinate L z\ the 2kN real chiral fermions ought to be given by 



ipi ia {z), where i — l,...,k, and a = l,...,2iV. (3.85) 

And, as their indices imply, they ought to transform in the bifundamental representation 
(k,2N) of SO(k) x SO(2N). Their action is given (modulo an overall coupling constant) by 

I = J d 2 z tpd A+Af tp, (3.86) 

where A and A' are the restrictions to the I-brane worldsheet x R t of the SO(k) and 
SO(2N) gauge fields associated with the k D4- and iV D6-branes. In other words, the 
fermions couple to the gauge group 



SO(k) x SO(2N). (3.87) 
The I-brane theory is anomalous under the corresponding gauge transformations, but like in 



the earlier case of (3.20), one can show that the overall D4-D6/06 - system is anomaly-free 
and thus physically consistent. 

The system of 2k N real free chiral fermions of central charge kN gives a direct realiza- 
tion of sb(2kN) ( ( l \ the integrable module over the Z n -twisted affine Lie algebra so(2kN)^ 1 
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of level l£j Moreover, there exists the following twisted affine embedding which preserves 
conformal invariance |62j : 

so(k)% N ®*o(2JV)g* C «(2*JV)2,i> (3.88) 



where this can be viewed as an affine analog of the gauge symmetry in (3.87) (see footnote 22 ). 



As such, the total Fock space F® 2kN of the 2kN real free fermions can be expressed as 

J*™ = WZW^w ® WZW ro(2Ar) ( n) , (3.89) 

where WZW^w and WZW f ^ 2JV j(n) are the spectra of states furnished by sb(k)^ and 
sb(2iV)j. , respectively, which can be realized in the relevant chiral WZW models. Conse- 
quently, the partition function of the I-brane theory will be expressed in terms of the chiral 
characters of sbijk)^ and sb(2N)^ . 

Note that F® 2kN is the Fock space of the 2kN real free fermions which have not yet 
been coupled to A and A'. Upon coupling to the gauge fields, the characters that appear in 
the overall partition function of the I-brane theory will be reduced. In a generic situation, 



the free fermions will couple to the gauge group SO(k) x SO(2N) (see (3.87)). However, 
in this case, only the SO(k) gauge field associated with the D4-branes is dynamical; the 
SO(2N) gauge field associated with the D6-branes/06~-plane should not be dynamical as 
the geometry of SN§~^° is fixed in our description - the center-of-mass degrees of freedom of 



the N NS5-branes/ON5 s -plane which give rise to the SN§^° geometry via steps (2.11) and 



(2.12), are frozen. Therefore, the free fermions will, in this case, couple dynamically to the 
gauge group SO(k) only. Schematically, this means that we are dealing with the following 
partially gauged CFT 

5 o{2kNtlj 50 {k)% N . (3.90) 

In particular, the so(k)^ 2N chiral WZW model will be replaced by the corresponding topo- 
logical G/G model. As a result, the chiral characters of sb(k)^ which appear in the overall 
partition function of the uncoupled free fermions system on the I-brane, will reduce to con- 
stant complex factors after coupling to the dynamical SO(k) gauge field. Hence, modulo 
these constant complex factors which serve only to shift the energy levels of the ground states 



30 To understand this claim, see [53, §15.5.2], and note that (i) the identification under an order n trans- 
lation of the circle results in a Z„-twist of the underlying affine Lie algebra; (ii) a twisted version of an 
affine Lie algebra has the same central charge and level as its untwisted version (c.f. [IB, §3]). 
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by numbers dependent on the highest affine weights of sb(k)^, the effective overall partition 
function of the I-brane theory will be expressed solely in terms of the chiral characters of 
sb(2Nt\ 

In summary, the sought-after spectrum of spacetime BPS states in the M-theory com- 



pactification (3.58) would be realized by WZW^ 2Jv y»o. This observation is indeed physically 
consistent because according to footnote [8j the spacetime BPS states satisfy H = P - here, 
H and P are the Hamiltonian and momentum operators which generate translations along 
M t and S*, respectively - while a chiral WZW model on x R t , having no right-moving 
excitations, has a spectrum whereby H = P. 



A Geometric Langlands Duality for Surfaces for the D N Groups 

Let us now consider n = 1 whence there is no "twist" at all, i.e., sb(2N)^ is simply 
sb(2N)k, the integrable module over the untwisted affine Lie algebra soi^lN).^^ of level k. 
Then, unitarity of any WZW model requires that WZW^at)*. be generated by dominant 
highest weight modules over 5o(2N) a s t k, such that a generic state in any one such module 
can be expressed as [53] 

\fi') = EZ^...Ezt\\), V n,m > and a, (3 > 0. (3.91) 



Here, the EZ^s are lowering operators that correspond to the respective modes of the cur- 
rents of so(2A^) a g fc (in a Cartan-Weyl basis) which are associated with the complement of 
the Cartan subalgebra; |A) is a highest weight state associated with a dominant highest 
affine weight A; ft' = A — a ■ ■ ■ — f3 is an affine weight in the weight system of sb(2N)^ 
- the module of dominant highest weight A of level k - which is not necessarily dominant; 
and a, (3 are positive affine roots. 

Note that each module labeled by a dominant highest affine weight A can be decomposed 
into a direct sum of finite-dimensional subspaces each spanned by states of the form \ for 
all possible positive affine roots a, . . . ,/3. These finite-dimensional subspaces of states are 
the /i'-weight spaces sb(2N)l ~, C sb(2N)$,. Note at this point that there is a Weyl group 
symmetry on these weight spaces that maps jl' to a dominant weight fi in Vt- X which also 
leaves the chiral character of sb{2N}\ and thus, the partition function of the chiral WZW 



model, invariant. As such, one can also express the spectrum of states of the chiral WZW 



31 See [H eqns. (14.143), (14.145), (14.165), (14.166) and (15.119)], noting that Zj in loc. cit. corresponds 
to the Coulomb moduli in our story which must therefore be set to zero since the N D6-branes are coincident. 
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model as 



wzw 



$a(2N) k 



WZW 

X.ft 



(3.92) 



Now, the physical duality of the M-theory compactifications (3.57) and (3.58) means 
that their respective spacetime BPS spectra ought to be equivalent, i.e., WZW^jv)*. ought 



to be equal to "Heps of (3.61). Indeed, since so(2iV) a ff is isomorphic to its Langlands dual 
counterpart so(2N)^ s , A and p, are also dominant weights of the Langlands dual affine Kac- 



Moody group SO(2N)^ s whence we can identify them with A and \i of (3.61), respectively; 
moreover, both "Heps and WZWsb(2A0 fe are labeled by k. Specializing to the {A, /i}-sector of 
the spectra of spacetime BPS states, we can thus write 



n x ^ s = wzw t0(m)iii 



(3.93) 



As WZW 



sd(2N) x 



k , fj, 



is furnished by sb(2iV)^, and since so (2iV) aff ~ so {2N)^ S whence sb(2iY)^ M 



is isomorphic to the submodule L sb(2N)^ IM over so(2iV)^, via (3.61), we can also express 



(3.93) as 



m*U{M x so{2N) ^/Z k )) = L sb(2N)^ 



(3.94) 



Thus, we have arrived at a G = SO(2N) generalization of [1, Conjecture 4.14(3)]! This 
completes our purely physical derivation of a geometric Langlands duality for surfaces for 
the SO(2N) = D N groups. 

An Identity of the Dimension of the Intersection Cohomology of the Moduli space of D^- 
Instantons on M 4 /^fc 



Let us now revisit the partition function (3.64). For simplicity, let us focus on a partic 



ular A'-sector, where A' = (k,X',0)] that is, consider 



SO(2N),p,'\ 



(3.95) 



fi' m>0 



where q = e T , and myi is as given in (3.65). From (3.94), we have 
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dimlB*U(M 



X' ,m i 
SO(2N),p,' ' 



VZ fc )) = mult A ,(/i') 



(3.96) 



32 Here, we recall that for any A = (fc, A, i) and /i — {k, we have m — k(i — j) whereby (i — j) £ Z> . 
Thus, for A' = (fc,A',0), we have p! = (k,p!,j') such that the integer j' — — ^ < 0, where — f is known as 
the grade of the //-string in the mathematical literature, or the energy level of the state in the physical 
context. 
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where multy(//)| m / is the multiplicity of the state of non-negative energy level m! = m/k 
in L sb(2N)^,. Consequently, via (3.65 )-( 3.67), we can write 



Z7o%N)Aq) = Q m '^ c/24 £ £ multv (AOL'?" 1 ' = x4(2iV) A 

m'>0 



(?), 



(3.97) 



where g = e T and r = kr. Here 



A' 



Xisb(2Af) fc 



(g) = Tr A ,g i0+m v- c / 24 , 



(3.98) 



and 



while 



hy 
k 



24 



and c'v 



A; 



(3.99) 



(3.100) 



where hy and c>/ are as given in (3.66) and (3.67), respectively. Also, L - whose eigenvalue 
is m! G Z> - can be interpreted as the Hamiltonian operator of a 2d theory that is effectively 
defined on a torus of modulus f . Hence, it is clear from (3.97)-(3.100) that Z^^ 2N ^ a' ^ s ec L ua l 
to the A'-sector of the partition function of a chiral so(2N)^ s WZW model on x M. t with (i) 
central charge kN; (ii) ground state energy level shifted by a number m' A ,. This observation 
is consistent with our earlier conclusion about the I-brane partition function, as expected. 
Let us now consider the modified partition function 



yBPS (~\ _ ~rh x , yBPS ( ~\ 

Zj SO{2N),\'\ ( l) — Q Zj SO{2N),\'\ ( l)^ 



(3.101) 



where 



my 



(k - l)h'y 



C 



SO(2N) v ,k) 



24 



while 



c 



SO(2N) v ,k 



kdimso(2Ny 
(k + h) 



(3.102) 



Notice that Zsof2N) \> * s J us ^ ^soczn) x w ith instanton number shifted by my. In the 
dual 2d theory picture, this is tantamount to a trivial redefinition of the ground state energy 
level. Hence, Z^q% n -. x , and ZgQ% N ^ A , can be thought to define the "same" physical theory. 



From (3.98), one can see that x 



x' 



■Sb{2N) h 



q"*'Xi 



sb(2N) k 



is a character of L sb(2N) 



A' 
k ■ 



where my + h' x , — c A ,/24 is the corresponding modular anomaly. As such, (3.97) would mean 



59 



that the partition function Z^q% n -. x , ought to transform as a representation of the modular 
group SX(2, Z); specifically, we have (c.f. (53J ec L n - (14.235)]) the relation 



yBPS i 
Zj SO{2N),\'\ 



BPS 



A'A ^SO(2N),\\ T )i 



(3.103) 



where S is a f -independent unitary matrix (given by [53, eqn. (14.217)]) associated with the 
Langlands dual affine Lie algebra so(2N)^ s , which represents the SX(2,Z) transformation 
S : f — > — 1/fin the space of A- vector- valued partition functions -^fo(2Jv) a- 



Via (3.101) and (3.95), the relation (3.103) implies, in the limit of large k, the following 



identity involving the intersection cohomology of the moduli space of 5'0(2iV)-instantons on 
M 4 /Z fc : 



5353dimnrw(A<j; 

p,' m>0 



SO(2N),p,'\ 



VZ*)) = EE E^AdimIH*W(^ (2iV)! -(M 4 /Z fc )) 



A m>0 



where the components iS™ A are given by 



(3.104) 



5™ A = g™A'U»ig™+^A+m A £ A; 



A'A 



(3.105) 



Here, g = e 2m ^ T . (See also footnote 32 ) 

In other words, in the limit of large k, the total dimension of the intersection cohomology 
of the component of the moduli space of .Djv-instantons on 1R 4 /Zfc labeled by a highest weight 
A' or A - and therefore, the dimension of the corresponding sector of the Hilbert space of 
spacetime BPS states - is found to be intimately related to one another via so(2A^)^ ff - 
dependent unitary modular transformations! 



A Geometric Langlands Duality for Surfaces for the Cjy-i Groups 

Let us now consider n = 2 whence there is a "Z2-twist", i.e., the relevant module is 



('2') 

sb(2N) k , the integrable module over the Z 2 -twisted affine Lie algebra so(2iV) aff k 



v(2) 



of level k. 



Then, unitarity of any WZW model requires that WZW^ 2Ar ^(2) be generated by dominant 

(2) ^ 

highest weight modules over so(2N) ^ k . By repeating the arguments that led us to write 



(3.91 )-(3.94) in the untwisted case, whilst noting that the Weyl group symmetry mentioned 



therein persists in this case to map non-dominant affine weights \J V to dominant ones jl u 
even though the grading of jj! v (captured by its last index j' v ) may not be integral, we find 
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that we can express the spectrum of states of the corresponding chiral WZW model as 



WZW m 



00 wzw B , 



\ v=0,l fi u 



(3.106) 



Here, the overhead bar means that we project onto Z2-invariant states (as required of twisted 
CFT's); v = or 1 indicates that the sector is untwisted or twisted, respectively; A and 
jX v are the (un)twisted dominant affine weights of the Z2-twisted affine Kac-Moody group 



SO{2N)^q of level k; the space sb(2N)\f'^ is the /i^-weight space of sb(2N) k z> ' A , the module 



>(2),A 



(2),A 



(2) 

over so(2N) k of dominant highest weight A of level k. 



Now, the physical duality of the M-theory compactifications (3.57) and (3.58) means 



that their respective spacetime BPS spectra ought to be equivalent, i.e., WZW^^^j ought 



to be equal to H|p S of (3.75). Indeed, since so(2N)^ is isomorphic to usp(2N — 2)^ ff , it 
would mean that A and fx v are also dominant weights of the Langlands dual affine Kac-Moody 



group USp{2N — 2)^ ff whence we can identify them with A and [i v of (3.75), respectively; 
moreover, both H^ps and WZW^ 2iv ^(2) are labeled by k. Specializing to the {A, /i^j-sector 
of the spectra of spacetime BPS states, we can therefore write 



n 



BPS 



WZW ro( 2 <>- 



(3.107) 



As WZW.,„, m (2),a is furnished by the Z 2 -invariant projection sb(2N) k ' \g> 2 of sb(2N) k ' , 



and since so 

(2JV)S - usp(2iV - 2)l s whence sb{2N) k ^\ isomorphic to the submodule 



(2),A, 



J usp{2N — 2) k over usp(2iV — 2)^ ff , via (3.75), we can also express (3.107) as 



m*U(M^ Sp( 2N-2),^V^k)) = L ^P(2N - 2)^ 



(3.108) 



for v = and 1. Note that (3.108) is [TJ Conjecture 4.14(3)] for simply-connected G = 
USp(2n — 2)\ This completes our purely physical derivation of a geometric Langlands duality 
for surfaces for the USp{2N — 2) = Cn-i groups. 

A Langlands Duality of the Dimension of the Intersection Cohomology of the Moduli Space 
of C]\r-i-Instantons on A-Type ALE Spaces 



Let us now revisit the partition function given by (3.72)-(3.74). For simplicity, let us 



focus on a particular A'-sector, where A' = (A;,A',0); that is, consider 



^BPS /_,\ „tn.\i 

Zj USp(2N-2),\'V ( l) — <? 



EEE 

u=0,l p' v m„>0 



VZfc))^, (3.109) 
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where q = e 2mT ', and my takes the form given in (3.65) with b = 1/2. From our discussion 



leading up to (3.108), we have 33 



dimffl*W(A< s ^_ 2)i -, (R 4 /Z k )) = mult*(/Ok, 



(3.110) 



where multA'(/x^)| m ^ is the multiplicity of the state of non-negative energy level m' v 

[2)"; 



m v /2k in sb(2N)f^ \&> 2 . Consequently, via (3.65)-(3.67), we can write 



^^-2)^(9) = ^'"^ EEE mult A ^)| K 9<= J] <fw^)> (3.1H) 

i/=0,l p'„ m^>0 



!/ = 0,l 



where q = e T and f = 2A;r. Here 



X" (2) (g) = Try ^ 2 ^0,,+m' A ,-c/24 



(3.112) 



where as before, singles out the Z 2 -invariant states, and 



24 



(3.113) 



The constants are 



-L.AT W _(M±M / 246(A',A') , 12(A',A' + 2p) 

C — K1V, fly — -YTTi , ma! c v ; 



Ak{k + /i v ) ' x '' b 



2k 



2k(k + W) 



(3.114) 



such that b is some positive real constant (first introduced in (3.60)), and p and h v are 



the Weyl vector and dual Coxeter number associated with so(2N) g g, respectively. Also, 
Lq, u ~ whose eigenvalue is m' u G Z> + | - can be interpreted as the Hamiltonian operator 
of a 2d theory that is effectively defined on a torus of modulus f. Hence, it is clear from 



(|3.111|)-(|3.114|) that Z[/5p(2Ar_2) x' i s ec L ua l to the A'-sector of the partition function of a chiral 



so (2JV)2pWZW model on x R t with (i) central charge kN; (ii) ground state energy level 
shifted by a number m' x ,. This observation is consistent with our earlier conclusion about 
the I-brane partition function, as expected. 

33 Here, we recall that for any A = (k, X,i) and /x„ = (k, /2„, j'„), we have m v = 2k(i — j u ) whereby 
(i-j u ) e Z> + |. Thus, for A' = (k, A',0), we have /i^ = {k,p! v ,j' u ) such that j£ = < 0, where is 
known as the grade of the //^-string in the mathematical literature, or the energy level of the \f/ u ) state in 
the physical context. 
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Let us now consider the modified partition function 



Zj USp(2N~2),X'{ ( l) — Q A 



USp(2N-2),X'\H)i 



(3.115) 



where (c.f. [591 eqns. (12.7.5) and (13.11.5)]) 



-K, + 



X'b 



+ 



|A' + p| 2 dimso(2N) 



24 2(k + V 



48 



(3.116) 



Notice that ZuSp(2N-2) X' * s J us ^ ^usp(2N-2) X' but with instanton number shifted by my. In 
the dual 2d theory picture, this is tantamount to a trivial redefinition of the ground state 
energy level. Hence, Z^^, 2N _ 2 , A , and Z^g^, 2N _ 2 -, x , can be thought to define the "same" 
physical theory. 



From (3.112), one can see that x 



~X'u 



^sb(2N)l. 



9"' v XA.7n»7 (2) * s a (^-invariant) character 



of the ^-sector of sb(2N) k , where my + h' x , — c ^/24 is the corresponding modular 



anomaly. As such, (3.115), (3.111) and [591 Theorem 13.9] mean that the partition function 



USp(2N-2),X 



, ought to transform under S : f — > — 1/fas follows: 



7BPS 

Zj USp{2N-2),X 



a(2iv- 2 )f (r/2) ' 



(3.117) 



Here, S is a r-independent matrix (given in [59, Theorem 13.9]); £ is a dominant highest 



weight of the Z 2 -twisted affine Kac-Moody group SU(2N — 2)^ of level k; xt^ - 



Q m ^xi^ (2); where is as in (3.116) but with so(2N) replaced by su(2N — 2). Notice 

su(2,N 2) , 



that the group type on the LHS and KHS of (3.117) are not the same; nevertheless, from 



the main result of the previous subsection, it is clear that the characters on the RHS of 
(3.117) will be given by the partition function ^fo(2AT-i) fC^/^) associated with SO(2N — 1)- 



instantons on M 4 /Zfc, i.e., 



^bps / 

Zj USp{2N-2),X'\ 



BPS 



A'€ Zj SO{2N-l) r 



(r/2). 



(3.118) 



Via (3.115), (3.109) and (3.45), the relation (3.118) implies, in the limit of large k, the 



following identity involving the intersection cohomology of the moduli space of instantons: 



EEE dimIH*W(A< 5 - 



USp(2N-2),p,{, 



7Z*)) = EEEE ^dimIH*W(>l^ iV _ 1)iC - 4 (M 4 /^)) 



^=0,1 p.' v m v >Q 



£ <5=0,1 J 4 m s >0 



(3.119) 
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where the components <S^| are given by 



S ms = ^ x/ \k»lq(m s +rh i+mi )/2 Sx ^ (3.120) 

Here, q = e 2n ^ T ; m A /| fc>1 = — dimso(2iV)/48; A' = (£;, A',0) and fi' u = (k,p,' u ,j u ) are domi- 
nant coweights of the affine Kac- Moody group U Sp(2N — 2) a g of level k, where A' and p! are 
the corresponding dominant coweights of USp{2N — 2), and ?f = — j u G Z> + | (see foot- 
note 33); £ = (&,£, 0) and Q = (k,Q,js) are dominant coweights of the affine Kac-Moody 



group SO{2N — l) aff of level k, where £ and Q are the corresponding dominant coweights of 
SO(2N - 1), and for iV > 2, ^ = -j 5 e Z> + |. 



At any rate, it is clear from (3.119) that in the limit of large k, the total dimension of 
the intersection cohomology of the moduli space of G-instantons on IR 4 /Zfc in the A'-sector, 
can be expressed in terms of the dimensions of the intersection cohomology of the various 
components of the moduli space of G v -instantons on M 4 /Zfc, where G = USp(2N — 2). In 
other words, we have a Langlands duality of the dimension of the intersection cohomology 
of the moduli space of CV-i-mstantons on A-type ALE spaces! 



A Comparison With (3.55) 



Recall that we also obtained a Langlands duality of the dimension of the intersection 



cohomology of the moduli space of 5jv_i-instantons on A-type ALE spaces in (3.55) (after 
we relabel N/2 therein as iV — 1) which tells us that 

J2 £ E dimIirw(A<^_ 1)i5 (RVZ*)) = EEEE ^dimBnZC^^^CRVZ*)), 

(5=0,1 f' m s >0 A v=0,l p, u m„>0 

(3.121) 

where the components are given by 

S™» = g^'l fc »i^+m A+mA )/ 2(S ^ A> (3.122) 

Here, m^/| fc>1 = — dimsu(2iV — 2)/48; £' = 0) and ^5 — (^iCjjia) are dominant 

coweights of the affine Kac-Moody group SO(2N — l) a g of level fc, where £' and are 
the corresponding dominant coweights of SO(2N — 1), and for iV > 2, ^ = — j$ G Z> + |; 
A = (k, A,0) and /ij, = (k,fx u ,j u ) are dominant coweights of the affine Kac-Moody group 
USp(2N — 2)aff of level fc, where A and p u are the corresponding dominant coweights of 
USp(2N - 2), and ^ = -> G Z> + | . 
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Assuming that N > 2, notice that the relations (3.119) and (3.121) map into each 
other when we exchange SO(2N - 1) -H- USp(2N - 2) and thus su(2N - 2) «-> so(2iV)p 
£>Cs) ^ (^') AC an d m <5 ?7 V This is expected, since the groups B N -\ and 

Cjv-i are themselves Langlands dual to each other. 



A Geometric Langlands Duality for Surfaces for the G2 Group 

Let us now consider N = 4 and n = 3 whence there is a "Z3-twist", i.e., the relevant 
module is sb(8)f\ the integrable module over the Z 3 -twisted affine Lie algebra So(8)fg k 
of level k. Then, unitarity of any WZW model requires that WZW-wg,^ be generated by 
dominant highest weight modules over so(S)U k . By repeating the arguments that led us 



to write (3.91 )-(3.94) in the untwisted case, whilst noting that the Weyl group symmetry 



mentioned therein persists in this case to map non-dominant affine weights jl' u to dominant 
ones fi v even though the grading of jl' u (captured by its last index j' v ) may not be integral, 
we find that we can express the spectrum of states of the corresponding chiral WZW model 

as 

WZW r o(8) (3) = © © © WZW ro(8)( 3„. (3.123) 

X ^=0,1,2 ii v 

Here, the overhead bar means that we project onto ^-invariant states (as required of twisted 
CFT's); v 7^ indicates that the sector is twisted; A and jx u are the (un)twisted domi- 
nant affine weights of the Z,3-twisted affine Kac-Moody group SO (8)^ of level k; the space 



sb{8) k 3 ^ is the /x^-weight space of sb(8) ( k '' A , the module over so(8) ( ^ k of dominant highest 
weight A of level k. 



(8) 



Now, the physical duality of the M-theory compactifications (3.57) and (3.58) means 

ought 



that their respective spacetime BPS spectra ought to be equivalent, i.e., WZW 



(3) 



to be equal to "Heps of (3.83). Indeed, since 00(8)^ is isomorphic to 02 aff , it would mean 
that A and jx v are also dominant weights of the Langlands dual affine Kac-Moody group 



^2 a ff whence we can identify them with A and jj u of (3.83), respectively; moreover, both 
T^ps and WZW^ fil (3) are labeled by k. Specializing to the {A, /i„}-sector of the spectra of 



spacetime BPS states, we can therefore write 



H 



BPS 



so(8). 



(3.124) 



As WZW 



(3), a is furnished by the Z 3 -invariant projection sb(8)jjP^|j» 3 of sb(8) { k '^, and 



>(3),A 



sb(8) k 



34 To understand this, recall that so(2iV - 1)^ ~ su(2iV - 2)^ and usp(2iV - 2)^ ff ~ so(2N)^; hence, 
the exchange SO{2N - 1) <-> USp(2N - 2) would imply the exchange su(27V - 2) «-> so(2N). 
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since so(8)^ ff ~ 02 aff whence sb(8)^'^|,^> 3 is isomorphic to the submodule { L g2)k^ v over 02 a ff 



>(3),A 



via (3.83), we can also express (3.124) as 



(3.125) 



for u = 0,1 and 2. Note that (3.125) is [U Conjecture 4.14(3)] for simply-connected G = G 2 \ 
This completes our purely physical derivation of a geometric Langlands duality for surfaces 
for the G 2 group. 



An Identity of the Dimension of the Intersection Cohomology of the Moduli Space of G 2 - 
Instantons on M 4 /Zfc 



Let us now revisit the partition function given by (3.81 )-(3.82). For simplicity, let us 



focus on a particular A'-sector, where A' = (k, A', 0); that is, consider 



0)=^'^ E dimHrW(^^(R 4 /Z fc ))g^ 



A',m„ /ttt>4 



(3.126) 



v=0 \i! v ra„>0 



where q = e T , and m\' takes the form given in (3.65) with b = 1/2. From our discussion 



leading up to (3.125), we have 



35 



dimIH*W(A4'^(M 4 / z fc)) = m ultv(/" 



vJ\m' v i 



(3.127) 



m u /3k in sb(8)f '^ \g» 3 . Consequently, via (3.65)-(3.67), we can write 



where mult a> is the multiplicity of the state of non-negative energy level m'^ 

3), A' 

zWM® = ^'~ C/M EE E ayftft^^®, (3.128) 



i/=0 r<>0 



y=0 



where g = e and r = 3fcr. Here 



Lo^+m' -c/24 



(3.129) 



35 Here, we recall that for any A = (fc, A,i) and /i„ = (fc, /x„,j'„), we have = 3/c(i — jV) whereby 
e Z> + |. Thus, for A' = (fc,A',0), we have fi' v = {k,p! v ,ji) such that j'„ = -^<0, where -j' v is 
known as the grade of the //^-string in the mathematical literature, or the energy level of the \n'J) state in 
the physical context. 



66 



where as before, ^3 singles out the Z 3 -invariant states, and 



m 5 



h'y 



24 



(3.130) 



The constants are 



c = kN, h'y 



(A',A' + 2p) 
6k(k + hy) ' 



"X'b 



246(A',A') 12(A',A' + 2p) 
+ 3k{k + W) ' 



3k 



(3.131) 



such that b is some positive real constant (first introduced in (3.60)), and p and h y are the 



Weyl vector and dual Coxeter number associated with so (8)^, respectively. Also, L u - 
whose eigenvalue is m' u G Z>o + | - can be interpreted as the Hamiltonian operator of a 2d 



theory that is effectively defined on a torus of modulus f. Hence, it is clear from (3.128)— 
(3.131) that Z^P\, is equal to the A'-sector of the partition function of a chiral so (8)^ 



WZW model on x M f with (i) central charge kN; (ii) ground state energy level shifted by 
a number m'y. This observation is consistent with our earlier conclusion about the I-brane 
partition function, as expected. 

Let us now consider the modified partition function 



yBPS f~\ 



J G 2 



3'® 



1 Z G 2 ,A'(<?), 



(3.132) 



where (c.f. [591 eqns. (12.7.5) and (13.11.5)]) 



-ti,, + 



z \',b |A' + p\ 
24 2{k + h> 



dimso(8) 
72 



(3.133) 



Notice that Zq^ |, is just Zq \, but with instanton number shifted by my. In the dual 2d 
theory picture, this is tantamount to a trivial redefinition of the ground state energy level. 
Hence, Z^P\, and Z^F\, can be thought to define the "same" physical theory. 

From (3.129), one can see that y A = q m ^'Y X ' L ' . . is a (Zq-invariant) character of 

h' x , — c' y ^/24 is the corresponding modular anomaly. 



the //-sector of sb(8)^' X , where my 



As such, (3.132), (3.128) and [HHl Theorem 13.9] mean that the partition function Zq 



bps 



ought to transform under S : t — > — 1/fas follows: 



yBPS , 



-1/f) 



E^'AX A 



ft(8)<«( f / 3 ) 



E^a^ 2 PS a(-/3)- 



(3.134) 
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Here, S is a f -independent matrix (given in [HHl Theorem 13.9]) associated with the twisted 
affine Lie algebra so (8)^, and A is a dominant highest coweight of the affine Kac-Moody 
group G^aff of level k. 



Via (3.132) and (3.126), the relation (3.134) implies, in the large k limit, the following 



identity involving the intersection cohomology of the moduli space of instantons: 



EE E dimffl*W(A^(MV^)) = EEE E Sp x 4jmTHU{M 



u=0 pj v m„>0 



A u=0 ii v m„>0 



Vz*)) 



where the components SyX are given by 



(3.135) 



'-'A'A — ^ ^ ^ 



A'A 



(3.136) 
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Here, q = e 2m ^ T . (See also footnote 

In other words, in the limit of large k, the total dimension of the intersection cohomology 
of the component of the moduli space of GVinstantons on M 4 /Zfc labeled by a highest weight 
A' or A - and therefore, the dimension of the corresponding sector of the Hilbert space of 
spacetime BPS states - is found to be intimately related to one another via so (8)f ff ) -dependent 
modular transformations! 



3.3. An Equivalence of Spacetime BPS Spectra and a Geometric Langlands Duality for 
Surfaces for the E-F Groups 

We shall now derive, purely physically, a geometric Langlands duality for surfaces for 
the E-F groups. Let us start with the Eg case. (The derivation for the EV^ case is similar, 
and we shall skip it for brevity.) 

A Geometric Langlands Duality for Surfaces for the E 6 Group 

To this end, first consider type IIA theory on a circle Si with radius r; this is T-dual 
to type IIB theory on a circle Sjy r with radius 1/r. Next, further compactify both theories 
on a singular K3 manifold with an i? 6 -singularity. Then, let the remaining noncompact 
directions be spanned by M. t x ]R 4 /Zfc. Lastly, lift the IIA configuration to M-theory via an 
"eleventh circle" of radius r' — > 0. In all, this means that we have the following physically 
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dual compactifications: 



M-theory : S^. r ,^ x K3 E(i xS|xR,x M 4 /Z fc 

t (3.137) 
Type IIB : K3 Ee> x S\ /r xR t x R 4 /Z k . 

Let us choose r « 1 so that the compact four-manifold K3 Efj and the "eleventh circle" Sj^.^Q 
are much smaller than the noncompact spaces Sj x R 4 /Z k and S\/ r x R 4 /Z k ; then, we can 



view (3.137) as a duality of six-dimensional string compactifications on S^.^q x K3 Efi and 
K3 E(i , whereby the corresponding spacetime is x R t x M 4 /Z fc and S\, r x R t x IR 4 /Z fc on 
the M-theory and IIB side, respectively. 

In the low-energy limit, the six- dimensional spacetime theory on the IIB side is the 
TV = (2, 0) E 6 theory on S{ /r x R t x R 4 /Z k . Note that for an Af = (2, 0) theory on 
S 1 x R t x M 4 , where M4 is any hyperkahler four-manifold, the theory is topological along 
M4 (and conformal along S 1 x R t ) |23j 36 In particular, this means that the BPS spectrum 
of minimal energy states of the Af = (2, 0) E$ theory on S\, x R t x IR 4 /Zfc - which are states 
annihilated by all eight unbroken supercharges whence they satisfy H = P, where H and 
P are the Hamiltonian and momentum operators which generate translations along R t and 
S]y r , respectiveljj 3 ^ - is invariant under topological deformations of M 4 /Zfc. 

Let us ascertain this BPS spectrum of minimal energy states in the case where R 4 /Z*k 



has yet to be topologically deformed. According to footnote 37, and our explanations in 
§3.1, the Hilbert space of such BPS states would be given by 



<h = m*U(M x E ^(R 4 /Z k )). (3.138) 

Here, IH*U(A4 E( . fl (R 4 /Z k )) is the intersection cohomology of the Uhlenbeck compactification 
U(M E( ,^(R 4 /Z k )) of the moduli space M Eotfl (R 4 /Z k ) of £ 6 -instantons on R 4 /Z k in the 
{A, /i}-sector; A and /x can be regarded as dominant weights of the corresponding Langlands 

36 In loc. cit., it was shown that one can twist the theory such that there are two topological scalar 
supercharges on a generic four-manifold M4. However, when M4 is hyperkahler, there will be an enhancement 
to eight supersymmetries on M4 whence the untwisted and twisted theories are one and the same thing; 
hence our claim. 

37 In the context of our derivation of the duality for the A-B-C-D-G groups in §3.1-3.2, these minimal 
energy states correspond to the ground states of the M5-brane worldvolume Af = (2, 0) theory (described 
in footnote [8]) which are similarly annihilated by all eight unbroken worldvolume supercharges whence they 
satisfy H = P. 
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dual affine Kac-Moody group -Eg aff of level k; and 

\>fi. (3.139) 

Let us now topologically deform M 4 /Zfc and scale it down to zero size. Then, the 6d 
Af = (2, 0) E 6 theory on S\, r x R t x M 4 /Z fc will essentially reduce to a 2d theory along 
S\ , r x R f with A/" = (8, 0) supersymmetry. Since the BPS spectrum ought to be invariant 
under such a topological deformation of M 4 /Zfc, the BPS states that span Hgp S in (3.138) 



should be given by the minimal energy states of this 2d Af = (8, 0) theory along S}- x M. t 
which satisfy H = P. 

In order to better understand this 2d Af — (8, 0) theory along S}^ r x E t , we can appeal 



to the physically dual M-theory compactification in (3.137) - in the limit that R /Z*. goes 
to zero size, the aforementioned 2d theory on the IIB side would be given by the 2d theory 
along x WLt on the M-theory side. That said, before we proceed any further, recall that 
M 4 /Z fc ~ TNj^°°, where TiV| is the singular fc-centered Taub-NUT manifold, and R is the 
asymptotic radius of its circle fiber. Notice also that we are free to effect the topological 
deformation of TN^ 00 to zero size in two steps: first, by shrinking its circle fiber, then, by 
shrinking its remaining IR 3 base. 

When we shrink the circle fiber of TN^ 00 completely, we have, on the M-theory side, 
a reduction to the following type IIA background: 

IIA : Sj lT ,_> x K3ij 6 x Si x R t xR 3 . (3.140) 

^ : v ' 

k D6-branes 

According to the discussion in j5?l §1], and recalling that SJ^^q x K3^ 6 is much smaller 
than Si such that we effectively have a 5d Eq Yang-Mills theory along Sj x B( x M. 3 in the 
low-energy long distance limit, we find that due to the presence of the k D6-branes, there 
would be an additional term in the 5d Yang-Mills Lagrangian of the form 



l cs 



[ H 2 ACS(A), (3.141) 



where H 2 is a RR two-form field strength that is magnetically dual to the RR eight-form 
field strength sourced by the D6-branes, and CS(A) is the usual Chern-Simons three-form 
associated with the E e gauge field A, i.e., 

CS(A) = Ty(A AdA + ^-A AAA A). (3.142) 
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In addition, we have the following equation of motion for the H 2 field: 

dH 2 = k-5 3 (B), (3.143) 

where S 3 (B) is a Poincare-dual delta three- form that is supported at the intersection B of 
the D6-branes and Sj x R t x E 3 , i.e., B = Sj x ]R t . 
Under a gauge transformation of the A field 

(L4 = De, (3.144) 

where e is a position-dependent gauge parameter, we have 

CS(A) -> CS'(A) + dTr(ecM), (3.145) 



and because of the equation of motion (3.143) for the if 2 field, the additional Ics term in 



the 5d Yang-Mills theory along x M f x R 3 gets shifted by 



5J C5 = -k / Tr(e(L4). (3.146) 
In other words, the Lagrangian of the 5d Yang-Mills theory is not invariant under gauge 



transformations; it has a gauge anomaly given by (3.146). 

Nevertheless, as explained in [5"7l §1], there ought to be an anomaly originating from the 
D6-branes that exactly cancels dies so that the whole system is anomaly-free. In particular, 
since the worldvolume of the D6-branes is effectively two-dimensional from a compactification 
on SJ^^q x K3e 6 , the aforementioned anomaly should come from the part of the D6-branes 



that wraps Si x M. t - that is, under the gauge transformation (3.144), the Lagrangian of the 
2d theory along x Wt t ought to be shifted by 



SI cs = k / Tr(edA). (3.147) 

JSlxRt 



Note that a chiral E 6 WZW model at level k exhibits exactly the anomaly (3.147) 
under gauge transformations [63]; one can thus conclude that the 2d theory along Si x K t 
must support such a chiral WZW model. Indeed, as the worldvolume of the D6-branes 
is effectively two-dimensional, according to the discussion in [571 §1], the 2d theory along 



71 



Sj x R f can support gauged chiral fermions; via the process of chiral bosonization (Mj, these 
gauged chiral fermions can be expressed in terms of chiral bosons embedded in a theory 
of non-chiral bosons (at the free fermion radius) gauged to A; in turn, this system can be 
related to a chiral WZW model. 

Let us now shrink the 1R 3 base in (3.140). According to the duality with the type IIB 



compactification (which is topological along M 4 /Zfc in the long distance limit of interest), 
this step should not modify the remaining 2d theory along S 4 xR t , As such, the equivalent 
2d M = (8, 0) theory along S} 



It 



it on the type IIB side, can be understood to support a 
chiral Eq WZW model at level k. Moreover, since H = P in any chiral WZW model (as it 
has no right-moving excitations), one can conclude that the minimal energy states of the 2d 
Af = (8,0) theory along S\, x K t which correspond to the BPS states in (3.138), ought to 



be furnished by the spectrum of the chiral E 6 WZW model at level k. Thus, since we have 
an isomorphism of affine Lie algebras egaff — £g aff whence we have an isomorphism of the 
corresponding integrable modules [e^ ~ [ L e^]k of level k, where $j aff is the Langlands dual 
affine Lie algebra and [ L g] m is the integrable module over it of level m, we can write 



m*U(M x E ^(R 4 /Z k )) 



A 



(3.148) 



where 



Jm,/3 



is a submodule over $j aff of level m labeled by a highest dominant weight a 



and a dominant weight (5. Note that (3.148) is exactly [TJ Conjecture 4.14(3)] for simply- 
connected G = Eq\ This completes our purely physical derivation of a geometric Langlands 
duality for surfaces for the E 6 group. 

A Geometric Langlands Duality for Surfaces for the F 4 Group 

Let us now proceed to discuss the F 4 case. To this end, let us effect a "Z 2 -twist" of the 



six-dimensional spacetime theories of the dual compactifications in (3.137) as we go around 
the S 1 circles, i.e., we evoke a Z 2 -outer-automorphism of M t x 1R 4 /Zfc therein as we go around 
the S 1 circles and identify the circles under an order 2 translation. In other words, we now 
have the following physically dual compactifications: 



M-theory : Sj 1;r ,^ x K3 E(i x S},. 2 x R t x M 4 /Z fe | 2 

t 

Type IIB : K3 E(i x S{ /r;2 x R t x R A /Z k \ 2 , 
where r ~ 1; K3^ 6 and Sj; 1;r ,^ are much smaller than S 4 . 2 xl ( x M 4 /Zfc| 2 and SL r2 



(3.149) 



X Kt x 
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IR 4 /Zfc| 2 ; and the subscript '2' denotes the above-described Z 2 -action (which is trivial on M. t ) 
along the indicated manifold. 

In the low-energy limit, the six-dimensional spacetime theory on the IIB side is a "Z 2 - 

VZfc| 2 . This theory is topological along 



x 



twisted" Af = (2,0) E 6 theory on S} /r;2 x 
M 4 /Zfc| 2 (and conformal along S^ r . 2 x]R t ) (c.f. [23] and footnote 36). In particular, this means 



that the BPS spectrum of minimal energy states of the "Z 2 -twisted" Af = (2,0) E$ theory 
on S{/ r . 2 x R 4 x M 4 /Zfc| 2 - which are states annihilated by all eight unbroken supercharges 
whence they satisfy H = P, where H and P are the Hamiltonian and momentum operators 
which generate translations along M. t and S}/ r . 2 , respectively - is invariant under topological 
deformations of IR 4 /Z ( ! C | 2 . 

Let us ascertain this BPS spectrum of minimal energy states in the case where M 4 /Zfc| 2 



has yet to be topologically deformed. According to (i) footnote 37; (ii) our explanations 
in §3.1; (iii) the fact that a Z 2 -outer-automorphism of M 4 /Zfc would also result in a Z 2 - 
outer-automorphism of a principal ^-bundle over M 4 /Zfc x M. t such that at long distances, 
the gauge group of the 5d maximally supersymmetric Yang- Mills theory on M t x K 4 /Zfc| 2 is 
effectively F4 |47]; we find that the Hilbert space of such BPS states would be given by 



= © © © IH*W(A^ 4 



(3.150) 



A ^=0,1 ii v 



Here, YH*U(A4 F4 /Zfc)) is the Z 2 -invariant intersection cohomology of the Uhlenbeck 
compactification U(A4 F4 ^JM. 4 /Z k )) of the moduli space J\A F4 ^(M. 4 /Z k ) of F 4 -instantons on 



M 4 /Zfc in the {A, /x^j-sector (as described around (3.13 )— (3. 15 ), where SO(N + 1) therein is 
replaced by F 4 ); v = or 1 in the untwisted or twisted sector, respectively; A and fi u can be 
regarded as dominant weights of the corresponding Langlands dual affine Kac- Moody group 
F 4 v aff of level k; and 

\>fx u . (3.151) 

° 4 /Zfc| 2 and scale it down to zero size. Then, the 
i t x ]R 4 /Zfc| 2 will essentially reduce to a 
= (8, 0) supersymmetry. Since the BPS 



Let us now topologically deform 
6d "Z 2 -twisted" W = (2, 0) E 6 theory on S{ 



x 



2d "Z 2 -twisted" theory along S}, 



/r;2 



W 



/r;2 

ith Af 



spectrum ought to be invariant under such a topological deformation of IR 4 /Zfc| 2 , the BPS 
states that span "Hgp S in (3.150) should be given by the minimal energy states of this 2d 



'Z 2 -twisted" Af = (8, 0) theory along S} 



/r;2 



X 



which satisfy H = P. 



Repeating the arguments from (|3.140|)-(|3.148|), whilst bearing in mind that the Z 2 - 

< M 3 manifold in (3.140), we find 



outer-automorphism is trivial on a flat space such as the 
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that the 2d "Z 2 -twisted" Af = (8,0) theory along S\/ r . 2 x ought to support a Z 2 -twisted 
chiral E 6 WZW model at level k. Moreover, since H = P in any chiral WZW model, twisted 
or not, one can conclude that the minimal energy states of the 2d "Z 2 -twisted" M = (8, 0) 



theory along Sjy r . 2 x K t which correspond to the BPS states in (3.150), ought to be furnished 



by the spectrum of the Z 2 -twisted chiral Eq WZW model at level k. Thus, since we have 
an isomorphism of affine Lie algebras t 6 ^ s ~ f4 aff whence we have an isomorphism of the 
corresponding integrable modules [ee'' 2 ^ — [ L ' fi\k of level k, where is a Z 2 -twisted affine 



Lie algebra and [<7^] m is the integrable module over it of level m, we can write 



m*U(M x F4 ^(R 4 /Z k )) 



[ L f4i 



(3.152) 



for v — and 1. Thus, we have arrived at a G = _F 4 generalization of [U Conjecture 4.14(3)]! 
This completes our purely physical derivation of a geometric Langlands duality for surfaces 
for the F 4 group. 



3.4- A McKay-Type Correspondence of Instantons, a Level-Rank Duality of Chiral WZW 
Models, and a 4d-2d Nakajima-Type Duality 

We shall now derive, purely physically for the simply-laced A-D groups, a McKay-type 
correspondence of the intersection cohomology of the moduli spaces of instantons, a level- 
rank duality of chiral WZW models, and a 4d-2d Nakajima-type duality involving completely 
blown-down ALE spaces. To this end, recall from §3.1— §3.2 that we have the dual M-theory 
compactifications 



VZ fc xS'xK( xl 



v 

N M5-branes 



X K t 
s 



x S 1 x TN^° 



k M5-branes 



(3.153) 



and 



R 4 /Z k xS'xR, xl 

" v ' 

N M5-branes/OM5-plane 



X 



x S 1 x SN^° 



k M5-branes 



(3.154) 



The A Groups 

According to our discussions in §3.1, the Hlibert space 7isu{N) of spacetime BPS states 



associated with the LHS of (3.153) is given by 



A,/u A, fi 



(3.155) 



74 



where A > fi, and A and fi can be regarded as dominant coweights of the corresponding affine 
Kac-Moody group SU^N)^ of level k. 

On the other hand, note that where the spectrum of ground states of the worldvolume 
theory of a stack of M5-branes wrapping M4 x S 1 x IR t is concerned, one can - if M4 is a 
hyperkahler four-manifold - regard the theory to be topological along M4 (and conformal 



along S 1 xIR t ) (c.f. [23] and footnote 36); in other words, where computing the spacetime BPS 
states is concerned, one can replace on the RHS of ( 3.153[ ), the singular multi-Taub-NUT 



R—>oo 
N 



space TN§~^° (whose circle fiber has radius R — > at infinity) with TN 
Hence, assuming that the geometry of M 4 /^fc is frozen, according to our discussions in §3.1, 



the Hlibert space T-Lsu(k) of spacetime BPS states associated with the RHS of (3.153) would 
be given by 

Usuw = n su(k) = IH*W(-ML W ,a( r4 /^)), ( 3 - 156 ) 



A,/i 



where A > ft,, and A and fx can be regarded as dominant coweights of the corresponding affine 
Kac-Moody group SU(k) a s of level N. 

The duality of the compactifications in (3.153) then means that T~isu(N) — H 



SU(k) 



i.e., 



m*U{M 



SU(N),n( 



l /z fe )) = m*U(Ml u{kU (R 4 /Z N )) 



\,fl 



A,/i 



(3.157) 



Note at this point that the McKay correspondence [65] relates a finite subgroup T C SU (2) 
to the Lie algebra of the A-D-E groups; in particular, it relates the subgroup T = Z r 
to the Lie algebra of the A r _ 1 group. Since (3.157) relates the moduli space of A^-i- 



instantons on a Z^-orbifold to the moduli space of Afc_!-instantons on a Zjv-orbifold, one 



can regard (3.157) as a McKay-type correspondence of the intersection cohomology of the 



(Uhlenbeck compactification of the) moduli spaces of A-instantons! This is a generalization 
of Proudfoot's conjecture in [33] to completely blown-down ALE spaces. 



Via our discussions leading up to (3.30), we find that (3.157) also implies that we have 
an equivalence of chiral WZW models 



wzw 



su(N) k 



wzw 



(3.158) 



Thus, we have a level-rank duality of chiral WZW models for the A groups! 



38 As explained in §3.1, there is a technical subtlety associated with monopoles that go around the finite- 
sized circle fiber at infinity. However, since our discussion is restricted to the limits R {0, 00}, we can 
ignore this technical subtlety whence our claim is consistent. 
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Moreover, (3.157), and the discussion leading up to (3.30), also mean that 



m*u{M 



SU(k),fi( 



i/Z*)) = su(N)i 



(3.159) 



X.fi 



where A and Jx are dominant affine weights such that A > jl. Notice that in (3.159), the 
Z^-singularity on the LHS is related to the (affine) Aw-i Lie algebra on the RHS in the 
sense of a McKay correspondence; furthermore, the rank k of the gauge group on the LHS 
equals the level k of the affine Lie algebra on the RHS; in other words, we have a 4d-2d 
Nakajima-type duality involving completely blown-down A-type ALE spaces! 



Notice also that if we start with (3.159) and apply (3.158), we would get the same 



result as (3.30) (with (N, k) therein relabeled as (k, N)); in other words, we have a physical 
realization of the commutative diagram in [5H §1]! 

The D Groups 

According to our discussions in §3.2, the Hlibert space %so(2N) of spacetime BPS states 



associated with the LHS of (3.154) is given by 



n 



SO(2N) 



e 



n,Po,po 



a/™,Po,Pcx> 
n SO(2N) 



m*u(M 



SO(2N) 



/z fc )), 



(3.160) 



™,P0>Po 



where n is the iSO (2iV)-instanton number; po : Z& — > SO(2N) is the homomorphism associ- 
ated with the Zfc-action in the fiber of the SO (2N)-bund\e at the origin; p^ : — > SO(2N) 
is the homomorphism associated with a choice of flat S'0(2A^)-connection at infinity. 

On the other hand, since Sen's singular manifold SN§^° is also hyperkahler, according 



to our explanations above, where computing the spacetime BPS states on the RHS of (3.154) 



is concerned, one can replace SN§^° (whose circle fiber has radius R — > at infinity) with 
£ 4 /Ojv, where D^r is the binary dihedral group of order 2N. (See §A.4.) Hence, 



SN 



R—>oo 
N 



assuming that the geometry of M 4 /Zfc is frozen, according to our discussions in §3.2, the 
Hlibert space H sufk) °^ spacetime BPS states associated with the RHS of (3.154) would be 
given by 

1 n,po,Poo /hj4 



n 



su®= © U Wm = © m*U(M n s ^(RVB N )), (3.161) 

",P0,Poo fl,po,Poo 

where n is the S"?7(fc)-instanton number; p : Oyv — > SU(k) is the homomorphism associated 
with the DAr-action in the fiber of the SU(k)-bund\e at the origin; : V>n — > SU(k) is the 
homomorphism associated with a choice of flat S , f/(A;)-connection at infinity. 
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The duality of the compactifications in (3.154) then means that %so(2N) = H 



L SU(k) 



i.e., 



e 

™>P0iP« 



m*u(My°' p °°' 



l SO(2N)\ 



Vz*))= © 



)) 



n,po,pa 



(3.162) 



Note at this point that the McKay correspondence also relates the subgroup D r C SU{2) 



to the Lie algebra of the group SO(2r). Hence, since (3.162) relates the moduli space of 
-DTV-instantons on a Zfc-orbifold to the moduli space of ylfc_i-instantons on a OTv-orbifold, 



one can regard (3.162) as a McKay-type correspondence of the intersection cohomology of 



the (Uhlenbeck compactification of the) moduli spaces of A—D instantons! This is another 
generalization of Proudfoot's conjecture in [33] to completely blown-down ALE spaces. 



Via our discussions leading up to (3.94), we find that the LHS of (3.162) is equal to 



©a b ^(2-^0fe,/3- Here, a > {3, and a and can be regarded as dominant weights of the 
corresponding affine Kac-Moody group SOftN)^ of level k. 



By reversing the arguments employed in going from (2.9) to (2.16) whilst replacing 



SNff* in (12161) with SNfi* 00 , we have the following duality relation 



rR— >-oo 



x S 1 x SN%-*°° 



i 5 x TNP^° x S 1 



x 



H ■ 



(3.163) 



k M5-branes 



N M5-branes/OM5-plane 



Applying to this duality relation the analysis in §3.1— §3.2, whilst bearing in mind that 
(i) a D6-D4/04 - I-brane system is T-dual to a D4-D6/06~ I-brane system (studied in 
§3.2) whence the gauge groups on the D6- and D4-branes are both of orthogonal type; (ii) 



SN 



R—>oo 
N 



v; we find that the RHS of (3.162) is equal to ®- ^ ^W^n^ Here, a > /3, 



and a and (3 can be regarded as dominant weights of the corresponding affine Kac-Moody 
group SO(k) a ff of level 2N. 



Therefore, from the preceding two paragraphs, we find that (3.162) also implies that 
we have an equivalence of chiral WZW models 



wzw 



sb(2N) k 



WZW 



so(k)2 



(3.164) 



Thus, we have a level-rank duality of chiral WZW models for the D groups! 



In turn, (3.164), and the discussion leading up to (3.94), would mean that (3.162) can 



also be written as 



m*u(M n ^(RVz 2N ))= m*u(M 



n,po,Po 
SU(k) 



7»a0) 



(3.165) 



n,PO,po 
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where n' is the S , 0(/c)-instanton number; p' Q : Z 2 at SO(k) is the homomorphism associated 
with the Z 2 Ar-action in the fiber of the SO (fc)-bundle at the origin; p'^ : Z 2 n — > SO(k) is 
the homomorphism associated with a choice of flat SO (/^-connection at infinity. 
Moreover, (3.162), and the discussion leading up to ( |3.94 ), also mean that 



m*u(M^( 


R 4 /%v)) = 




n,P0,poc 


A,/i 





(3.166) 



where A and p are dominant affine weights such that A > p. Notice that in (3.166), the 
DAr-singularity on the LHS is related to the (affine) Dn Lie algebra on the RHS in the sense 
of a McKay correspondence; furthermore, the rank of the gauge group on the LHS is equal 
to the level of the affine Lie algebra on the RHS which equals to k; in other words, we have 
a 4d-2d Nakajima-type duality involving completely blown-down D-tjpe ALE spaces! 



Notice also that if we start with (3.166) and apply (3.164), we would get the same result 



as if we started with (3.165) and applied (3.94) (with (2N,k) therein relabeled as (k,2N)); 
in other words, we have a physical realization of a D-type ALE space generalization of the 
commutative diagram in [54^ §1]! 



4. Generalizations of the Geometric Langlands Duality for Surfaces 



4-1. A Non-Singular Generalization of the Geometric Langlands Duality for Surfaces 

Let us now derive a non-singular generalization of the geometric Langlands duality 



for surfaces for the A—B groups. To this end, let us replace M /Z^ in (2.1) with its fully- 



resolved smooth counterpart IR 4 /Zfc which has k centers being completely separated. By 



repeating the arguments behind (2.1)-(2.8), we find that the following six-dimensional M- 
theory compactification 

M-theory : K 5 xl,x x M*/Z k , (4.1) 
v v ' 

N M5-branes 

where we evoke a Z n -outer- automorphism of M 4 /Za; (and of the geometrically-trivial M. 5 x IRj 
spacetime) as we go around the circle and identify the circle under an order n translation, 
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is physically dual to the following six- dimensional M-theory compactification 



M-theory : TN^° x S* x R t xM 5 , (4.2) 

> v ' 

k non-coincident M5-branes 

where there is a nontrivial Z n -outer-automorphism of the singular multi-Taub-NUT space 
TNtf"* (whose circle fiber at infinity approaches zero radius) as we go around the circle. 
Notice that in contrast to the 1R 4 /Zfc case, due to the fully separated k centers of IR 4 /Zfc, the 
k M5-branes will be non- coincident. 



The Spectrum of Spacetime BPS States in the M-Theory Compactification (4-1) 



In order to describe the Hilbert space of spacetime BPS states furnished by the ground 



states of the quantum worldvolume theory of the N coincident M5-branes in (4.1), first 
note that because 1R 4 /Zfc is a hyperkahler manifold like 1R 4 /Zjt, the Gieseker compactifi- 
cation g(M G (R 4 /Z k ) of the moduli space .M G (M 4 /Z fc ) of G-instantons on M 4 /Z fe - where 
G = SU(N) if n = 1, and G = SO(N + 1) if n = 2 and iV is even - will also inherit a 
hyperkahler structure, consistent with the M = (4, 4) supersymmetry of the corresponding 
sigma-model which describes the quantum worldvolume theory of the M5-branes. The world- 
volume ground states, being annihilated by all eight supercharges of the sigma-model, will 
span its topological sector, and as explained in the M 4 /Z^ case, the ground states and there- 
fore the spacetime BPS states, will thus correspond to harmonic forms in the L 2 -cohomology 
of Q(Mg{^ 4 : /Zfc). Moreover, since the hyperkahler structure of Q(M.g(M 4: l^k) is smooth, 
its L 2 -cohomology will coincide with its middle-dimensional cohomology [52] . 

Second, note that for the instanton action to be finite in an integration over noncom- 
pact M 4 /Zfc, we need to have flat albeit nontrivial connections far away from the origin of 
]R 4 /Zfc. The hyperkahler metrics on M 4 /Zfc are asymptotic at infinity to IR 4 /Zfc; because 
gauge-inequivalent classes of flat connections far away from the origin correspond to conju- 
gacy classes of homomorphisms from the fundamental group at infinity to G, and that 
moreover, as explained in §3.1, conjugacy classes of the homomorphism p : Zi — )■ G are in 
one-to-one correspondence with dominant coweights of the affine Kac-Moody group G a g of 
level I, we find that distinct choices of flat connections far away from the origin will corre- 
spond to distinct dominant coweights \x = (k,p,,j) of G a s of level k, where j is a number. 

Third, recall that in the case of M 4 /Zfc, the k centers coincide with multiplicity k at the 
origin such that a Z^-type singularity develops whence we have a Z^-action in the fiber of the 
G-bundle at 0. On the other hand, in the case of M 4 /Zfc, we have instead k non-coincident 
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centers of multiplicity 1 each - in other words, we have instead a Zx-action in the fiber of 
the G-bundle over each of the k positions p m of the non-coincident centers. Since this action 
is given by a conjugacy class of the homomorphism p : Z\ — > G, we can associate k distinct 
dominant coweie hts = (1, \( m \i^) of G aff of level 1 with the k non- coincident centers, 
where the r m )'s are numbers. Nonetheless, consistency with the results of §3.1 (where all k 
centers coincide) constrains the r m )'s to be zero. 



Fourth, according to our analysis leading up to (3.4), and the fact that the A^ m ^'s ought 
to be linearly-independent of one another, we find that the G-instantons - which again 
correspond to DO-branes within the D4-brane worldvolume in the type IIA picture - are 
such that the associated non-negative instanton numbers are 

a = -kn'j + 6(A,A) -b(fi,p), (4.3) 

where for G = SU(N), SO (3) and SO(N + 1), n' = 1, 1 and 2 while j is a non-positive 
integer divided by 1, 2 and 2, respectively. Also, A = Yli=i ^> b an d b are some positive 
real constants; and ( , ) is the scalar product in finite coweight space. For n = 1 whence we 



have G = SU(N) with n' = 1 and j being a non-positive integer, expression (4.3) is indeed 



consistent with results from the mathematical literature (which only addresses the case of 



simply-connected groups like SU(N)): eqn. (4.3) coincides with [66J, below Conjecture 3.2] 



after we set b = b = 1/2 and identify a/k with d/k of loc. cit. 

Last but not least, recall that a G-bundle on M 4 /Zfc is topologically classified by P2 E 
i/ 2 (]R 4 /Z/ c , 7Ti(G)). In particular, p2 vanishes for simply-connected G = SU(N), but not 
for nonsimply-connected G = SO(N + 1); in fact, since iri(SO(N + 1)) = Z2, we find that 
SO(N + l)-bundles on M 4 /Zfc are topologically classified by the second Stiefel- Whitney class 
W2 E i/ 2 (lR 4 /Z/ c , Z 2 ). Note also that w<i can be interpreted as a linear sum of Z 2 -valued 
non-abelian magnetic fluxes that pass through the k — 1 two-spheres in M 4 /Zfc [dTI [5]; this 
observation will be important shortly. 

Thus, from the five points above, it is clear that Q(AiG(M A /^k)) ought to be graded by 



{X^\ ■ ■ ■ , A^}, /i, and w 2 (where a is correspondingly given by (4.3)). We are now ready 
to state the generic Hilbert space Hbps of spacetime BPS states in the M-theory compacti- 
fication (4.1). Let us denote by H^ id £(A4g 2 ' A (M 4 /Zfc)), the middle-dimensional cohomology 



of the Gieseker compactification £(A^ 2 ^ A (M 4 /Zfc)) of the component A^^ A (1R 4 /Zfc) of the 



39 The instanton number of loc. cit. is denned as a/k and not a because they consider the effective instanton 
number counted only by D-branes in the fundamental region of K 4 /Zfc. 
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moduli space .Mg^VZ^) labeled by A = ^2 i=1 \® = (k,X,0), fi = (k,/i,j) and W2; then, 
we can write 

^bps = = KuS(M%*(S*/Zk)), (4-4) 

where W2 = if n = 1, and A > /i (since a is non-negative). 

T/ie Partition Function of Spacetime BPS States in ffi^jty f or G = $U (N) 

Consider the n — 1 case whence we have G = SU(N), n' = 1, and — j G Z>q. By 



repeating the arguments that led us to (3.8), and by noting that P in (3.7) is now equal to 
—kj + | (A, A) while W2 = for S{7(iV)-instantoiis, we can write the corresponding partition 
function of spacetime BPS states in any A-sector as 

ZTmx = Q mx E E dimRUG(M° s i^(^/Z k )) g m , (4.5) 

m>0 

where m = — kj is a non- negative integer; g = e 27riT ; and r = T\ + zr 2 is the modulus of the 
torus formed by identifying the two ends of of the x R t worldsheet of the sigma-model. 
Here, 



the non-negative number 



m\ = h x - ^; (4.6) 



_ (A,A + 2 P v) 

" 2(k + h) ' (47) 



where p v and are the Weyl vector and dual Coxeter number of the Langlands dual group 
SU(N) V , respectively; and the number 

where 6 = 1/2 in this SU(N) case. 

In this instance, A and fi can also be regarded as dominant weights of the corresponding 
Langlands dual affine Kac- Moody group SU(N)^ S of level fc. 



T/ie Partition Function of Spacetime BPS States in (4-1) for G = SO(N + 1) 

Now consider the n = 2 case with even N whence the theory is "Z2-twisted" as we go 
around S* and G = SO(N +1); as usual, we would have an untwisted and twisted sector 
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labeled by v = and 1, respectively. By repeating the arguments that led us to (3.16) 



(3.18), and by noting that W2 ^ for SO(N + l)-instantons, we can write the corresponding 



partition function of spacetime BPS states in any A-sector as 

z^f N+ ^ = ? mx EEEE dim ^(^5o'(^i)^(^)) <r- (4-9) 

102 v=Q,l /J, v m„>0 



Here, H^ d £?(.M) is generated by physical observables in the fields (f„ and rj v which obey 



(3.13 )— (3. 15 ), that are also invariant under the Z2 transformations (p u — > —ip u and rj u — > —r\ v \ 
the non-negative number m v = —kn'j u , where n' = 1 or 2 if N = 2 or iV > 2, respectively; 
j u G Z> + |; and /ij, = (k,p, u ,j u ). The phase factor takes the form in (4.6). 



In this instance, A and ji v can also be regarded as (un)twisted dominant weights of the 
Z 2 -twisted affine Kac-Moody group SU(N)^; furthermore, SU(N)<^ is equal to SO(N + 
l)^ ff . In other words, A and fi u can also be regarded as dominant weights of the Langlands 
dual affine Kac-Moody group SO(N + l)^ ff of level k. 



Additionally, notice that (4.9) also implies that the effective Hilbert space 'Hb'ps °f 



spacetime BPS states ought to be given by 

*£. = e e e e *s£~ = e e e e ^(mts^^^ ^ 

W2 A 1^=0,1 fiu W2 A v=0,l )i v 

where v = or 1 if the sector is untwisted or twisted, respectively. 



The Spectrum of Spacetime BPS States in the M-Theory Compactifi 'cation (4-2) 



We shall now describe the spacetime BPS states given by the ground states of the 



quantum worldvolume theory of the M5-branes in the physically dual compactification (4.2). 
Repeating the arguments in §3.1, we find that the spacetime BPS states will be given by the 
states of the I-brane theory in the following type IIA configuration: 

IIA : I 3 x Sj, x l( x IR 5 . (4.11) 

V v ' 

I-brane on S 1 X R t = k non-coincident D4 n ND6 

Here, we have a stack of k non- coincident D4-branes whose worldvolume is given by M 3 x 
x and a stack of N coincident D6-branes whose worldvolume is given by x ]R t x IR 5 ; 
the two stacks intersect along x R t to form a D4-D6 I-brane system. 



It is useful to note at this point that the analysis surrounding (3.21 )-(3.25) has also been 



carried out for a T-dual D5-D5 I-brane system in [61] . In particular, one can also understand 
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the embedding (|3.24|) as a splitting into the factors u(l^ 1 



aff,fcV 



X5u ( fc )iff!iv x 5u(iV)S fe of the free 



fermion bilinear currents which nevertheless preserves the total central charge According 



to the T-dual analysis in [61] of an I-brane that results from stacks of intersecting D5-branes 



which are separated, the free fermion bilinear currents along the I-brane in (4.11) ought to 
split into the factors u(l)g feJV x (u(l)g„)^ x «u(tf)g* x [^(^^/^(l)^)^ 1 ]. As 
such, the system of kN complex free fermions with central charge kN will, in this case, give 
a realization of the total integrable module over the affine Lie algebra 



u(l) (n) 



5 u(^/[u(l)g 



(4.12) 



The total central charge is still kN - as argued in loc. cit., the central charge does not change 
as we move along the Coulomb branch to separate the D-branes. Indeed, it is also invariant 
under the exchange k <r> N. 

Note at this juncture that we also have the following (conformal) equivalence of coset 
realizations (c.f. |53j): 



[u(i; ' 



[5u(A0j n) lfc 



>aff,V 



aff.iVJ 



(4.13) 



Substituting this in (4.12), we find that we effectively have the following total integrable 



module over the affine Lie algebra 



u(l) 



(n) 

a,S,kN 



[ufl 



>("•) lfc-1 

>a,S,N\ 



® [su(iV) 



(n) lfc 
aff,lJ 



(4.14) 



of central charge kN. This means that the total Fock space J- of the uncoupled kN 
complex free fermions can be realized as 



T 



WZW S «.»S 



[ WZW «.)S" 



ifc-1 



(4.15) 



where WZW., ,(„>. 

u ( L )kN ' 



[WZW^^n)]* -1 , and [WZW 



ules u(l 



,(«) 



[«(1) 



(«)ifc-i 



and [sw(A/")^] fe over the corresponding affine Lie algebras that can 



su(N)\ 



are the irreducible integrable mod- 



be realized by the spectra of states of the corresponding chiral WZW models. Consequently, 
the partition function of the uncoupled I-brane theory will be expressed in terms of the 
(product of) chiral characters of u (1)5^ and3^(A0j n) . 

Next, we must couple the free fermions to the gauge fields which are dynamical. Since 
the k D4-branes are non-coincident, the free fermions will generically couple to the gauge 



40 Rccall from footnote 21 that the Z„-twist does not modify the central charge. 
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group 17(1) x U(l) k ~ 1 x SU(N), where the ^(l)*^ 1 factor is the Cartan tori of SU(k). As 
explained in §3.1, since the radius of the circle fiber of TN§^° goes to zero at infinity, the free 
fermions will couple dynamically to the U(l) gauge field. In addition, because the geometry 
of TN$~~*° is fixed in our setup (recall that the center-of-mass degrees of freedom of the N 



NS5-branes which give rise to the TN§^° geometry via steps (2.3) and (2.4), are frozen), 
in contrast to the gauge field on the D4-branes, the SU(N) gauge field on the N D6-branes 
should not be dynamical. Hence, we conclude that the free fermions couple dynamically 
only to the gauge group £7(1) x f/(l) fc_1 . Schematically, this means that we are dealing with 
the following partially gauged CFT 



" ,iXJ M^Wffij*- (4-16) 



In particular, the u(l)^ kN WZW model and the k — 1 number of u(l)^ 7V WZW models 
will be replaced by the corresponding topological G/G models. Consequently, all chiral 
characters except those of su(N)^ which appear in the overall partition function of the 
uncoupled free fermions system on the I-brane, will reduce to constant complex factors after 
coupling to the dynamical U(l) and U(l) h ~ 1 gauge fields. As such, modulo these constant 
complex factors which serve only to shift the energy levels of the ground states by numbers 
dependent on the highest affine weights of u(l)^ and u(l)^\ the effective overall partition 
function of the I-brane theory will be expressed solely in terms of the product of k chiral 
characters of su(N)^; that is, the sought-after spectrum of spacetime BPS states in the 



M-theory compactification (4.2) would be realized by [WZW-j-^w 



ifc 



A Geometric Langlands Duality for M 4 /^fc for the A^^i Groups 

Let us now consider n — 1 whence there is no "twist" at all, i.e., su(N)^ is simply 
su(N)i, the integrable module over the untwisted affine Lie algebra s«(iV) a ff ]1 of level 1. 



Then, the physical duality of the M-theory compactifications (4.1) and (4.2) means that 



their respective spacetime BPS spectra ought to be equivalent, i.e., \WZW^N)A k ought to 



be equal to "Heps of (4.4). Indeed, both "Heps and [WZW^ahJ are labeled by k; moreover 



su(N) afi = su(N)^ s whence we can identify su(N)x with the module L ~su(N) 1 over su(N)^ s ; 
such a module - associated with the Z th WZW model - is labeled by a dominant highest 
weight of SU(N)^ S of level 1, which we can naturally identify as in A = Yli=i ^ °f 
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(4.4). Thus, in any {A, /z}-sector of the spectra of spacetime BPS states, we can write 



H 



0,A )( u 
BPS 



(g)WZW 



i=l 



L su(N)$ (i) 



(4.17) 



where the subscript '/i' just refers to the //-weight space of the spectrum of states of the total 
WZW model. 
As WZW, 



i) is furnished by L su{N)\ (t) , via (4.4), we can also express (4.17) as 



-sw(JV)J 



















A' 



(4.18) 



where the label Pi can be interpreted as the position of the i th center of IR 4 /Zfc that the 
module is associated with. This is an M 4 /^fc non-singular generalization of [TJ Conjecture 
4.14(3)] for the simply-connected SU(N) = A N _ X groups! 

A More General Statement and Witten's Field- Theoretic Result 

Note that the partition function of the spacetime BPS states realized by [WZW L-suim^ ~ 
[WZWsu(Ar) 1 ] fc can be written in any A-sector as [53] 



q 



Tr A (i) e - 2 ™T.iUi4 q L -c>/24 



q 



Gi level 1 



(0.9) 



v(q) 



N-l 



(4.19) 



Here, 5 represents the overall shift in the ground state energy level due to the aforementioned 
G/G topological models; L e Z> is the general state energy level; rj(q) is the usual Dedekind 
eta-function; 6^ 1 (^, q) is the generalized theta-function associated with the highest weight 



0. 



module over su(iV) a^i labeled by with central charge d — N — 1; and £ = it; Jq 
because the Coulomb moduli ui of the N coincident D6-branes ought to vanish, as the 
corresponding SU(N) gauge group is not broken down to its Cartan tori associated with the 
bilinear currents Jq. At any rate, note that the reason why Z\ can be expressed in terms 
of modular forms even though our chiral WZW model is defined on a cylinder x IR 4 and 



not an elliptic curve, is because in taking the trace as indicated in (4.19), we are effectively 



gluing the two ends of the cylinder together whence it becomes an elliptic curve. 



Once again, the equivalence of the spacetime BPS spectra of the compactifications (4.1) 
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and (4.2) implies that Zf^y) A of (4.5) ought to be equal to Z\ of (4.19), i.e., 



O level 1 



(o,g) 



77(g) 



7V-1 



EE 

/J m'>0 



(M 4 /Z fc ))<f 



-fcc'/24 



(4.20) 



N - 1; ejgf 1 (0,g)/r/(g) mnk(G) is the character of 



where G = Atv-i type whence rank(G) 
the integrable representation (associated with A^) of the loop group CG at level 1; m 
m + m\, where m/k G Z>o and m\ is as given in (4.6); and fcc'/24 = 



Incidentally, a TNf~ specialization of (4.20) (where there ought to be, on the LHS, an 



additional contribution from the Fock space of a free chiral boson because of monopoles 
that go around the finite-sized circle fiber at infinity), has also been derived by Witten in 
via purely field-theoretic considerations (see also [HI eqn. (5.17)]); in particular, he 



understood the TN^ specialization of (4.20) to be a consequence of an invariance in the BPS 
spectrum of a 6d (2, 0) A^-i superconformal field theory on TN^ x S 1 x R; under different 
limits of a compactification down to five dimensions. Witten's derivation in [T3] thus serves 



as a non string-theoretic corroboration of (4.20) for TN^ that is rooted in six-dimensional 
superconformal field theory. 



That said, one cannot, within the purely field-theoretic framework of |13j . derive (4.20) 
for M 4 /Zfc - see [HJ Remark 5.3]. On the other hand, the purely field-theoretic analysis 



in [13] shows that (4.20) for TN^ ought to also hold for the other simply-laced Dn and 
£"6,7,8 groups. In our M-theoretic setup with M5-branes, there is no direct way to realize 
an £"6,7,8 type symmetry in their worldvolume theory. However, as explained in §3.2, one 
can realize a type symmetry by adding an OM5-plane to the stack of M5-branes. For 
brevity, we shall not work out the case; rather, we shall - after the following excursion to 
reproduce purely physically a closely-related and celebrated mathematical result - continue 
our analysis for the nonsimply-laced B^/ 2 groups. 

Reproducing Nakajima's Celebrated Result 

As mentioned in the last section, where the spectrum of ground states of the worldvol- 
ume theory of a stack of M5-branes wrapping M4 x S 1 x R t is concerned, one can - if M4 is 



41 To understand this equality, first note that S — k(h a — 1/24) as it originates from the k topological 
U(l)/U(l) models; here, h a is the conformal dimension of the ground state of the dominant highest weight 
module of a chiral u(l) a ff WZW model with dominant highest affine weight a. Next, note that the spectrum 
of this WZW model can be described by the spectrum of a free chiral boson on the I-brane S„ xR ( ; as such, 
h a = k{nr + mr /2) 2 , where m,n € Z> and r is the radius of [53J- Therefore, since the radius r can be 



arbitrary, one can always find a solution to h a = N/24 for some n and m 
as claimed. 



that is, we can set S = fcc'/24, 
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a hyperkahler four-manifold - regard the theory to be topological along M 4 (and conformal 



along S 1 xl ( ) (c.f. [23] and footnote 36). Moreover, if the gauge group is SU(N), there are no 
non-abelian magnetic fluxes that pass through the k — 1 two-spheres in IR 4 /Zfc. Altogether, 
this means that J2\ ^su^n) a °f (4-5' ought to be equal to Zgyf™ of (3.8) which, via (3.30) 



is equal to the partition function of the chiral WZW model whose spectrum is WZWj^(7v) fc ; 
then, by the level-rank duality of chiral WZW models for the A groups in (3.158), we finally 
find that Z^y-f^n A ought to be equal to the partition function of the chiral WZW model 
whose spectrum is WZW Su(k) N ] m other words, we can (up to some modular anomaly) write 



dim^(A<^(Rvz*))<r WM = £ 



A cdevelJV/ \ 
C 7 U 7,£su(fc) \U 



(4.21) 



m'>0 



where c, and ©!^f(jX are the central charge, string-functions and theta-functions associated 
with the integrable module over su(fc)aff,jv of dominant highest weight A; 7 are weights of 
su(k)g,$ t N', and m' = m + m\, where m is a non-negative integer, while m\ is a number which 
depends on A. 



To arrive at (4.21) and the accompanying statements, we have made use of the fact 



that (i) the McKay correspondence implies that /i in the earlier formulas - which represents 
a conjugacy class of the homomorphism 0^ : Z& — > SU(N) at infinity - can be mapped to A 



(see [HI §4.4]); (ii) the level-rank duality in (3.158) implies that the dominant highest weight 
A of the integrable module over su(N) a g ik , can likewise be mapped to A. 



In short, we have obtained in (4.21) Nakajima's celebrated result in [5] for SU(N)\ 



A Geometric Langlands Duality for M 4 /Zfc for the B^/ 2 Groups 

Let us now restrict ourselves to even N, and consider n = 2 whence there is a "Z 2 - 
twist", i.e., the relevant module is su(N)^\ the integrable module over the Z 2 -twisted affine 
Lie algebra su(N)^ 1 of level 1. Let {A 1 - 1 - 1 ', . . . , A^'} be a set of dominant highest weights 
of this module; A' = Yli=i^' = (^?^'>0)> an d A = Yl*i=i^^' ■ Then, by repeating the 



arguments that led us to (3.42), bearing in mind that we now have [WZW^^^)]* instead 



of WZW 



we find that we can write 



eee 



A' v=0,l 



®wzw A(l) , 

>f su(A0ii 
1=1 



(4.22) 
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where 



k-i 



w 2 



(4.23) 



a=l 



Here, the k — 1 numbers v a correspond to the nonvanishing Coulomb moduli of the k fully 



separated D4-branes (with center-of-mass locked in the first U(l) factor of (4.12)) whose 
magnitudes correlate with the sizes of the k — 1 two-spheres in IR 4 /^^; a a = a, where a 
is the finite part of the dominant highest affine weight a that labels a dominant highest 
weight module of a chiral u(l) a ff WZW model; the overhead bar means that we project onto 
Z2-invariant states (as required of twisted CFT's); v = or 1 indicates that the sector is 
untwisted or twisted, respectively; su(N)\ J is a dominant highest weight module labeled 
by the dominant highest weight X^' , and whose general state energy level is h u 6 Z>o + |; 
and the subscript 'u; 2 ' means that the overall ground state energy level is further shifted by 
w'Jt. 



Looking at the RHS of (4.23), we see that we can interpret linear sum of Z 2 - 

valued non-abelian magnetic fluxes through the k — 1 two-spheres in M 4 /Zfc: starting at the 
origin, the D4-branes can move either in the positive or negative direction whence the v r 's 
can take either positive or negative values, and by a natural identification of the a's as the 
standard area of the k — 1 two-spheres which define a basis of i^2(lR 4 /Zfc, Z), we have our 
claim. A somewhat related analysis has also been carried out in [TOj, §2.4], where it was 
shown that w' 2 can indeed be associated with fluxes through the k — 1 two-spheres of 1R 4 /Zfc. 



Thus, let us henceforth identify w' 2 as W2 of (4.4). 

Now the physical duality of the M-theory compactifications (4.1) and ( 4.2[ ) means that 



their respective spacetime BPS spectra ought to be equivalent, i.e., [WZW ss ^ Ar ^2)] fc ought 
to be equal to Hf PS of (|4.10|). Indeed, both Hf PS and [WZW_ w ( 2) ] fc are labeled by k; 



moreover, it is clear that one can identify A' of (4.22) with A of (4.10); it is also clear that as 



in §3.1, one can identify h u (which is implicit in (4.22)) with j u (which is implicit in (4.10)) 



Hence, in any (w 2 , A, z/, /iy)-sector of the spectra of spacetime BPS states, we can write 



H 



BPS 



(g)WZW 



— /»n(2), A CO 



(4.24) 



where the subscript '/V just refers to the /^-weight space of the spectrum of states of the total 



WZW model in the //-sector. As WZW 



(2) x (i) is furnished by the Z 2 -invariant projection 



MNfii^l^ o f ^( N ) { ii X<l \ and since su(iY)f ff } ~ so(N + 1)^ whence mi{N) ( l 



(2), A« 



S?2 1S 



isomorphic to the submodule L sb(N + over so(N + l)^ ff , via (4.10), we can also express 



(4.24) as 





' k 

<g) L sb(N + 1)^- 

.i=l 


W2, Hv 





(4.25) 



for v — and 1, where the label pi can be interpreted as the position of the i th center of 
M 4 /Zfc that the module is associated with. This is an R 4 /Zfc non-singular generalization 
of [U Conjecture 4.14(3)] for the nonsimply-connected SO(N + 1) = -Bat/2 groups! 



A Nonsimply-Laced Generalization of Witten's Field- Theoretic Result 



Note that the partition function of the spacetime BPS states realized by [WZW. 



[WZW, 



sb(7V+l)! 



can be written in any (u>2, A, v) -sector as 



su(N)\ 



(2) 



S+U>2 



Tr 



-c'/24 



E 



ci , :.' 1 e^ 11 ( 9 ) 



1=1 



(4.26) 



Here, 5 + w 2 represents the overall shift in the ground state energy level due to the afore- 



mentioned G/G topological models, and it is equal to kc'/2A + w 2 /t (see footnote 41); 



L 0)U E Z> + I is the general state energy level; * and L 0^ el 1 are string-functions and 
theta-functions associated with the //-sector of the underlying dominant highest weight mod- 
ule over so(N + 1)^ S1 of central charge d — N — 1; and 7 is a weight of so(N + l)a ffl . 



Once again, the equivalence of the spacetime BPS spectra of the compactifications (4.1 ) 
and (4.2) implies that Zg^ N+1 ^ A of (4.9) in the (w 2 , z/)-sector ought to be equal to Z W2t \ iV 



of (4.26), i.e. 



E 



7,1/ 



E E dimK^MM^ 



SO(N+l),fi„ y 



m' v —W2 — kc'/2A 



iiv m'„>0 



(4.27) 

where G = Bn/ 2 type; ^ 7 c^ L 6^° ^g) is the character in the i/-sector of the integrable 
representation (associated with \^) of the Langlands dual loop group CG V at level 1; m' v = 



m v + m \i where m v /kn' G Z> + | and ni\ is as given in (4.6); and n' = 1 or 2 if iV = 2 or 
N > 2, respectively. 



Last but not least, notice that a TiVfc specialization of (4.27) (where there ought to be, 
on the LHS, an additional contribution from the Fock space of a Z 2 -twisted free chiral boson 
because of monopoles that go around the finite-sized circle fiber at infinity), would just serve 
as a nonsimply-laced B N / 2 group generalization of Witten's field-theoretic result in [13J. 
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4-2. A Quasi- Singular Generalization of the Geometric Langlands Duality for Surfaces 
We shall now continue to derive a quasi-singular generalization of the geometric Lang- 



lands duality for surfaces for the A-B groups. To this end, let us replace M 4 /Zfc in (2.1) 



with a partially-resolved fc-centered ALE manifold M 4 /Zfc_y, where k — I and I centers are 



coincident and fully-separated, respectively. By repeating the arguments behind (2.1)-(2.8), 
we find that the following six-dimensional M-theory compactification 

M-theory : I 5 x K ; x Sj, x ^JlZ-i i, (4.28) 
v v ' 

N M5-branes 

where we evoke a Z^-outer-automorphism of M. 4 /1ik-i,i (and of the geometrically-trivial 
IR 5 x M. t spacetime) as we go around the circle and identify the circle under an order 
n translation, is physically dual to the following six-dimensional M-theory compactification 

M-theory : TN&*° x xlj xR 5 , (4.29) 

" v ' 

l out of k M5-branes are non-coincident 

where there is a nontrivial Z n -outer-automorphism of the singular multi-Taub-NUT space 
TN§^° (whose circle fiber at infinity approaches zero radius) as we go around the circle. 
In contrast to the IR 4 /Zfc case of the previous subsection, only / out of k centers are (fully) 
separated in R 4 /Zfc_y; as such, only / out of k M5-branes will be non-coincident in (4.29); 
the rest of the k — I M5-branes remain coincident. 



The Spectrum of Spacetime BPS States in the M-Theory Compactification (4-28) 



In order to describe the Hilbert space of spacetime BPS states furnished by the ground 



states of the quantum worldvolume theory of the M5-branes in (4.28), first note that because 
]R 4 /Zfc_/ j /, like 1R 4 /Zfc, is also a hyperkahler manifold, we can repeat our arguments in the pre- 
vious subsection and conclude that the spacetime BPS states are given by the L 2 -cohomology 
of some compactification of the moduli space A^g(^ 4 /^k-i.i) of G-instantons on IR 4 /Zfc_^, 
where G = SU(N) if n = 1, and G = SO(N + 1) if n = 2 and iV is even. Since RT^Cm 
is only a partial resolution of 1R 4 /Zfc, it is (quasi-) singular; thus, like in the M 4 /Zfc case, the 
spacetime BPS states would be given by the intersection cohomology lH.*U(AiG{^ 4 /^k-i,i)) 
of the Uhlenbeck compactification W(A^g(R 4 /^A;-/,/))- 

Second, note that for the instanton action to be finite in an integration over noncompact 
1R 4 /Za;_; i /, we need to have flat albeit nontrivial connections far away from the origin of 
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Since M^/Zk-ij is topologically equivalent to M 4 /Zfc at infinity, according to our 

discussion in the previous subsection, distinct choices of such flat connections will correspond 

to distinct dominant coweights p = (k,p,j) of G a g of level k, where j is a number. 

Third, recall that in the case of 1R 4 /Zfc, the k centers coincide with multiplicity k at the 

origin such that a Z^-type singularity develops whence we have a Z^-action in the fiber of 

the G-bundle at 0. On the other hand, in the case of 1R 4 /Zfc_/^, we have instead (i) k — I 

centers that coincide at position p c with multiplicity k — I; and (ii) I non-coincident centers 

at positions p%, . . . ,pi with multiplicity 1 each. In other words, we have instead (i) a T^k-i- 

action in the fiber of the G-bundle over p c ; and (ii) a Zi-action in the fiber of the G-bundle 

over pi,...,pi. Since the Z r -action is given by a conjugacy class of the homomorphism 

p : Z r — > G, one can (i) associate a dominant coweight A c = (k — I, A c , i c ) of G a s of level k — I 

with the centers at p c , where i c is a number; and (ii) associate I distinct dominant coweights 
A (m) = (^W^W) of Gaff of level i with the 

non-coincident centers at px,...,pi, where 
the r m ''s are numbers. Nonetheless, consistency with the results of §3.1 (where all k centers 
coincide) constrains i c and the i^'s to be zero. 



Fourth, according to our analysis leading up to (3.4), and the fact that A c and the A^'s 
ought to be linearly-independent of one another, we find that the G-instantons - which again 
correspond to DO-branes within the D4-brane worldvolume in the type IIA picture - are such 
that the associated non-negative instanton numbers are 

a = -kn'j + b(X,\)-b(ji,p), (4.30) 

where for G = SU(N), 5*0(3) and SO(N + 1), n' — 1, 1 and 2 while j is a non-positive 
integer divided by 1, 2 and 2, respectively. Also, A = A c +X^=i ^ anc ^ & are some positive 
real constants; and ( , ) is the scalar product in finite coweight space. For n — 1 whence we 



have G = SU(N) with n' — 1 and j being a non-positive integer, expression (4.30) is indeed 



consistent with results from the mathematical literature (which only addresses the case of 



simply-connected groups like SU(N)): eqn. (4.30) coincides with (SHI below Conjecture 3.2] 



after we set b = b = 1/2 and identify a/k with d/k of loc. cit.. (see also footnote 39). 

Last but not least, recall that a G-bundle on M 4 /Zfc_^ is topologically classified by 
P2 6 -ff 2 (lR 4 /Zfc_^;, 7Ti((j)). In particular, p 2 vanishes for simply-connected G = SU(N), 
but not for nonsimply-connected G = SO(N + 1); in fact, since n^SO^N + 1)) = Z 2 , 
we find that SO(N + l)-bundles on M 4 /Zfc_/ i ; are topologically classified by the class W2 G 
iJ 2 (IR 4 /Zfc_z i /, Z2). Note also that W2 can be interpreted as a linear sum of Z2-valued non- 
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abelian magnetic fluxes that pass through the / two-spheres in M 4 /^fc-M [S3 E]; this obser- 
vation will be important shortly. 

Thus, from the five points above, it is clear that U(Mg{^ 4 f^k-u)) ought to be graded 



by {A c , . . . , A^}, fj, and w 2 (where a is correspondingly given by (4.30)). We are now 
ready to state the generic Hilbert space Hbps of spacetime BPS states in the M-theory com- 
pactification (4.28). Let us denote by IH*W(A4q 2 m A (M 4 /^A;-m))' the intersection cohomology 



of the Uhlenbeck compactification U(M^ X (^ 4 /^k-i,i)) of the component M%'*(R 4 /Z k - lt i) 

of the moduli space .Mg^V^^-m) labeled by A = A c + J2 r =i ^ = (^>^>0)> A* = 
and w 2 ; then, we can write 

Hbps = Kps A ' M = IH*W(A1^(RV^m)), (4.31) 

where w 2 — if n — 1, and A > /i (since a is non-negative). 

T7ie Partition Function of Spacetime BPS States in fl^.jffi ) /or G = SU(N) 

Consider the n = 1 case whence we have G = SU(N), n' = 1, and —j G Z>q. By 



repeating the arguments that led us to (3.8), and by noting that P in (3.7) is now equal to 
—kj + |(A, A) while u>2 = for >S'£/(iV)-instantons, we can write the corresponding partition 
function of spacetime BPS states in any A-sector as 

ZT(N),x = Q mx E E d™m*U(M%'^(^^l,i)) q m , (4.32) 

p. m>0 

where m = — kj is a non- negative integer; g = e 27riT ; and r = n + is the modulus of the 
torus formed by identifying the two ends of of the x K 4 worldsheet of the sigma-model. 
Here, 

m x = h x - (4.33) 



the non-negative number 



_ (A,A + 2/) 

" 2(fc + ^) ' (434) 



where p v and h are the Weyl vector and dual Coxeter number of the Langlands dual group 
SU(N) V , respectively; and the number 

c A = -24fe(A,A)+ 12( y + + ) 2pV) , (4.35) 
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where b = 1/2 in this SU(N) case. 

In this instance, A and \x can also be regarded as dominant weights of the corresponding 
Langlands dual affine Kac-Moody group SU(N)^ S of level k. 



The Partition Function of Spacetime BPS States in (4-28) for G = SO(N + 1) 

Now consider the n = 2 case with even N whence the theory is "Z 2 -twisted" as we go 
around and G = SO(N +1); as usual, we would have an untwisted and twisted sector 



labeled by v = and 1, respectively. By repeating the arguments that led us to (3.16)- 



(3.18), and by noting that »2 ^ for SO (N + l)-instantons, we can write the corresponding 



partition function of spacetime BPS states in any A-sector as 

^!SWi),A = ^EEEE diin^^C^^^ORVZ^w)) (T- (4-36) 

ui2 f=0,l fii, m„>0 



Here, lH* ,u U(Ai) is generated by physical observables in the fields (p v and r\ v which obey 



(3.13 )— (3.15 ), that are also invariant under the Z 2 transformations <p v — > —(p u and rj u — > —r\ v \ 
the non-negative number m v = —kn'j u , where n' = 1 or 2 if iV = 2 or iV > 2, respectively; 
j u G Z> + |; and \i v = (k,p, u ,j u ). The phase factor m\ takes the form in (4.33). 



In this instance, A and fi u can also be regarded as (un)twisted dominant weights of the 

(2) (2) 

Z2-twisted affine Kac-Moody group SU(Ny£; furthermore, SU(N)^ is equal to SO(N + 
l)^ ff . In other words, A and fi u can also be regarded as dominant weights of the Langlands 
dual affine Kac-Moody group SO(N + l)^ ff of level k. 



Additionally, notice that (4.36) also implies that the effective Hilbert space 'Hb'ps °f 



spacetime BPS states ought to be given by 

(4.37) 

where v = or 1 if the sector is untwisted or twisted, respectively. 



The Spectrum of Spacetime BPS States in the M-Theory Compactification (4-29) 



We shall now describe the spacetime BPS states given by the ground states of the 



quantum worldvolume theory of the M5-branes in the physically dual compactification (4.29 ). 
Repeating the arguments in §3.1, we find that the spacetime BPS states will be given by the 
states of the I-brane theory in the following type IIA configuration: 

IIA : tfxSixRjxM 5 . (4.38) 

V v ' 

I-brane on S 1 X l t = (l)k - I (non-)coincident D4 n ND6 
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Here, we have a stack of / non-coincident and k — I coincident D4-branes whose worldvolume 
is given by M. 3 x x R t , and a stack of coincident D6-branes whose worldvolume is given 
by Sj, x 1 ( x I 5 ; the two stacks intersect along x M. t to form a D4-D6 I-brane system. 
According to our analysis in the previous subsection, the free fermion bilinear currents 



along the I-brane in (4.38) ought to split into the factors u(l)^ feJV x (u(l)^ JV ) z 1 x su(k — 
Qgtf x su(N)%, x {M^An/M^n) 1 ' 1 x ~ 0£v)}- As such, the system of kN 
complex free fermions with central charge kN will, in this case, give a realization of the total 
integrable module over the affine Lie algebra 



tt(l)i^«[»(l)^]^ 1 ®M*-0g y 8^Wi&®( r m(B) nW 1 • (4-39) 



The total central charge is still kN - as argued in loc. cit., the central charge does not change 
as we move along the Coulomb branch to separate the D-branes. Indeed, it is also invariant 
under the exchange k -H- N. 



Note at this juncture that from (4.13), we also have the following (conformal) equiva- 
lence of coset realizations: 



(4.40) 



aff,fc 



and 



M^)Si] fc -' _ ^TOw (441) 



Substituting this in (4.39), we find that we effectively have the following total integrable 



module over the affine Lie algebra 

u(i)SU ® i^tzJ ® - oSjv ® fMiv)Sii ; ® ^wSLf) ( 4 - 42 ) 



of central charge kN. This means that the total Fock space J- of the uncoupled kN 
complex free fermions can be realized as 

?® kN = wzw^w ® [wzw s(1) „f ® WZW^n, ® ([WZW S( ^]' ® WZW^n, , , 

(4.43) 

where WZW^w, [WZW^w]', WZW^w, [WZW^w] 1 and WZW^., are the 
irreducible integrable modules u(l)^, [u over 
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the corresponding affine Lie algebras that can be realized by the spectra of states of the 
corresponding chiral WZW models. Consequently, the partition function of the uncoupled 
I-brane theory will be expressed in terms of the (product of) chiral characters of u(l)^, 
u(l)%\ su(k - 1)$, ^(N)^ and ^(N)^. 

Next, we must couple the free fermions to the gauge fields which are dynamical. Since 
only I out of the k D4-branes are non-coincident, the free fermions will generically couple to 
the gauge group 17(1) x U(l) 1 x SU(k - I) x SU(N), where the 17(1)' x SU(k - I) factor is 
associated with the k D4-branes which are distributed as described. As explained in §3.1, 
since the radius of the circle fiber of TN§~^° goes to zero at infinity, the free fermions will 
couple dynamically to the U(l) gauge field. In addition, because the geometry of TN§~^° 
is fixed in our setup (recall that the center-of-mass degrees of freedom of the N NS5-branes 



which give rise to the TN$~^° geometry via steps (2.3) and (2.4), are frozen), in contrast to 
the gauge fields on the D4-branes, the SU(N) gauge field on the N D6-branes should not 
be dynamical. Hence, we conclude that the free fermions couple dynamically only to the 
gauge group U(l) x U(l) 1 x SU(k — I). Schematically, this means that we are dealing with 
the following partially gauged CFT 



uOjSuv [u(l)jgj' su(k ~ OSv 
u(l)2Lv [u(l)Sv]< *u(k-l)^ N 



In particular, the u(l)^ kN WZW model, the I number of u(l)^ N WZW models, and the 
su(k — Oiji at WZW model, will be replaced by the corresponding topological G/G models. 
Consequently, all chiral characters except those of su(N)^ and sw(iV)j^ z which appear in the 
overall partition function of the uncoupled free fermions system on the I-brane, will reduce 
to constant complex factors after coupling to the dynamical £7(1) and U(l) 1 x SU(k — I) 
gauge fields. As such, modulo these constant complex factors which serve only to shift the 
energy levels of the ground states by numbers dependent on the highest affine weights of 
u(1)mst, u(l)ffi and su(k — ly£ , the effective overall partition function of the I-brane theory 
will be expressed solely in terms of the product of I chiral characters of su(N)i and the 
chiral characters of SM(iV)^; that is, the sought-after spectrum of spacetime BPS states in 



the M-theory compactification (4.29) would be realized by WZW^ fm w <g> [WZW 



(») 



A Geometric Langlands Duality for M 4 /Zfc_^; for the A^-x Groups 

Let us now consider n — 1 whence there is no "twist" at all, i.e., su(N)^ is sim- 
ply su(N)k r , the integrable module over the untwisted affine Lie algebra su(N) a s^ r of level 
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k r . Then, the physical duality of the M-theory compactifications (4.28) and (4.29) means 
that th 
[WZW, 



that their respective spacetime BPS spectra ought to be equivalent, i.e., WZW^w <8> 



ought to be equal to "Heps of (4.31). Indeed, both "Heps and WZW 



su(N) 



(n) 



[WZWjj-^w] are labeled by k — I and /; moreover, su(iV) a fj- = su(A^)^ ff whence we can iden- 
tify su(N)k r with the module L su(N)k r over su(N)^ s . The module WZWig^jvV; associated 
with the unique WZW model, is labeled by a dominant highest weight A c of SU(N)^ S of 
level k — I which we can naturally identify as A c in A = A c + X/t=i °^ (4-31 ). The module 



WZWlj2(tv) 1 associated with one of the I WZW models, is labeled by a dominant highest 
weight A^ of SU(N)^ S of level 1 which we can naturally identify as A^ in A = A c +X/t=i A^ 



of (4.31). Thus, in any {A, /i}-sector of the spectra of spacetime BPS states, we can write 

" i 

(g)WZW 



n 



BPS 



r=0 



(4.45) 



where A^ = A c ; k = k — /; k r = 1 for r > 1; and the subscript '/i' just refers to the //-weight 
space of the spectrum of states of the total WZW model. 

is furnished by L su(N)^ r r) , via (4.31), we can also express (4.45) as 



As WZW 











.r=0 





(4.46) 



where the label p r can be interpreted as the position of the r th center of M^/Zk-ij that the 
module is associated with, and po = p c . This is an M^/lik-ij quasi-singular generalization 
of (TJ Conjecture 4.14(3)] for the simply-connected SU(N) = A^v-i groups! 

A More General Statement 

Note that the partition function of the spacetime BPS states realized by WZWi^(jvv_j<8> 
[WZWiafjvjJ' — WZW^(AT) fc _ ; Cg> [WZWj2(at) 1 ] / can be written in any A-sector as [53] 



Zy 



Tr 



am q 



io-4/24 



r=0 



7 



e 



7 



(?) 



r=0 



(4.47) 



Here, 5 represents the overall shift in the ground state energy level due to the aforementioned 



G/G topological models; L G Z> is the general state energy level; c^ W and 9 
string-functions and theta-functions associated with the underlying dominant highest weight 



^ level k r 

7 



arc 
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module over su(iV) aff fcr of central charge d r \ 7 is a weight of su(iV) affifcr ; and in writing the first 
equality, we have set £ = J2 a u a-Jo = because the Coulomb moduli u a of the N coincident 
D6-branes ought to vanish as the corresponding SU(N) gauge group is not broken down to 
its Cartan tori associated with the bilinear currents Jq . 

Once again, the equivalence of the spacetime BPS spectra of the compactifications 
p28b and (|4.29|) implies that Z*%f N)tX of (|4.32|) ought to be equal to Z x of (|4.47|), i.e., 



E 



e ievei fcr(g) ) = ^ ^ dimIH*W(Mg m '(MVZ fc _ ;i/ ))g r 

£t m'>0 



-Ci/24 



(4.48) 



where G 



Aw-i type; X] 7 C 7 M @^ velfcr (<?) is the character of the integrable representation 



(associated with A^) of the loop group CG at level k r ; 



m 



m + m\, where m/k G Z 



>o 



and m\ is as given in (4.33); and cs/24 = (J2 r =o c r)/24 = 5. 



A Geometric Langlands Duality for M 4 /^fc-M for the B N / 2 Groups 

Let us now restrict ourselves to even N, and consider n = 2 whence there is a "Z 2 -twist" , 
i.e., the relevant module is su(N) k , the integrable module over the Z 2 -twisted affine Lie 
algebra su(N)^ 1 of level k r . Let {A' c , A^', . . . , A^'} be a set of dominant highest weights of 
this module; A' = A' c + ^=1 aW ' = (K A '> 0); and A = *' c + Er=i Then ' b Y repeating 
uments that led 1 

[WZW, 



the arguments that led us to (3.42), bearing in mind that we now have WZW^, W ,(2) <S> 

I [ su ( iy )k-i 

,» n (2)]^ instead of WZW^,.„(2), we find that we can write 



WZW^ m(J) 



l wzw s<<>] 



eee 



A' u=0,l 



® WZW ffl «-"" 



(4.49) 



where A'- -'' = A' c , kg = k — /, k r = 1 for r > 1, and 



E 



v b a b . 



(4.50) 



Here, the / numbers v b correspond to the nonvanishing Coulomb moduli of the / fully sepa- 
rated D4-branes whose magnitudes correlate with the sizes of the I two-spheres in IR 4 /Zfc_^; 
«b = a, where a is the finite part of the dominant highest affine weight a that labels a dom- 
inant highest weight module of a chiral u(l) a ff WZW model; the overhead bar means that 
we project onto Z2-invariant states (as required of twisted CFT's); v = or 1 indicates that 
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the sector is untwisted or twisted, respectively; su(N) k v is a dominant highest weight 
module labeled by the dominant highest weight A^', and whose general state energy level 
is h u G Z> + f ; and the subscript L w 2 means that the overall ground state energy level is 
further shifted by w 2 /t. 

Looking at the RHS of (4.50), we see that we can interpret VO^ clS db linear sum of Z?- 
valued non-abelian magnetic fluxes through the I two-spheres in M 4 /Zfc_^: starting at the 
origin, the D4-branes can move either in the positive or negative direction whence the Wj's 
can take either positive or negative values, and by a natural identification of the a's as the 
standard area of the I two-spheres which define a basis of H 2 {M^/'L k _i t i 1 we have our 
claim. A somewhat related analysis has also been carried out in [lOl §2.4], where it was also 
shown that w' 2 can indeed be associated with fluxes through the I two-spheres of R 4 /Zfc_y. 



Thus, let us henceforth identify w 2 as W2 of (4.31) 



Now the physical duality of the M-theory compactifications (4.28) and (4.29) means 



that their respective spacetime BPS spectra ought to be equivalent, i.e., WZW^^^p) (g> 



[WZW 
[WZW 



3u(jV)i 



ought to be equal to nf PS of (4.37). Indeed, both %p? PS and WZW 



su(N) 



(2) ® 



3u(AT)i 



(2)1 



are labeled by k — I and I; moreover, it is clear that one can identify A' of 



(4.49) with A of (4.37); it is also clear that as in §3.1, one can identify h u (which is implicit in 



(4.49)) with j v (which is implicit in (4.37)). Hence, in any (u> 2 , A, v, //^-sector of the spectra 
of spacetime BPS states, we can write 



BPS 



® WZW ««» M 

r=0 r ' v 



(4.51) 



where A^ = A c , k = k — I, k r = 1 for r > 1, and the subscript '/V just refers to the 
/i^-weight space of the spectrum of states of the total WZW model in the i/-sector. As 

r 2 \ \( r ) (2) A( r ) 

WZW_ (2),xW is furnished by the Z 2 -invariant projection su(N) k v \g> 2 of su(N) k v , 



and since su(N)^- n ~ 



us 



so(N + l)^ ff whence su(Ny k h v is isomorphic to the submodule 



sb(N + l) k ( Jl over so(N + l)^ ff , via (4.37), we can also express (4.51) as 



ih*^(aq^ +1) ^(r 4 /z*_ m )) = 


(g) L so{N + l)i^ r 






.r=0 





(4.52) 



for v = and 1, where the label p r can be interpreted as the position of the r th center of 
1R 4 /Z/ C _; i / that the module is associated with, and po = p c . This is an M> 4 /7*k-i,i non-singular 
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generalization of [TJ Conjecture 4.14(3)] for the nonsimply-connected SO(N + 1) = B N / 2 
groups! 



A More General Statement 



Note that the partition function of the spacetime BPS states realized by WZW ffi ^(s) ® 



as 



S+W2 



Tr 



AM 9" 



[WZWi 



"4/24 



sb(7V+l)i 



can be written in any (u>2, A, ^)-sector 



r=0 



q 



S+W2 



r=0 



(4.53) 



Here, 5 + W2 represents the overall shift in the ground state energy level due to the afore- 
mentioned G/G topological models, where w 2 = w 2 /r; L ^ 6 Z> + | is the general state 
energy level; and L Q 1 ^ 1 kr are string-functions and theta-functions associated with the 
^-sector of the underlying dominant highest weight module over so(N + l)^ Skr of central 
charge c' r ; and 7 is a weight of 50 (N + l)^ Skr - 

Once again, the equivalence of the spacetime BPS spectra of the compactifications 



(4.28) and (4.29) implies that Zg£( N+1 j a °f (4-36) in the (102, ^)-sector ought to be equal to 



Z W2 ,x,v of (4.53), i.e 



E 



7,w 



r=0 



Hv m' u >0 



m' v —W2—c s /24 



(4.54) 



where G = B? 



>n/2 type; E 7 C 7,i/ i © 7 , 1 / r (?) is the character in the i/-sector of the integrable 
representation (associated with A^) of the Langlands dual loop group CG V at level k r \ 



m. 



m v + m\, where m u /kn' G Z> + | and is as given in (4.33); n' = 1 or 2 if N = 2 



or > 2, respectively; c 5 /24 = (E^oO/ 24 = 5 - 



Blowing Down to the Fully- Singular Case of '§3.1 

Now let Z = so that all k centers are coincident at p c = po whence M 4 /Zfc_^ blows 
down to the fully-singular M 4 /^fc manifold considered in §3.1. In this instance, k^ = k, and 
there are no two-spheres for the non-abelian magnetic fluxes to pass through, i.e., W2 = 0. 
As before, to a flat connection at infinity, we can associate a dominant coweight \x = (k, p,,j) 
of G a g of level k, where j is a number. Also, since all k centers are coincident at a single 
point po, we have a Z^-action in the fiber of the G-bundle only over po; in other words, 
associated to this sole Z^-action is A = A = (k, A, 0), a dominant highest coweight of G^s of 
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level k. It is then clear that all of our above formulas for M. 4 /lik-i,i indeed reduce to their 
M 4 /Zfc-counterpart in §3.1, as expected. In particular, (4.46), (4.48), (4.52) and (4.54), will 



reduce to (3.30), (3.33), (3.44) and (3.47), respectively. This serves as a consistency check 
of our results herein. 



Blowing Up to the Non-Singular Case o/§^.J 

Now let I — k — 1 so that all k centers are non-coincident at positions po, . . . ,Pk-i 
whence IR 4 /Zfc_/ ; 2 blows up to the non-singular IR 4 /Zfc manifold considered in §4.1. In this 
instance, k r = 1, where < r < k — 1; also, there are k — 1 two-spheres for the non-abelian 



magnetic fluxes to pass through, i.e., w 2 ^ 0, and it is as given in (4.50). As before, to a 
flat connection at infinity, we can associate a dominant coweight /i = (k, of G^ of level 
k, where j is a number. In addition, since all k centers are non-coincident with multiplicity 
1 each, we have a Zx-action in the fiber of the G-bundle over the positions po, . . . ,Pk-i', in 
other words, associated to these Zi-actions is A = Ylt=o ^ = \ 0), a dominant highest 
coweight of G a s of level k, where A^ = (1,A^,0) is a dominant highest coweight of G a fj 
of level 1 (associated with the underlying Zi-action), and A = Yl r =o Last but not 

least, since M 4 /Zfc is a non-singular manifold, intersection cohomology ought to be replaced 
by middle-dimensional cohomology throughout. It is then clear - after noting that (i) the 
index 'z' in §4.1 is such that i = r + 1; (ii) there is only one string-function c^j = r/(q)~ N+1 
which can be associated with su(N)i - that all of our above formulas for R 4 / Zfc_^ indeed 
reduce to their B^/Z^-counterpart in §4.1, as expected. In particular, (4.46)), (4.48), (4.52) 



and (4.54), will reduce to (4.18), (4.20), (4.25) and (4.27), respectively. This serves as a yet 
another consistency check of our results herein. 



4-3. 4d Defects and a "Ramified" Geometric Langlands Duality for Surfaces 

In this final subsection, we will derive a "ramified" version of the geometric Langlands 
duality for surfaces demonstrated in §3.1— §3.2. The "ramification" in our sense, is effected 
by the presence of the 4d defect of the kind studied in [28J and described in §2.3. Let us 
now try to understand, note, discuss and describe a few essential things before we proceed 
to derive our main result. 



On the Appearance of the Langlands Dual Affine Lie Algebra in §3 

First, let us try to understand, from a hitherto unconsidered perspective, why (the 
representations of) the Langlands dual affine Lie algebras appear on the RHS of the "un- 
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ramified" duality relations gjjj) , ggg ), j3lQ8] ) and ( [3~T25] ) for the A, 5, C, L> and 

G groups. 

To this end, recall that we could express the RHS of the duality relations for the 
simply-laced A and D groups in terms of (the representations of) the Langlands dual affine 
Lie algebra g^ s , because a ff ~ g^ G for simply-laced Lie algebras 0. Also recall that we 
could express the RHS of the duality relations for the B, C and G groups in terms of (the 



(2) 

representations of) the Langlands dual affine Lie algebra aff , because su(iV)^ ff ~ so(N+l) 
(where N is even), so(2N)^ ~ usp(2N - 2)^ and so(8)2 ~ $ aS . 

Interestingly, the appearance of (the representations of) g^ s can also be understood 
without appealing to the above-stated isomorphism of twisted affine Lie algebras, as follows. 



^aff 



Consider the dual M-theory compactification (3.2) relevant to the RHS of the duality rela- 
tions for the A and B groups; mapping this to a strongly-coupled type IIA compactification, 
geometric engineering and the Z n -outer-automorphism of TN$~^° (as we go around the 
circle) then tell us that the Lie algebra underlying the enhanced gauge symmetry of the 6d su- 



pergravity theory along ' 



k x S* ought to be su(iV) v (for any N) or usp(N) = so(N + 1) 



(for even N) when n = 1 or 2, respectively [38] • Now consider the dual M-theory compact- 



ification (3.58) relevant to the RHS of the duality relations for the C, D and G groups; 
mapping this to a strongly-coupled type IIA compactification, geometric engineering and 
the Z n -outer-automorphism of SN§^° (as we go around the circle) then tell us that the 
Lie algebra underlying the enhanced gauge symmetry of the 6d supergravity theory along 



x 



x ought to be so(2iV) v , so(2N 



usp(2iV - 2) v , or S v (if N = 4 ) ; w h en 



1, 2, or 3, respectively |38j. In sum, this means that in the type IIA limit of the dual 
M-theory compactifications (3.2) and (3.58), the symmetries of the 2d theory along x M> t 
ought to be rooted in $j v ; in particular, we ought to have, along x R t , a chiral WZW 
theory with $j afT -symmetry. In other words, the appearance of (the representations of) on 
the RHS of the aforementioned "unramified" duality relations, can also be understood to be 
a consequence of a (dual) compactification on a "Z n -twisted" TN^ or SN§^° manifold. 



The Characterization of the 4d Defect by Nilpotent Orbits 

Second, note that the 4d defect is characterized by a homomorphism p : s((2) — > Qc [2"8"j . 
where 0c is the complexification of q. In turn, via the Jacobson-Morozov theorem - which 
states that the classification of such homomorphisms p (up to conjugacy) is equivalent to the 
classification of nilpotent elements e in 0c (also up to conjugacy) through the correspondence 
e = p(cr + ), where p(cr + ) G st(2) C 0c ~ the 4d defect would be characterized by nilpotent 
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orbits O e of 0c H 

When g c = sl(N), a nilpotent orbit O e can also be labeled by a partition p = . . . , n M ] 
of N, where N = n\ + n 2 + ■ ■ ■ + Um- This just reflects the fact pointed out in §2.3, that the 
4d defect can be (i) labeled by a partition p of N when n = 1 (i.e., when 0c = sl(N)); (ii) 
called a defect of type L, where L - which can be related to p - is the effective gauge group 
of the underlying SU(N) theory when restricted along the defect. 

When Qc ^ sl(N), nilpotent orbits can likewise be labeled by some partition p'. How- 
ever, it is presently unclear how one can, in this case, relate p' to L. That said, we expect 
such a relation to exist - presumably via the concept of orbit induction - although we would 
not need to appeal to it in this paper. 

Also, in the theory of nilpotent orbits, there is a Spaltenstein map [HE] 



d : {nilpotent orbits of 0c} — > {nilpotent orbits of 0^}. 



(4.55) 



In particular, we have d(O e ) = O e v, where O e v - which is a nilpotent orbit of 0^ - is labeled 
by a dual partition p v . For 0c = sl(N), p w = p*, where p l is the transpose of p. 

The Dual 4d Defect 

Third, let us discuss the properties of the dual 4d defect in the dual M-theory compact- 



ifications (2.34) and (2.37). As the defect spans Rt x and two other dimensions in TN§~^° 



and SN§~^°, it would also be "Z n -twisted" in the directions along TN§^° and SN§^°. From 
the perspective of the 4d maximally supersymmetric Yang-Mills theory along M4, where M4 
is either TN§^° or SN§^°, the "Z„-twist" of both the 2d defect and M 4 would mean that 
the gauge group - which is SU(k) (for any k) or SO(k + 1) (for even k) when n = 1 or 2, 
respectively - would reduce, along the 2d defect, to a Levi subgroup thereof. Consequently, 
from the viewpoint of the directions in M 4 which are transverse to the defect, the defect 
would be characterized by nilpotent orbits of sl(k). 

On the other hand, according to our earlier explanations, in the type IIA limit of the 



dual M-theory compactifications (2.34) and (2.37), it is V which underlies the enhanced 
gauge symmetry of the 6d supergravity theory along I 4 x R ( x S^. Consequently, from the 
viewpoint of the M 4 -space transverse to the defect, the defect would be characterized by dual 
nilpotent orbits O e v. 



42 The (adjoint) orbit for an element e S gc is the set of elements in jjc that are Gc-conjugate to e, i.e., 
are of the form, &d(g) ■ e for some g in Gc- We denote the orbit containing e by O e — Gc ■ e. See [35] for 
more details. 
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The Moduli Space of "Ramified" G-Instantons on M 4 /Zfc 

Last but not least, let us describe the moduli space of "ramified" G-instantons on 
1R 4 /Zfc, where G is the Lie group corresponding to g. To this end, note that according 
to [H §4.4], the moduli space Mg^ (M 4 /Z fc ) of "unramified" G-instantons on R 4 /Z k which 
appears throughout §3, can also be interpreted as the Z^-invariant part A^^^R ) * of the 
moduli space A4q(M. 4 ) of "unramified" G-instantons on M 4 determined by {po,Poo}- Here, 
the positive number a is the instanton number; the homomorphism p^ : Z& — > G determines 
- via the G- action on .Mq(IR 4 ) - the underlying Z^-action on ^^(M 4 ); the homomorphism 
Po '■ Zfc — > G determines the Z^-action in the fibers of the underlying Z^-equivariant G- 
bundles on IR 4 at the origin, 43 

Now introduce a "ramification" along the z-plane in M 4 /Zfc ~ C^/Z^ x C^/Z^ 



41 
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other words, let the gauge group G reduce to a Levi subgroup L along the plane C 2 . Then, 
according to the previous paragraph, the moduli space -M^l ^ (M 4 /Z fc ) of "ramified" G- 
instantons on IR 4 /Zfc, can also be interpreted as the Z^-invariant part M.°q^ p i (W t ) Zk of the 
moduli space A^^l(^ 4 ) °f "ramified" G-instantons on M 4 determined by {p' , p'^}- Here, the 
positive number a' = a + Tr am is the "ramified" instanton number, where Tr is a quadratic 
form on g [41]; a G t is the holonomy parameter that is the commutant of L, where t is the Lie 
algebra of the Cartan subgroup T C G; m G A coc h ar is the "magnetic charge" , where A coc h ar is 
the cocharacter lattice of G; the homomorphism p'^ : Z& — > L determines - via the L-action 
on A^^ L (M 4 ) [SS] - the underlying Z fc -action on _A/f^ L (lR 4 ), as well as the flat gauge fields at 
infinity which ensure the finiteness of the instanton action; the homomorphism p' : Z& — > L 
determines the Z^-action in the fibers of the underlying Z^-equivariant "ramified" G-bundles 
on IR 4 at the origin (where G reduces to L) 
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A "Ramified" Geometric Langlands Duality for Surfaces for the A-B Groups 

Armed with the above facts and observations, we are now ready to derive our main 
result for the A-B groups. As the follow-on analysis is largely similar to that in §3.1, we 
shall be brief in our exposition. 



43 Recall that a G-bundle on K 4 /Zfe is the same as T - a Z^-equivariant G-bundle on M 4 , where T € 
A4q Poo (M 4 ) Zfc . Since the origin is a fixed point of the Z^-action, it follows that the Z^-action acts in the 
fiber of J" at G M 4 . 



44 The simultaneous Z^-action on the z- and w-plane is described below (2.17). 

45 Note that a "ramified" G-bundle on K 4 /Zfc is the same as J 7 ' - a Zfe-equivariant "ramified" G-bundle 
on K 4 , where T' € Mq l p , (M 4 ) Zfe . Since the origin is a fixed point of the Z^-action, it follows that the 
Zfc-action acts in the fiber of T' at S K 4 . 
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Recall from (2.23) and (2.34) that the six- dimensional M-theory compactification 



M-theory : 



(4.56) 



N M5-branes with a 4d defect 



where the 4d defect wraps M. t x and the z-plane in M 4 /Z fc ~ <C Z /Z k x C w /Z k , is physically 
dual to the following six-dimensional M-theory compactification 



M-theory 



TNg->° x Si x 



xJ 



(4.57) 



k M5-branes with a 4d defect 



where the 4d defect wraps x R t) the S 1 -fiber of TN§~^°, and a single direction along the 



base of TN§~^°. 



According to §3.1, the spacetime BPS states in (4.56) and (4.57) - which are annihilated 
by eight of the sixteen supercharges of the 6d M 

>5 



(1, 1) supersymmetry algebra of the 
underlying Yang-Mills theories along R 5 x R t - ought to have equivalent spectra. As in §3.1, 
it is through this equivalence of spectra that we will be able to derive our main result. As 



such, let us first ascertain the spacetime BPS states in (4.56) 



Via the arguments which led us to (3.5), we find that for the SU(N) 
/hi 



A 



tv_i groups, 



the Hlibert space 'Hgpg of spacetime BPS states in (4.56) ought to be given by 



"-BPS 



m*u(M a s i 



Vo 



SU{N),h A ,pf x 



(4.58) 



where lH*U(Ai) is the intersection cohomology of the Uhlenbeck compactification of A4, 
and C SU(N) is a Levi subgroup determined by the defect. 

Via the arguments which led us to (3.19), we find that for the SO(N+l) = B N / 2 groups 



(where iV is even), the Hlibert space Hgpg of spacetime BPS states in (4.56) ought to be 
given by 

'' , (R')-M. (U9) 



rt BPS - KV in U y Vl SO(N+l),-L B ,p' 



a'>Po.P'oo 



where \Y{*IA(M) C IH*W(A / i) is the Z 2 -invariant subspace of YE*U(M) (as described in the 
paragraphs leading up to ( |3.19[ )), and C SO(N + 1) is a Levi subgroup determined by 
the defect. 
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Let us now ascertain the spacetime BPS states in (4.57). Via the arguments which led 
us to (3.20), we arrive at the following equivalent type IIA configuration to (4.57): 



IIA : R 5 x Sj, x l f x R 3 . (4.60) 



I-brane on Si X R t = ND6 n fcD4 n 3d defect 



Here, we have a stack of N coincident D6-branes whose worldvolume is given by 1R 5 x x M t ; 
a stack of k coincident D4-branes whose worldvolume is given by S* x M. t x IR 3 ; and a 3d 
defect which wraps x M. t x K, where I C K 3 . The two stacks of branes and the defect 
intersect along x M. t to form a D4-D6 "ramified" I-brane system. Via the arguments 



following (3.20), we find that the spacetime BPS states in (4.57) ought to be captured by 
this "ramified" I-brane system. 

Note at this point that according to our preparatory discussion of the (dual) defect 



in (4.57), from the affine Lie algebraic perspective of the "ramified" I-brane theory along 
x M.t where n = 1 or 2 (with even N), the gauge group associated with the k D4-branes 
is Lfc C SU(k), where is a Levi subgroup, while the gauge group associated with the N 
D6-branes is or L^, respectively, where Q y is the Langlands dual of the group Q . 



Let us now repeat the arguments that enabled us to go from (3.20) to (3.26). Bearing 
in mind the statements of the previous paragraph - which tell us that from the affine Lie 
algebraic perspective of the "ramified" I-brane theory along x M 4 where n = 1 or 2 
(with even N), the dynamical gauge symmetry associated with the D4-branes is now L& and 
not SU(k), while an amount SU(N) v /h v A or SO(N + 1) v / l b is being "unfrozen" from the 
original non- dynamical SU(N) V or SO(N + l) v gauge symmetry associated with the D6- 
branes - we find that when n = 1 or 2 (with even N) , the free chiral fermions that underlie the 
"ramified" I-brane theory will effectively couple to the gauge group U(l) xL^x SU \N) V /L^ 
or 17(1) x L fc x SO(N + 1) V /L^, respectively. 

Therefore, when n = 1, the "ramified" I-brane theory would be given by a partially 
gauged CFT that can be schematically expressed as 

u(l)afr,fejv ^ su(k) aS)N su(N)l Sk 

® [.../»nv TTTTTw r ( 461 ) 



u(l)aff,WV Kk) aS , N > [su(Ny aGk /l(N) 



Here, fl a ff,r is the affine Lie algebra of level r associated with the underlying Lie group; 
Q^ Sr is its Langlands dual; i(k) is the Lie algebra of L^; and l(N) is the Lie algebra of 
"La- Note that the chiral fermions on the "ramified" I-brane are actually gauge- anomalous. 
Nevertheless, by repeating the arguments in [151 ec L n - (4-12)— (4.24)], we find that the overall 
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system consisting of the chiral fermions on the "ramified" I-brane and the gauge fields in 
the bulk of the D-branes, is gauge- invariant and therefore physically consistent, as expected. 
Furthermore, N' = N and k' = k, as the simple roots of L^ and L^ form a subset of the 
simple roots of SU(k) and SU(N) y , respectively. (See [Ml §VI.l].) 

At any rate, let g r and L 7) r be the integrable modules over the affine Lie algebras Q a f[,r and 
g£ s which can be realized as the spectra of states WZWg,. and WZWl^. in the corresponding 



chiral WZW models. Then, (4.61 ) would mean that after coupling to the gauge fields, (i) the 
original u(l)g,s t kN chiral WZW model will be replaced by the corresponding topological G/G 
model; (ii) the original $u(A;)aff,iv chiral WZW model will be replaced by an Su(A;) £U gf ) iv/[(A;)aff,jv 
chiral coset model; and (iii) the original su(iV)^ ff k chiral WZW model will be replaced by an 
K-^Oaff k chiral WZW model. As such, the chiral character of u(l)kN i n the overall partition 
function of the uncoupled free fermions system on the "ramified" I-brane, will reduce to a 
constant complex factor. Modulo this constant complex factor which serves only to shift 
the underlying modular anomaly of the remaining chiral characters, the effective overall 
partition function of the "ramified" I-brane theory would be expressed solely in terms of 
the chiral characters of su(k)if/l(k)N and L l(N)k- Therefore, when n — 1, the sought-after 



spectrum of spacetime BPS states in (4.57) would be realized by 



(WZW a(fc)jv /WZW r(fe)jv ) ® WZW Lf{Nh . (4.62) 

When n = 2 (with even N), the "ramified" I-brane theory would be given by a partially 
gauged CFT that can be schematically expressed as 



U(l)g ljw „ *U(*)2 J* „ 50(iV+l)V 



alL/ '' (4.63) 



Here, g^ ff r is the Z,2-twisted affine Lie algebra of level r associated with the underlying Lie 
group, and l(N + l) is the Lie algebra of Lb. Note that the chiral fermions on the "ramified" 
I-brane are actually gauge-anomalous. Nevertheless, by repeating the arguments in [TJ3 
eqn. (4.12)-(4.24)] whilst noting that S2 is topologically equivalent to an ordinary circle, 
we find that the overall system consisting of the chiral fermions on the "ramified" I-brane 
and the gauge fields in the bulk of the D-branes, is gauge-invariant and therefore physically 
consistent, as expected. Furthermore, similar to the n = 1 case, k" = k and iV" = N, as 
the simple roots of L^ and L^ form a subset of the simple roots of SO(N + l) v and SU(k), 



respectively. (See [Ml §VI.l] and footnote 21 
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Now note that (4.63 ) would mean that after coupling to the gauge fields, (i) the original 



u (l)iff kN chiral WZW model will be replaced by the corresponding topological G/G model; 

f2l CD (2) 

(ii) the original su(k)U N chiral WZW model will be replaced by an su(k)U N /l(ky aS f N chiral 
coset model; and (iii) the original so(N + k chiral WZW model will be replaced by an 
[(iV+1)^ fc chiral WZW model. As such, the chiral character of u(l) k ^ in the overall partition 
function of the uncoupled free fermions system on the "ramified" I-brane, will reduce to a 
constant complex factor. Modulo this constant complex factor which serves only to shift 
the underlying modular anomaly of the remaining chiral characters, the effective overall 
partition function of the "ramified" I-brane theory would be expressed solely in terms of the 
chiral characters of su(k)$ /l(k)^ and L l(N + l) k . Therefore, when n = 2 (with even N), 



the sought-after spectrum of spacetime BPS states in (4.57) would be realized by 



(WZW^m/WZW^)) ® WZW 



(4.64) 



We are finally ready to state our main result. When n — 1, the equivalence of the 



spectra of spacetime BPS states in (4.56) and (4.57) would mean that the Hilbert space 



(4.58) ought to be equal to the chiral CFT spectrum in (4.62), i.e 



m*u(M a s 



SU(N),h A ,p' x 



WZW 



WZW 



L T(N) k 



su(k)ff 



WZW 



(4.65) 



This is a "ramified" generalization of the geometric Langlands duality for surfaces for the 



SU(N) = A N ^ groups in (|3_30j). 

When n = 2 (with even N), the equivalence of the spectra of spacetime BPS states in 



(4.56) and (4.57) would mean that the Hilbert space (4.59) ought to be equal to the chiral 



CFT spectrum in (4.64), i.e., 



m*u(M a s 



SO(N+l),L B ,p' x 



wzw 4 



\N+l) k 



wzw w 



(4.66) 



This is a "ramified" generalization of the geometric Langlands duality for surfaces for the 
SO(N + 1) = B N/2 groups in ggh. 



Notice that for a trivial defect whence = SU(N), L# = SO(N+l) and = SU(k), 
(4.65) and (4.66) would simplify to the "unramified" case in ( |3.30[ ) and (3.44), respectively. 
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Moreover, ( |4.65 ) and (4.66) also agree with and generalize the mathematical results in 
§16] (which analyzes the k = 1 case only). 

Last but not least, note that because and L^ are associated with the dual and 



original defect in (4.57) and (4.56), respectively, L& ought to be "dual" to La- Indeed, let 



us generalize the arguments behind (3.157) to include a defect of the kind considered herein; 



one would then get an equivalence relation similar to (3.157) which involves the LHS of 



(4.65); in turn, via the RHS of (4.65) and the level-rank duality (3.158), one can conclude 
that Lfc and L^ are "dual" in the sense that Z(/c)jv = l(N)k, where l(k) and l(N) define L^ 
and La, respectively. 



A "Ramified" Geometric Langlands Duality for Surfaces for the C-D-G Groups 

Let us now proceed to derive our main result for the C-D-G groups. To this end, recall 



from (2.36) and (2.37) that the six-dimensional M-theory compactification 



M-theory 



x 



(4.67) 



N M5 + OM5 + 4d defect 



where the 4d defect wraps WL t x and the z-plane in M 4 /Zfc ~ C^/Z^ x C w /Zk, is physically 
dual to the following six-dimensional M-theory compactification 



M-theory : SN^° x x 



xJ 



(4.68) 



k M5 



- 4d defect 



where the 4d defect wraps x R t) the S 1 -fiber of SN§^°, and a single direction along the 



^ 3 base of SN§^°. 



According to §3.2, the spacetime BPS states in (4.67) and (4.68) - which are annihilated 
by eight of the sixteen supercharges of the 6d Af = (1,1) supersymmetry algebra of the 
underlying Yang-Mills theories along IR 5 x M. t - ought to have equivalent spectra. As in §3.2, 
it is through this equivalence of spectra that we will be able to derive our main result. As 



such, let us first ascertain the spacetime BPS states in (4.67). 



Via the arguments which led us to (3.61), we find that for the SO(2N) 



D 



n groups, 



the Hlibert space T^gpg of spacetime BPS states in (4.67) ought to be given by 



'P'o 



SO(2N),h D ,p 



, (M 4 )H 



(4.69) 
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where lH*U(Ai) is the intersection cohomology of the Uhlenbeck compactification of A4, 
and h D C SO(2N) is a Levi subgroup determined by the defect. 



Via the arguments which led us to (3.75), we find that for the USp(2N — 2) = Cjv-i 



groups, the Hlibert space "H B p S of spacetime BPS states in (4.67) ought to be given by 



l Usp(2N-2),L c ,p' oc 



(4.70) 



where \WU(M) C \WU{M) is the Z 2 -invariant subspace of \WU(M) (as described in the 



paragraphs leading up to (3.75)), and ~h c C USp(2N — 2) is a Levi subgroup determined by 
the defect. 



Via the arguments which led us to (3.83), we find that for the G 2 group, the Hlibert 



space "H B p S of spacetime BPS states in (4.67) ought to be given by 



(4.71) 



where IH*U(J\A) C \Y\*U(M) is the Z 3 -invariant subspace of YR*U(M.) (as described in the 



paragraphs leading up to (3.83)), and Lg C G 2 is a Levi subgroup determined by the defect. 



Let us now ascertain the spacetime BPS states in (4.68). Via the arguments which led 



us to (3.84), we arrive at the following equivalent type IIA configuration to (4.68): 



IIA 



x Si 



X K t X 
— v 



7z» 



(4.72) 



I-brane on Si X 



7VD6/06-nfcD4n3d defect 



Here, we have a stack of N coincident D6-branes on top of an 06~-plane whose worldvolume 
is given by M 5 x x R t ; a stack of k coincident D4-branes whose worldvolume is given by 
Sj, x M; x R 3 /Z3, where X3 acts as a reflection about the origin in IR 3 ; and a 3d defect which 
wraps x M. t x M, where Icl 3 . The two stacks of branes and the defect intersect along 
xR f to form a D4-D6/06" "ramified" I-brane system. Via the arguments following (3.84), 



we find that the spacetime BPS states in (4.68) ought to be captured by this "ramified" I- 
brane system. 

Note at this point that according to our preparatory discussion of the (dual) defect 



in (4.68), from the affine Lie algebraic perspective of the "ramified" I-brane theory along 



x Mf where n = 1, 2 or 3 (with N = 4), the gauge group associated with the k D4-branes 
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is h k C SO(k), where L fc is a Levi subgroup, while the gauge group associated with the N 
D6-branes is L^, or Lg, respectively, where Q y is the Langlands dual of the group Q. 



Let us now repeat the arguments that enabled us to go from (3.84) to (3.90). Bearing 
in mind the statements of the previous paragraph - which tell us that from the affine Lie 
algebraic perspective of the "ramified" I-brane theory along x R t where n = 1, 2 or 3 
(with N = 4), the dynamical gauge symmetry associated with the D4-branes is now and 
not SO(k), while an amount SO(2N) v /V D , USp(2N -2) v /L& or G£/L£ is being "unfrozen" 
from the original non- dynamical SO(2N) v , USp(2N — 2) v or G2 gauge symmetry associated 
with the D6-branes - we find that when n = 1, 2 or 3 (with N = 4), the free chiral 
fermions that underlie the "ramified" I-brane theory will effectively couple to the gauge 
group L fe x SO(2N) v /h v D , h k x USp(2N - 2) V /L^ or L fc x G^/L£, respectively. 

Therefore, when n — 1, the "ramified" I-brane theory would be given by a partially 
gauged CFT that can be schematically expressed as 

so(k) aS , 2N n so(2N)^ k 



V 



Here, fl a ff )r is the affine Lie algebra of level r associated with the underlying Lie group; 
0^ ffr is its Langlands dual; l(k) is the Lie algebra of L fc ; and l(2N) is the Lie algebra of 
Lp. Note that the chiral fermions on the "ramified" I-brane are actually gauge- anomalous. 
Nevertheless, by arguments similar to those in [To^ eqn. (4.12)-(4.24)], we find that the 
overall system consisting of the chiral fermions on the "ramified" I-brane and the gauge 
fields in the bulk of the D-branes, is gauge- invariant and therefore physically consistent, as 
expected. Furthermore, 2N' = 2N and k' = k, as the simple roots of and form a 
subset of the simple roots of SO{k) and SO(2N) v , respectively. (See [Ml §VI.l].) 

At any rate, let g r and L g r be the integrable modules over the affine Lie algebras a fr,r and 
Q^ Sr which can be realized as the spectra of states WZWg r and WZWl^. in the corresponding 



chiral WZW models. Then, (4.73) would mean that after coupling to the gauge fields, (i) the 
original so(A;) affj2 v chiral WZW model will be replaced by an so(fc) a ff ! 2Jv/^(fc)aff,2iv chiral coset 
model; and (ii) the original so(2N)^ s k chiral WZW model will be replaced by an l(2N)^ Sk 
chiral WZW model. As such, the effective overall partition function of the "ramified" I-brane 
theory would be expressed in terms of the chiral characters of sb(k)2N /l(k)2N an d L l{2N) k . 



Therefore, when n = 1, the sought-after spectrum of spacetime BPS states in (4.68) would 
be realized by 

(WZW s ~ o(fc)2JV /WZW T(fcW ) ® WZW if(27V)fc . (4.74) 
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When n = 2, the "ramified" I-brane theory would be given by a partially gauged CFT 
that can be schematically expressed as 



(4.75) 



Kk)%N» ^ 2N ~ 2 )a ff ,./K2iV - 2) a v ffifc „] • 

(2) 

Here, aff r is the Z 2 -twisted affine Lie algebra of level r associated with the underlying Lie 
group, and [(2iV — 2) is the Lie algebra of he- Note that the chiral fermions on the "ramified" 
I-brane are actually gauge-anomalous. Nevertheless, by arguments similar to those in [15l 
eqn. (4.12)-(4.24)] whilst noting that S2 is topologically equivalent to an ordinary circle, 
we find that the overall system consisting of the chiral fermions on the "ramified" I-brane 
and the gauge fields in the bulk of the D-branes, is gauge-invariant and therefore physically 
consistent, as expected. Furthermore, similar to the n = 1 case, k" = k and 2N" = 2N, 
as the simple roots of and form a subset of the simple roots of USp(2N — 2) v and 



SO(k), respectively. (See [Ml §VI.l] and footnote 30 

Now note that ( |4.75[ ) would mean that after coupling to the gauge fields, (i) the original 

(2) (2) (2) 

so(k) a Q 2N chiral WZW model will be replaced by an so(k))J 2N /l(k) l J 2N chiral coset model; 

and (ii) the original usp(2N — 2)^ ek chiral WZW model will be replaced by an 1(2 N — 2) aSk 

chiral WZW model. As such, the effective overall partition function of the "ramified" I- 

brane theory would be expressed solely in terms of the chiral characters of sb{k) 2 j <[ /l{k) 2 ^ 

and L l(2N — 2)^. Therefore, when n — 2, the sought-after spectrum of spacetime BPS states 



in (4.68) would be realized by 

(WZW^ o(fc) ( 2j >/WZW r(fc) c 2i )) 9 WZW LT{2N _ 2h . (4.76) 

When n = 3 (with N = 4), the "ramified" I-brane theory would be given by a partially 
gauged CFT that can be schematically expressed as 

S0 (^)lff,2iV 02aff,fc 

\{k)% N ,„ [bW/^W ' 

(3) 

Here, g a{ [ r is the Z 3 -twisted affine Lie algebra of level r associated with the underlying Lie 
group, and 1(G) is the Lie algebra of Lq. Note that the chiral fermions on the "ramified" 
I-brane are actually gauge-anomalous. Nevertheless, by arguments similar to those in [151 
eqn. (4.12)-(4.24)] whilst noting that S3 is topologically equivalent to an ordinary circle, 
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we find that the overall system consisting of the chiral fermions on the "ramified" I-brane 
and the gauge fields in the bulk of the D-branes, is gauge-invariant and therefore physically 
consistent, as expected. Furthermore, similar to the n = 1 and 2 cases, k!" = k and 
2N'" = 2N, as the simple roots of and Lfc form a subset of the simple roots of G 2 and 
SO(k), respectively. (See [Ml §VI.l] and footnote 30 ) 



Now note that ( |4.77[ ) would mean that after coupling to the gauge fields, (i) the original 
S0(k) a Q 2N chiral WZW model will be replaced by an 5o{k) a ^ 2N /{{k) a ^ 2N chiral coset model; 
and (ii) the original fl2afr,fc chiral WZW model will be replaced by an i(G)^ Sk chiral WZW 
model. As such, the effective overall partition function of the "ramified" I-brane theory 
would be expressed solely in terms of the chiral characters of sb(k) 2 3 ^/l(k) 2 3 ^ and L l(G)k- 
Therefore, when n = 3 (with N — 4), the sought-after spectrum of spacetime BPS states in 



(4.68) would be realized by 



(WZW ro(fe) ( 3 ) /wzw M _ ) ® WZW 



(4.78) 



We are finally ready to state our main result. When n — 1, the equivalence of the 



spectra of spacetime BPS states in (4.67) and (4.68) would mean that the Hilbert space 



(4.69) ought to be equal to the chiral CFT spectrum in (4.74), i.e. 



m*u(M a sc 



Vo 



d4\Z, 



SO(2N),L D ,p' x 



WZW L 



wzw ro(fc)2 



a.',p' ,p'oc 



l{2N) k ^ WZW- 



(4.79) 



This is a "ramified" generalization of the geometric Langlands duality for surfaces for the 



SO(2N) = D N groups in (3.94). 



When n = 2, the equivalence of the spectra of spacetime BPS states in (4.67) and (4.68) 



would mean that the Hilbert space (4.70) ought to be equal to the chiral CFT spectrum in 



(4.76), i.e. 



m*u(M a v 



'P'o 



Usp(2N-2),h c , P ' oc 



WZW L 



l{2N-2) k 



WZW ^ 
WZW « 



(4.80) 



This is a "ramified 11 generalization of the geometric Langlands duality for surfaces for the 



USp(2N - 2) = C N ^ groups in ( |3TQ8| ). 

When n = 3 (with N — 4), the equivalence of the spectra of spacetime BPS states in 



(4.67) and (4.68) would mean that the Hilbert space (4.71) ought to be equal to the chiral 
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CFT spectrum in (4.78 



), i.e., 



m*u(M a G ; 



'P'o 



WZW iT 



„ wzw ^« 
! "'* wzw wS 



(4.81) 



This is a "ramified" generalization of the geometric Langlands duality for surfaces for the 
G 2 group in (3.125). 

Notice that for a trivial defect whence L D = SO(2N), h c = USp(2N - 2), L G = G 2 
and L fc = SO(k), p~79]), OSb and pi would simplify to the "unramified" case in gjgfc, 



(3.108) and (3.125), respectively. Moreover, ( |4.79[ ), (4.80) and (4.81) also agree with and 
generalize the mathematical results in [69, §16] (which analyzes the k — 1 case only). 

Last but not least, note that because L& and are associated with the dual and 



original defect in (4.68) and (4.67), respectively, ought to be "dual" to Lp. Indeed, 



let us generalize the arguments behind (3.162) and (3.163) to include a defect of the kind 



considered herein; one would then get a "ramified" version of (3.162) and (3.163), and 



together with (4.79) and (3.164), one can conclude that and are "dual" in the sense 



that l{k) 2N — ^(2iV) fc , where l(k) and l(2N) define h k and h D , respectively. 



Part II 

The AGT Correspondence 



5. An M-Theoretic Derivation of the Pure AGT Correspondence 



5.1. Turning on Omega-Deformation 



Let k = 1 in (3.1), (3.2), (3.57) and (3.58); in other words, consider the physically dual 



six-dimensional M-theory compactifications 



l 4 xSix EL xK 5 



N M5-brancs 



xK,xSix TN 
> 



fl-»0 
N J 



1 M5-branes 



(5.1) 



and 



^ 4 x Si x 



N M5-branes + OM5-planc 



x Si x SN*->° 



v 

1 M5-branes 



(5.2) 



113 



As explained in §2.1 and §2.2, on the LHS of (5.1 ) and (5.2), there is a Z n -outer-automorphism 
4 as we go around the circle and identify the circle under an order n translation; on 



of 



the RHS of (5.1) and (5.2), there is a Z n -outer-automorphism of the singular multi-Taub- 
NUT space TN$~^° and Sen's singular four-manifold SN^ (whose circle fibers at infinity 
approach zero radius) as we go around the circle. 



Recall from our arguments that brought us from (2.1) to (2.8), and from (2.9) to (2.16), 
that the above M5-branes and M5-branes + OM5-plane in (5.1) and (5.2) span the following 
directions: 








1 


2 3 4 5 


6 7 8 9 


10 


N M5's/OM5 
1 M5 













(5.3) 



Here, the '— ' sign in the column labeled by j means that the particular brane extends 
along the j th direction with coordinate Xj. We take xq and x\ to be the coordinates on 
M. t and S 4 , so that (x2, £3, x&, £5) would be the coordinates on IR 4 ; then, if z = £2 + ixs 
and w = X4 + 1x5, M 4 can be viewed as a complex surface C 2 whose coordinates are (z,w). 
On the other hand, (x^, x?, xg, xg) would be the coordinates on TN§~*° and SN§^°, and if 
u = x 6 + ix 7 and v = x 8 + ix 9 , TN§^° and SN§~^° can likewise be viewed as a complex 
surface whose singularity at the origin would be modeled by C 2 /Z N and C 2 /Djy, respectively, 
where (it, v) are the coordinates on C 2 . 



Omega-Deformation via a Fluxbrane 



Now, on the LHS of (5.1) and (5.2), turn on Omega-deformation |9l H] with real pa- 
rameters €\ and 62 along the z- and w-planes, respectively, via a fluxbrane as described 
in [351 [36]: 








1 


2 3 


4 5 


6 7 


8 9 


10 


N M5's/OM5 
fluxbrane 


X 


® 


ei 


£2 


£3 


X X 






(5.4) 



Here, the 'x's denote the fluxbrane directions; '<g>' denotes the circle direction; and o 
denotes the "eleventh circle". In addition, there is also a rotation along the it-plane with 
rotation parameter €3 = E\ + €2, and it is tantamount to a topological twist (that involves an 
i?-symmetry) which helps preserve some supersymmetry that would otherwise be completely 
broken by the (61,62) rotations along the (z,w) planes. 



In short, the LHS of (5.1) and (5.2) in the presence of the fluxbrane denoted in (5.4) 
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can be written as 



|ei,e 2 X X 



XJ 



1^3! ^6,75 



v 

N M5-branes 



and R%, €2 x x R t xl 

v '■ v ' 

N M5-branes + OM5-plane 



|e3;a;6,75 



(5.5) 



where IR 4 | eii(E2 is a completely Omega-deformed IR 4 , and lR 5 | e3;X67 is an IR 5 that is partially 
Omega-deformed along the Xq-x-? plane with parameter e^. 

Repeating in the presence of this fluxbrane, the chain of arguments that brought us 



from (2.1) to (2.8), and from (2.9) to (2.16) - bearing in mind that since we do not perform 
a T-duality along the circle in the Xi-direction which would convert the fluxbrane into a 
fluxtrap, (i) the T-dualities we perform in the directions along the fluxbrane would not induce 
additional deformations to the B-field at any step of the duality chain; (ii) in performing 
steps (2.6) and (2.14), the IR 3 base of the TNi space and the D6-brane normal to it would 



be deformed, purely geometrically, such that the ten-dimensional background metric will 
(omitting the contributions from TN$~* and SN§^°) be given by 46 

[/( r )l/2 



2vr 
1 



2irU(ry/ 



[dr 2 + r 2 du 2 + r 2 (ei(5dx\ + e 2 /3dxi + d(j)) 2 sm 2 ui] 
[ dx o,...i + dx l,...,io + d p\ + Pl( d ^ ~ ^Pdx^ 2 ] , 



(5.6) 



where (r, 0, u) are the usual spherical coordinates on M. 3 spanning the X3-X4-X5 directions, 
(p 3 , A 3 ) are the radial-angular coordinates along the it-plane, the function U(r) is the back- 
ground contribution of the D6-branes, /3 is the radius of the circle, and the second term in 



(5.6) is the worldvolume metric of the D6-branes; and (iii) according to (5.6), the T-duality 



we perform after steps (2.6) and (2.14) in the Xio-direction normal to the fluxbrane will not 



induce additional deformations to the B-field either - we can, after proceeding with steps 



(2.7) and (2.8), and steps (2.15) and (2.16), express the dual configuration on the RHS of 



(5.1) and (5.2) in the presence of the now dual fluxbrane, as 
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2 3 4 5 


6 7 


8 9 


10 


1 M5 














dual fluxbrane 


X 


® 




£3 


X X 






(5.7) 



Here, "ei,e 2 " along the x 2 -x 3 -X4-x 5 directions means that there are two simultaneous rota- 
tions along the 24-25 plane with rotation parameters €\ and e 2 . 



46 I would like to acknowledge Domcnico Orlando's assistance with the following formula. 
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In short, the RHS of the duality relations (5.1) and (5.2) in the presence of the dual 
fluxbrane denoted in (5.7), can be written as 



l ^3; 3:4,5 



x 



h x x TN N ~~* \ £3iXe7 



and 



1^3; Z4, 5 



x Si x SN%-+° 



163) ^6,75 



(5.1 



1 M5-branes 



1 M5-branes 



where the subscript in TN^ 1 ea . X6 7 and SW^ - * ^.^ 7 indicates that they are partially 
Omega-deformed along the x e -x 7 plane with parameter e 3 . 



In (5.5 ), since each independent e parameter breaks 1/2 of the total number of supersym- 
metries |36j, there are, in the eleven-dimensional background, effectively 32 x 1/2 x 1/2 = 8 
conserved supercharges. Thus, the worldvolume theory of the N M5-branes and iV M5- 



branes + OM5-plane on 



I £1,^2 



x Sj, x R t has 8x1/2 = 4 conserved supercharges, and the 



corresponding 6d spacetime theory along K f x 
directions) has Af = (1,0) supersymmetry. 



|63;z6 



7 (which spans the 20-26-27-23-29-210 



On the other hand in (|5.8|), because the e3-rotation along the 26-27 plane in hyperkahler 

), and because 



TNft~*° and SN^° does not break any additional supersymmetries (c.f. 
there is a rotation only of a single plane in the 24-25 directions which, consequently, breaks 
just 1/2 of the existing number of supersymmetries, there are, in the eleven-dimensional 
background, effectively 32 x 1/2x1/2 = 8 conserved supercharges. Thus, the worldvolume 
theory of the single M5-brane on K^Six TN§^°\ £3 . X67 and R t x x SN^~^ \ t:j . X67 has 
8 x 1/2 = 4 conserved supercharges, and the dual 6d spacetime theory along IR t x IR 5 | e3;X45 
(that spans the 20-22-23-24-25-210 directions) also has Af = (1, 0) supersymmetry, consistent 
with the duality of the 6d compactifications ( |5.5 ) and ( 5.8[ ). Moreover, (5.8), like its dual 



compactification (5.5), is invariant under the exchange t\ -h- 



Omega- Deformation and Spacetime Half-BPS States in a Variant of (5.5) 



The Omega- deformation due to the fluxbrane in (5.4) can also be explained in terms 



of the partition function of spacetime half-BPS states in a compactification that is a slight 



variant of (5.5). 



To this end, first recall from §3.1 and §3.2 that the spacetime quarter-BPS states on 



the LHS of (i) (5.1) and (ii) (5.2) will correspond to the quantum states of the worldvolume 
theory of the (i) N M5-branes and (ii) iV M5-branes + OM5-plane given by the topological 
sector of an Af = (4, 4) sigma-model with worldsheet S = x M. t and target manifold KAq 
the moduli space of G-instantons on IR 4 , where (i) for n = 1 or 2 (with even N), G = SU(N) 
or SO(N + 1), and (ii) for n = 1, 2 or 3 (with N = A), G = SO(2N), USp(2N - 2) or G 2 . 
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In other words, where the spacetime quarter-BPS states on the LHS of (5.1) and (5.2) are 
concerned, we can regard the sigma-model to be topological whence we are free to deform 
E into a short cylinder X I t , where l t is an interval whose length is much smaller than /3. 

Since the far past and far future are now brought to finite distances whence the eleven- 
dimensional fields no longer decay to zero at the beginning and end of time, one would 
need to specify nontrivial boundary conditions at the ten-dimensional ends of It- Therefore, 
let us pick, for our purpose, a physically consistent common half-BPS boundary condition 
that preserves only a certain one-half of the sixteen worldvolume supersymmetries, such 
that the remaining eight worldvolume supersymmetries continue to define the M = (4, 4) 
supersymmetry of the underlying sigma-model whose worldsheet is now S nt = S* x I t , 
whence the spacetime quarter-BPS states mentioned in the last paragraph - which, at the 
tips of l t , are now spacetime half-BPS states due to the supersymmetry-breaking boundary 
condition we picked - would again be captured by the topological sector of the sigma-model. 
This common half-BPS boundary condition can, for example, be effected by inserting a 
pair of M9-branes [37] whose worldvolumes at the tips of It span the ten directions along 
S|, x I 4 x M 5 , whence the M5-branes/OM5-plane would intersect them along x M 4 . 



If Omega-deformation is now turned on via a fluxbrane as shown in (5.4), i.e., if we 



consider instead of (5.5) the following compactifications 



(5.9) 



v v 

N M5-branes N M5-branes + OM5-plane 



our discussion hitherto would mean in particular that as one traverses around the circle, 
the x 2 -x 3 and the x^-x 5 planes in M 4 | £1(:2 would be rotated by angles e x and e 2 together 
with an S'f/(2) fi -symmetry rotation of the G gauge theory along ]R 4 | (Elje2 J^]such that at low- 
energy distances much larger than I t , the partition function of spacetime half-BPS states 



in (5.9) (which a priori is defined as a trace that is tantamount to gluing the two ends of 
Hn 7 t — x I t into a two-torus x § t ) would be given by the following 5d (since §t <C (3) 
worldvolume expression (c.f. [70l eqns. (29) and (43)]) 

^Bps(ei, e 2 , a, (3) = Tr «m ex P P( e iJi + ^2 + a-f), (5.10) 

m 

where T = (Ti . . . , T ran kG) are the generators of the Cartan subgroup of G; a — (ai, . . . , a ran kG) 



47 Here, the i?-symmetry is that of a 4d Af = 2 supersymmetry algebra that underlies the G gauge theory 
along K 4 | eii(!2 which the surviving worldvolume supercharges are supposed to be associated with. 
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are the corresponding purely imaginary Coulomb moduli of the G gauge theory on IR 4 | eij(E2 ; 
Ji t 2 are the rotation generators of the X2-X3 and X4-X5 planes, respectively, corrected with an 
appropriate amount of the S77(2)fl-symmetry to commute with the two surviving worldvol- 
ume supercharges; and % m is the space of holomorphic functions on the moduli space M.G,m 
of G-instantons on IR 4 with instanton number m. 

In fact, as g = exp /3(eiJi+e2<72+<7 • T) is a symmetry group of M.G,mi the appearance of 



g G {7(1) x {7(1) x T in (5.10) means that Omega-deformation also effects a g-automorphism 
of M.G,m as we traverse around the S 4 circle, where T C G is the Cartan subgroup. This 
point will be important in the next two subsections. 



Omega- Deformation in the Dual of (5.9) and Rotations in the Type IIA Spacetime Theory 



According to the duality of the six-dimensional compactifications (5.5) and (5.8), the 



dual of (5.9) would be given by 

x E„, t x TN* *| and R% 3]X ,, 5 x S n>i x SN§^\ 3;X6i7 , (5.11) 



1^3; ^4,5 



v 



1 M5-branes 1 M5-branes 



where we have the same common half-BPS boundary condition as in (5.9) at the tips of It, 
that is effected by a pair of M9-branes whose worldvolumes at the tips of I t span the ten 
directions transverse to it. 



Let us for a moment turn off Omega-deformation in (5.11), i.e., set €3 = 0. Notice then 



that (5.11) is equivalent to a (strongly-coupled) type IIA compactification where geomet- 
ric engineering and the Z n -outer-automorphism of the compactification four-manifolds (i) 
TN§~* and (ii) SN§^° (as we go around the S 4 circle) tell us [38] that the Lie algebra un- 
derlying the enhanced gauge symmetry of the resulting 6d spacetime theory along IR 4 x £ n>t 
ought to be (i) the Langlands dual Lie algebra su(7V) v or so(N + l) v when n — 1 or 2 (with 
even TV), and (ii) the Langlands dual Lie algebra 50 (27V) v or usp(27V — 2) v or 02 when n — 1 
or 2 or 3 (with N = 4). In particular, the symmetries of the 2d theory along E njt ought to 
be rooted in $j v , where q is the Lie algebra of G. 

Now turn Omega-deformation back on. Then, as one traverses around the circle, 
among other things, the x 4 -x 5 plane in M 4 | e3;X45 would be rotated by an angle of e\ + e 2 = e 3 



1 £3; 2:4,5 



18 



This 



together with an S , {7(2)/j-symmetry rotation of the gauge theory along 
type IIA spacetime perspective of the Omega-deformation would be relevant in the next two 
subsections. 



48 Here, the i?-symmctry is that of a 4d M — 2 supersymmetry algebra that underlies the gauge theory 
along IR 4 | e3;a;45 which the surviving worldvolume supercharges are supposed to be associated with. 
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5.2. An Equivalence of Spacetime BPS Spectra and a Pure AGT Correspondence for the 
A-B Groups 

We shall now derive, purely physically, a pure AGT correspondence for the A-B groups. 



To this end, recall from (5.9) and (5.11) that we have the following physically dual M-theory 
compactifications 



161,62 



x ^n,t X -^ 5 |e3;a:6,7 ^ ^ ^ 5 I £3; £4,5 x C X TNj^ ° | <e 3; £6,7 ; (5-12) 



v v 

N M5-branes 1 M5-branes 

where we have a common half-BPS boundary condition at the tips of l t C S n t = x I t ; the 
radius of S* is (3; I t <C /?; and C is a priori the same as E njt . As usual, there is a Z n -outer- 
automorphism of IR 4 | eij(E2 and TN§^°\ t3 - Xfj 7 as we go around the circle and identify the 
circle under an order n translation, and the e^'s are parameters of the Omega-deformation 
along the indicated planes described in detail in the last subsection. 



The Spectrum of Spacetime BPS States on the LHS of (5.12) 



Let us first ascertain the spectrum of spacetime BPS states on the LHS of (5.12) that 



define Z B ps(ei, e 2 , a, (3) in (5.10). In the absence of Omega-deformation whence ej = 0, 
according to our discussion in the previous subsection, the spacetime BPS states would be 
captured by the topological sector of the M = (4,4) sigma-model on E n t with target the 
moduli space M.q of G-instantons on IR 4 , where for n = 1 or 2 (with even N), G = SU(N) 
or SO(N + 1), respectively. However, in the presence of Omega-deformation, recall from 



our discussion immediately after (5.10) that as one traverses a closed loop in £ n ,t, there 
would be a g-automorphism of Aic, where g G U(l) x (7(1) X T, and T C G is the Cartan 
subgroup. Consequently, the spacetime BPS states of interest would, in the presence of 
Omega-deformation, be captured by the topological sector of a non-dynamically g-gauged 



version of the aforementioned sigma-model, Hence, according to [71| and our arguments 



49 The relation between g-automorphisms of the sigma-model target space and a non-dynamical g-gauging 
of its worldslieet theory, is explained in [51] §2.4 and §5]. For self-containment, let us review the idea 
here. Consider a sigma-model with worldsheet S n t , target space Mgi an d bosonic scalar fields In the 
usual case where there is no action on Mq as we traverse a closed loop in E njt , one would consider in the 
sigma-model path-integral, the space of maps $ : — > A4g, which can be viewed as the space of trivial 
sections of a trivial bundle X = M.q x S„. t . If however there is a g-automorphism of M.q as we traverse 
a closed loop in E„ jt , X would have to be a nontrivial bundle given by A4g X —> E rajt ; then, $>(z,z) 
will not represent a map S n t — > A^c but rather, it will be a nontrivial section of X. Thus, since is no 
longer a function but a nontrivial section of a nontrivial bundle, its ordinary derivatives must be replaced 
by covariant derivatives. As the nontrivial structure group of X is now g, replacing ordinary derivatives by 
covariant derivatives would mean introducing on £ n t gauge fields A a , which, locally, can be regarded as 
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in §3.1 which led us to (3.5), we can express the Hilbert space %bps °f spacetime BPS states 



on the LHS of (5.12) as 



n 



BPS 



(33 ^BPS,m — IH 



U(l) 2 xT 



U{M G , m ), 



(5.13) 



where IH^ 1 - )2xT W(A^G,m) is the Z n -invariant (in the sense of (3.19) when n — 2) t/(l) 2 x 
T-equivariant intersection cohomology of the Uhlenbeck compactification U(A4.G,m) of the 
(singular) moduli space M.G,m, of G-instantons on M 4 with instanton number m. 



The Spectrum of Spacetime BPS States on the RHS of (5.12) 

Let us next ascertain the corresponding spectrum of spacetime BPS states on the RHS 



of (5.12). Bearing in mind footnote 36 which tells us that the underlying worldvolume 



theory of the single M5-brane is conformal along TN^~*°\ e3 . X67 in (5.12), by repeating our 



arguments in §3.1 which led us to (3.20) and beyond, and from our discussion surrounding 



(5.6), we find that the spacetime BPS states would be furnished by the I-brane theory in 



the following type IIA configuration: 



IIA: R% m x C x R\ 3 . X6t7 . 



I-brane on C = ND6 n 1D4 



(5.14) 



Here, we have a stack of N coincident D6-branes whose worldvolume is given by 
and a single D4-brane whose worldvolume is given by C x 



,xC, 



Let us for a moment turn off Omega-deformation in (5.14), i.e., let €3 = €\ + e 2 = 



Then, by applying to (5.14) our analysis in §3.1 which eventually led us to (3.30) and (3.44) 



from (3.20), we learn that the spacetime BPS states would be furnished by chiral fermions on 



C which couple to the dynamical U(l) gauge degrees of freedom on the single D4-brane that, 
in turn, can be effectively represented by a chiral WZW model at level 1 on C, WZWg 6 \7 e11 , 
where q^ s is the Langlands dual of the affine G-algebra $j a ff. This is consistent with our 



observation after (5.11 ) that the symmetries of the 2d theory along C ought to be rooted in 
the Langlands dual Lie algebra $j v (and therefore 0aff)- 



Now turn Omega-deformation back on. As indicated in (5.14), as one traverses around a 
closed loop in C, the plane in IR 4 | e3;:2 . 4 5 C 1R 5 | €3;X4 5 would be rotated by an angle of e 3 to- 



gether with an S"?7(2)K-symmetry rotation of the supersymmetric SU(N) gauge theory along 



(Lie g)-valued one-forms with the usual gauge transformation law A a ' = g 1 A a g + g 1 dg, where g € g. This 
is equivalent to gauging the sigma-model non-dynamically by g. 
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M 4 1 £3 ; £4,5 • According to our discussion in the last subsection which led us to ( 5 . 1 ) and slightly 
beyond, we find that Omega-deformation in this instance would effect a g'-automorphism of 
•M-su(N),m as we traverse around a closed loop in C, where Msu(N),m is the moduli space of 
5*?7(A^)-instantons on IR 4 with instanton number m; g' = exp /3(e3 J3 + a ■ X'); J3 is the rota- 
tion generator of the X4-X5 plane corrected with an appropriate amount of SU (2)#-symmetry 
to commute with the D6-brane worlvolume supercharges; T' = (T[ . . . ,T{. ankSU r N j) are the 
generators of the Cartan subgroup X" C SU(N); and a = (a±, . . . ,a ran ^su(N)) are the cor- 
responding purely imaginary Coulomb moduli of the SU(N) gauge theory on E 4 | e3;a;46 . In 
fact, since M.su{N),m is also the space of self-dual connections of an S , f/(A^)-bundle on M 4 , 
and since these self-dual connections correspond to differential one-forms valued in the Lie 
algebra su(N), Omega-deformation also means that there is a g'-automorphism of the space 
of elements of su(N) and thus SU(N), as we traverse a closed loop in C. 

Note at this point that in the above, g^ s ~ su(iV)^, where su(Ny^ is a Z n -twisted 
affine SU(N)-&\gebva. What this means is that WZW fl e \7 e11 can be regarded as a (chiral half 
of a) SU(N) WZW model at level 1 that is Z n -twisted on C. Since a Q WZW model on S 
is a bosonic sigma-model on £ with target the ^-manifold, according to the last paragraph, 
it would mean that Omega-deformation would effect a g'-automorphism of the target space 
of WZWi e v ve11 as we traverse a closed loop in C, where g' £ U(l) x X". In turn, according to 



footnote [49} it would mean that in the presence of Omega-deformation, we would have to 
non-dynamically gauge WZW' e v ve11 by U (1) x V . 

That said, "H-gauged Q WZW models are physically consistent if and only if they 
correspond to coset models G/Ti, where H is necessarily a connected subgroup of Q. Since 
the maximal connected abelian subgroup of SU(N) is T', i.e., U(l) x X" is not a connected 
abelian subgroup of SU(N), physical consistency would then require us to gauge WZW 1 ™ 11 
by X' only; in other words, our gauged WZW model would correspond to the coset model 
SU(N)/T'. In turn, because SU(N)/T ~ SL(N,C)/B+, where B + C SL(N,C) is a Borel 
subgroup, we could just as well study a £? + -gauged SL(N, C) WZW model. 

Before we proceed any further, let us make a slight deviation to highlight an important 
point regarding the effective geometry of C. As the simple roots of B + form a subset of the 
simple roots of SL(N,C), the level of the affine £> + -algebra ought to be the equal to the 
level of the affine SL(N, C)-algebra [M] which is 1. However, it is clear from our discussion 
hitherto that the affine I? + -algebra, in particular its level, will depend nontrivially on the 
Omega-deformation parameters which may or may not take integral values; in other words, 
its level will not be equal to 1. A resolution to this conundrum is as follows. A deviation of 
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the level of the affine -B + -algebra from 1 would translate into a corresponding deviation of 
its central charge; since a central charge arises due to an introduction of a macroscopic scale 
in the 2d system which results from a curvature along C [53], it would mean that Omega- 
deformation ought to deform the a priori flat C = S n 4 into a curved Riemann surface 
with the same topology - that is, a Riemann sphere with two punctures - such that the 
anomalous deviation in the central charge and thus level, can be consistently "absorbed" 



in the process, 50 Thus, we effectively have C = S 2 /{0,oo}, so C can be viewed as an 
fibration of It whose fiber has zero radius at the two end points z = and z = oo, where V 
is a holomorphic coordinate on C. 

Coming back to our main discussion, as explained in §B, since the gauged WZW model 
is non- anomalous if and only if we gauge by iV + C B + , where N + is the subgroup of strictly 
upper triangular matrices which are nilpotent and traceless with Lie algebra n + , ultimately, 
what we ought to consider is an iV + -gauged SL(N, C) WZW model. In the schematic 
notation of §3.1, this can be expressed as the partially gauged chiral CFT 

'WSi/n+gp (5-15) 

on C, where the level p would, according to our discussions hitherto, necessarily depend on 
the Omega-deformation parameters e\ = f3e\ and e' 2 = /3e2- (p> being a purely real number, 
should not depend on the purely imaginary parameter a' = (3a). 

In sum, the sought-after spacetime BPS states ought to be given by the states of the 



partially gauged chiral CFT in (5.15), and via §B and [72] eqn. (6.67)], we find that this chiral 
CFT realizes W($j^ ff ) - a Z n -twisted version of the affine W-algebra W(sl(N)) obtained from 
sl(N)gs via a quantum Drinfeld-Sokolov reduction. In other words, the states of the chiral 
CFT would be furnished by a Verma module W(£j^ ff ) over W(s^), and the Hilbert space 
"Hgp S of spacetime BPS states on the RHS of (5.12) can be expressed as 



^BPS = W(0r ff )- (5-16) 



A Pure AGT Correspondence for the A-B Groups 



Clearly, the physical duality of the compactifications in (5.12) will 



■'A geometrical modification of C due to Omega-deformation has also been justified in 
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(5.13) is equivalent to "H§p S in (5.16), i.e. 



m* uil)2xT u(M G , m ) = w(0aff) 



(5.17) 



Thus, we have a 4d-2d duality relation in the sense of (3.30) and (3.44). 



According to footnote 21 and (B.34) - bearing in mind that (i) dimsl(N) = iV 2 — 1; 



(ii) ranksl(iV) = JV - 1; and (iii) h) 



l(N) 



N - the central charge of W(0^ ff ) is 



c A = (N - 1) - (iV 3 - N) (a+ + aJf 



(5.18) 



where a + ct- = — 1; a + = l/\/k' + N; and k' G M is the effective level of the underlying 



affine Lie algebra sl(N)ag. Note at this point that (5.15) means that we can also write 
ca = c(sl(N)^g tl ) — c(n+^j )P ), and since the central charge c(sl(N)^ A ) = N — 1, according 
to (5.18), we can also write c(n + ^jj ) = (A^ 3 — N) (a + + a_) 2 . 

As mentioned, p would depend on the Omega-deformation parameters e[ = (it\ and 



(3e 2 ; thus, so would a±. Because a + a_ 



•1, it would mean that we can write 



if(e' l ,e' 2 ) and a_ = if 1 (e' 1 ,e' 2 ), where /(e'^e^) is some possibly complex function. 



Because (5.12) is symmetric under the exchange e\ <->■ e' 2 , so must ca\ in particular, we ought 
to have f(e[, e' 2 ) + /"Vi, e' 2 ) = f(e' 2 , e[) + f-\e> 2 , e[). Because a+ = 1/WTN = if fa, e 2 ) 
would go from positive real to negative purely complex as we vary k', it would mean that 
/(e^e'g) must also go from negative purely complex to negative real as we vary the e^'s. 
Because we have a geometrical g" = exp[(e' 1 + e' 2 ) J3] = exp[(Ae' 1 + Ae' 2 )A _1 J3] automorphism 



associated with the Omega-deformation in (5.14), and since ca is only a function of e' x 2 and 
not of J3, we ought to have c^(e^,e 2 ) = c^(Ae^, Ae' 2 ); in other words, a + + a_ ought to be 
invariant under e\ — > Ae^, where A is some real constant. Altogether therefore, it would mean 
that we can write a + = — «-\/ e i/ e 2 = ~i\/ e i/ e 2 and a_ = — iye^T^i = ~^\f e 2/ e i\ in turn, 



(5.18) would be given by 



c A , e , 2 = (iV-l) + (iV 3 -A0 



( gi + eg) 



(5.19) 



where in addition, we would have 



-iV — 6" 



and 



(5.20) 



123 



so that one can also write 



c^^cM^gj + c^J, (5.21) 

where 

c(a ii2 ) = /C {J v)dim 5 u(iV) U + (5.22) 

can be regarded as an Omega-deformation-induced central charge. (Notice that there is no f3- 



dependence in the formulas (5.19)-(5.22); this is consistent with the fact that these formulas 



are supposed to be globally-defined on C independent of the varying radius of S* C C.) 

The Verma module W(0^ ff ) is generated by the application of creation operators W^ 
on its Z n -twisted highest weight state |A), where the W^< 's are the negative modes of 
the spin-Sj fields W^ Si '(z) on C which span W(fl^ ff ), and m E Z/n. On the other hand, 
|A) is annihilated by the annihilation operators W^ , where the W^ 's are the positive 
modes of the W^ Si '(z) fields on C which also span W(fl^). Nonetheless, we have W (a<) |A) = 
A( S ^|A), where the A^'s are Weyl- invariant polynomials in a = Jo + (a + + a_)p; Jo = 
(Jq, . . . , j™ nksl ( N ^ are ^he zero th modes of the rank sl(iV) untwisted scalar bosonic fields in 
the free-field realization of W(0^ ff ); and p is the Weyl vector of sl(N) [72J. For example, 
W (2) |A) = L \A) = A( 2 )|A), where L is the zeroth mode of the stress tensor T(z) = W^ 2 \z), 
andA( 2 ) = (a 2 -(a + + a_) 2 p 2 )/2 = a 2 /2 + (iV 3 -iV)(e 1 + e 2 ) 2 /24e 1 e 2 . (See [721 eqn. (6.18)], 



and note that just like the quantities in (5.19 )-(5.22 ), A^ 2 ^ should be /3-independent, as is 
the case.) 

Recall at this point that L generates translations along the fiber in C, and since the 
presence of Omega-deformation means that there is a rotation of an IR 4 space and the gauge 
field over it as we go around the (c.f. our earlier discussion on a g'-automorphism) , L 
should be related to the rotation parameters (ei, e 2 , a). Indeed, we saw in the last paragraph 
that Lq has eigenvalues which depend on (ei,e 2 ,a), and since a, like a, is a vector whose 
number of components even coincides with that of a when G = SU(N), we can naturally 
identify a with — ia, where a factor of — % is needed because a is purely imaginary while a is 



purely real. That said, because of (5.17), it would mean that the symmetries of A^ 2 ) ought 



to be compatible with the symmetries of the partition function Z B ps(ei, e 2 , a, (3) of "H^ps in 



(5.10); in particular, since Zpps^i, £2, a, (3) is invariant under the simultaneous rescalings 
(/3,ei,e 2 ,a) — > (C _1 /3, Cei, £e 2 , £a), where ( is some real constant, the /3-independent A^ 2 ) 
must be invariant under the simultaneous rescalings (ei, e 2 , a) — > (£ei, (e2, C^O- Furthermore, 



because (5.12) is symmetric under the exchange e± -H- e 2 , so must A^ 2 ). In sum, we ought to 
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have a ~ —iaj y/e^, whence we can write 



W (2) |A> = A^|A) 



(5.23) 



where 



A (2) 



(N 3 - N) (ei + e 2 ) 2 7a 2 



24 



eie 2 



eie 2 



for some real constant 7. 

In the limit that /3 — > 0, it is well-known [73] that 



(5.24) 



-^BPs( e l, e 2, O, (3) — -^BPS,m( e l) e 2, 0, /3) 



(5.25) 



of (5.10) behaves such that ^BPS,m( e i; e 2, 3, (3 — >• 0) ~ /3 « Zj|p S m (ei, e 2 , a), whence the 



Nekrasov instanton partition function Z inst (A, ei, e 2 , a) = X^m^ 2 "^ -^bps m( e i> e 2, o) can be 
written as 



Z inst (A, e a , e 2 , a) = ^ A 2mh * Z^ m (e u e 2 , a, /3 -> 0), 



(5.26) 



where Z4 



BPS,m 



lm(3 8 ^bps m ; is some constant; and A can be interpreted as the inverse 



of the observed scale of the 



space on the LHS of (5.12) 



The expression for Z- mst in (5.26) is indeed consistent with (a) its original definition 



in [9] as a sum of weighted integrals over U(M.G,m) of the exponent of the Hamiltonian of 
a U(l) 2 x T action against the symplectic measure^] and (b) the fact that Z^ PSm counts 



(with weights) the states in %bps, 
(a), we can also write 



IH 



C/(l) 2 xT 



G,m 



To see this, first note that from 



Z inst (A,ei,e 2 ,a) 



A 



exp [oj + /i(ei, e 2 , a) 



(5.27) 



U{M G ,m) 



where w is a symplectic form on lA(A4.G,m)-, invariant under the U(l) 2 x T action, and 
: U(M.G,m) — > C is a moment map, where £ = Lie(f/(1) 2 x T) = (ei, e 2 , a) J 52 ] 

51 More precisely, it is the Gieseker compactification 5(A^G,m) 01 A^G,m that is considered in [9], where 
S(AlG, m ) is just a smooth resolution of the singular Uhlenbeck compactification U{M.G. m )- However, we 
will continue to formulate our results in terms of U{M.G,m) to be consistent with the earlier parts of the 
paper, and to also make contact with the mathematical literature 20, ^T] on the subject. 

52 The expression for Z- lns t was originally stated in [§] in terms of the smooth Geiseker compactification 
Q(M-G,m) instead of U{M.G,m)- Nevertheless, since the equivariant cohomology H^/ 1 w xT Q{M.G,m) is equal 
to the equivariant intersection cohomology TH^ri\2 xT M(M.G,m) ( c -f- footnote 
state Z- lnst in terms of U^M.G,m)i as was done mathematically in [20, §6]. 



51 



and 



541), we can also 
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Next, note that Cj = u> + \x is a U(l) 2 x T-equivariant symplectic form on (singular) 
U{M.c ) m) [H], and moreover, it is a class in IH^,^ xT U(M.G,m)] thus, by the Duistermaat- 



Heckmann theorem, we can write the terms on the RHS of (5.27) as 



/ exp[w + //(o,ei,e 2 )] = (2vr) a! V 

JU(M G ,m) * LL i 



(5.28) 



where d = dime U(M.G,m)] the set {p m } are the fixed-points of the U(l) 2 x T-action on 
U{M.G,m)] Hp m is the restriction of p, to p m ; and aj,p m (0 are the weights of the U(l) 2 x In- 
action on the tangent space to p m . 

Last but not least, note that equivariant localization [75] implies that JK^f 1 \2 KT tl{M.G,m) 
must be endowed with an orthogonal basis { \p m ) } that is in one-to-one correspondence with 
the fixed-point set {p m } 53 Thus, since according to (b), Z^ PSm is a weighted count of the 
states in H^ps m 



IH 



U(l) 2 xT 



U{M.G,m)i it would mean that one can write 



^BPS,m( e i> e 2,a,/3 ->0) = § m ( e i ; e 2,a)(p m |p m ), 



(5.29) 



Pm 



where lp m (ei, e 2 , a) G K, and the dependence on ej, €2 and a arises because the energy level 
of each state (given by the eigenvalue of the Lq operator which generates translation along 



C S nj4 in (5.12) whence there is an Omega-deformation twist of the theory along the or- 



thogonal spaces indicated therein) ought to depend on these Omega-deformation parameters. 



Comparing (5.27) with (5.26), and then comparing (5.28) with (5.29), we get 



(27r) d e 



d pMp m 0l>e2,a) 



Uf =1 a 



[ei,e 2 ,a 



lff m (e 1 ,e 2 ,a){p m \p 

ml • 



(5.30) 



Thus, we find our assertion that the expression for Z- mst in (5.26) is indeed consistent with 
facts (a) and (b), to be true. 

Notice that ( |5.29 ) also means that 



Z' B ps,m(ei,e 2 ,d,(3 -> 0) = (tf m |tf m >, 



(5.31) 



where 



l*m) = 0kJPm)- 



(5.32) 



Pm 



r,:s 



See eqn. (3.10)] where this fact was also exploited. 
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Figure 1: C and its iV-fold cover T^sw with the states (q, A| and \q, A) at z = and oo 

Here, the state \^ m ) G IH^ 1 ) 2xT W(A'lG,m), and (-|-) is a Poincare pairing in the sense of [23 
§2.6]. 

Now consider the state 

|*)=0A"^> m ). (5.33) 



By substituting (5.31) in the RHS of (5.26), and by noting that (^f m \^f n ) = 5 mn , one can 



immediately see that 



Z imt (A,e 1 ,e 2 ,a) = 



(5.34) 



where G ® m IH^ 1 - )2xT W(A^G,m)- In turn, the duality relation (5.17) would mean that 



|*> = |<Z,A) 



(5.35) 



whence 



Z inst {A,e 1 ,e 2 ,a) = (q,A\q,A) 



(5.36) 



where \q, A) G W(0^ ff ). (The meaning of the label 'g' will be clear shortly.) Since the RHS 



of (5.36) is defined at /3 — > (see the RHS of (5.26)), and since we have in C a common 
boundary condition at z = and z = oo, \q, A) and (g, A| ought to be a state and its dual 
associated with the puncture at z = and z = oo, respectively (as z = 0, oo are the points 
in C where the fiber has zero radius). This is depicted in fig. 1. 



At any rate, since we have iV D6-branes and 1 D4-brane wrapping C (see (5.14)), we 
effectively have an TVx 1 = A r -fold cover T<sw of C. This is also depicted in fig. 1. Incidentally, 
Yisw is also the Seiberg-Witten curve which underlies Z inst (A, ei, e 2 , a)\ Moreover, it is by 
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now well-established (see [7B] and references therein) that for n = 1, i.e., G = SU(N), T, S w 
can be described in terms of the algebraic relation 



E sw : A^ + <p 2 (z)\ N - 2 + ■■■ + <p N (z) = 



N-2 



(5.37) 



where A = ydz/z (for some complex variable y) is a section of T*C; the <p 8 (z)'s are (s, 0)- 
holomorphic differentials on C given by 



/ dZ \ A A / \ ( ^\ ( dZ \ 

(z) = Uj [ — I and <Pn{z) = I z + u N + — I I — I 



(5.38) 



where j — 2, 3, . . . , N — 1; while for weights Ai, . . . , Xn of the N- dimensional representation 
of SU(N), and for s = 2, 3, . . . , N, 



Us 



4 ) S+1 e A fcl e A fc2 •••eA fcs (a) and e Ar = a ■ A r . 



(5.39) 



This is consistent with our results established in §B that for G = SU(N), we have, on C, 
the following (sj, 0)-holomorphic differentials 



(*0' 



where Sj = ej + 1 = 2, 3, . . . , N, 



(5.40) 



whence we can naturally identify, up to some constant factor, 4> s {z) with W ( - S \z). (In fact, 



a U(l) i?-symmetry of the 4d theory along R 4 | ei£2 on the LHS of (5.12) which underlies 



Z inst (A, ei, e 2 , a) and T> S Wi can be identified with the rotational symmetry of S^; the duality 



relation (5.12) then means that the corresponding U(l) -R-charge of the <j) s (z) operators 
that define Tjsw, ought to match, up to a constant, the conformal dimension of the W^ s \z) 
operators on C, which is indeed the case.) 



that 



At z = where we have the state \q, A), we find, after comparing (5.38) with (5.40), 

^ ( > } 2 |g,A) = 0, for s = 2,3, . . . ,n\ (5.41) 



~ u s \q,A), and Wi\q,A) = q\q,A) ~ A N \q,A). To determine the exact form 
of the relation involving Wq, note that as in our derivation of (5.24), i.e., the eigenvalue 



A^ 2 ) of Wq 2 \ the eigenvalues of W$ s) must be invariant under the simultaneous rescalings 



r(8) 
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(ei,e2, a) —> ((ei,(t2,(a) and the exchange e\ -H- e 2 ; since (5.39) tells us that u s is of order 
s in a, it must be that 



W^\q,A) 



■it. 



(6ie 2 )V2 



|g,A), for s 



2,3,...,iV 



(5.42) 



To determine the exact form of the relation involving w[ N \ recall that since the under- 
lying worldvolume theory of the N M5-branes on the LHS of ( 5.12[ ) is scale-invariant, it 
would mean that in addition to possessing the symmetries of Zbps(£i, £2, a, (3) in ( |5.10 ), 
the W/^^-eigenvalue q ~ A N ought to also be invariant under the rescaling (A, (3) — > 
(C -1 A,£/3); thus, as the rescaling (/3, ei, 62, a) — > (((3, C _1 ei, C~ le 2, C" 1 ^) is a symmetry 
of Zbps(ci, 62, a, (3), the /3- and a-independent q must be invariant under the rescaling 



(A, 6x562) — > (C 1 A, £ 1 £i,C le 2)- Furthermore, because (5.12) is symmetric under the ex- 
change 6i 4-> e 2 , so must g. In sum, it must be that 



wi N) \q,^) = q\q,A), g 



A 



N 



(ei^)^ 2 



Recall here that the W[ Sih s generate W(su(A r )^ ff ), and that on W(su(N)l s ), the W^J/'s 



(5.43) 



and W/^'s act as creation and annihilation operators, respectively; in particular, W^"' is 



(JV) 



an annihilation operator, so (5.43) means that \q, A) is actually a coherent state, i.e., an 
eigenstate of an annihilation operator. 

What about when n = 2 (with even A/") whence we have G = SO(N + 1)? According 



to [IS] , instead of (5.38), we now have 



& (z) 



i («) = O, <M*) = U 1/2 + 



A 



N 



A/2 



dz 

z 



N 



(5.44) 



where the s (z)'s are also (s, 0)-holomorphic differentials on C with modes in Z and Z + 1/2. 



This is again consistent with our results established in §B and after (5.15) that for n = 2 



(with even N), we have, on C, the following (sj, 0)-holomorphic differentials 



f dz\ 



rK i+l/2 



.zez 



\ z J 




Si = 2,3,...,N, 



(5.45) 

whence we can naturally identify, up to some constant factor, </> s (z) with W' s )(z) and (f> s (z) 
with W^)(z). 
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At z = where the state \q, A) is, we find, after comparing (5.44) with (5.45), that 



instead of (5.41), we have 





W£\ \q, A) = 0, for s = 2,3,.. 


.,iV 


We also have (5.42), and 








\q, A) = 0, for s = 2, 3, . 





(5.46) 



(5.47) 



and instead of (5.43), we have W&\q,A) = q\q,A) ~ A N \q,A). By employing the same 



i/ 



reasoning used to derive (5.43), we find that 



Recall here that the w[ Si), s and W^Js generate W(su(iV)^) = W(so(N + l)^ ff ), and that 
on W(so(N + l)l s ), the {Wj^,W^} and {W^,Wj^} act as creation and annihilation 



W$\q,A) = q\q,A), q 



A 



N 



(5.48 



operators, respectively; in particular, is an annihilation operator, so (5.48) means that 

\q, A) is again a coherent state. 



Thus, in arriving at the above boxed relations (i) (5.17), (5.19), (5.20), (5.23), (5.24) 
( [5735] ), fl5~36| , fl5~4i~| ), fl5~42j ), ( [513] and (ii) ( gig ), ( |5~l9| , ( |5T20| ), ( ggg ), ( [5724] ), fl5~35j ), ( |5736| ) 



(5.42), (5.46), (5.47), (5.48), we have just furnished a fundamental physical derivation of the 



pure AGT correspondence for the (i) An_i and (ii) groups! 



5.3. An Equivalence of Spacetime BPS Spectra and a Pure AGT Correspondence for the 
C-D-G Groups 

We shall now derive, purely physically, a pure AGT correspondence for the C-D-G 



groups. To this end, recall from (5.9) and (5.11) that we have the following physically dual 
M-theory compactifications 

^ 4 |ei,e2 x ^n,t X ^ 5 |e3;i'6,7 < ^ = ^ > ^ 5 U;z4,5 x C X SN^°\ e3 - X6 7 , (5.49) 



v 



N M5-branes + OM5-plane 1 M5-branes 

where we have a common half-BPS boundary condition at the tips of I t C S n t = x I t ; the 
radius of is j3; I t <C (3; and C is a priori the same as Ti n>t . As usual, there is a Z n -outer- 
automorphism of IR 4 | eij(E2 and SN§~* \ e3 . X67 as we go around the circle and identify the 
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circle under an order n translation, and the e^'s are parameters of the Omega-deformation 
along the indicated planes described in detail in §5.1. 



The Spectrum of Spacetime BPS States on the LHS of (5.49) 



Let us first ascertain the spectrum of spacetime BPS states on the LHS of (5.49) that 
define Zbps(ci, £2, a, P) in (5.10). In the absence of Omega-deformation whence 6j = 0, 



according to our discussion in §5.1, the spacetime BPS states would be captured by the 
topological sector of the J\f = (4,4) sigma-model on S n t with target the moduli space M.q 
of G-instantons on IR 4 , where for n = 1, 2 or 3 (with iV = 4), G = SO(2N), USp(2N - 
2) or G2, respectively. However, in the presence of Omega-deformation, recall from our 



discussion immediately after (5.10) that as one traverses a closed loop in T, nt , there would 



be a g-automorphism of JAg, where g G £7(1) X U(l) x T, and T C G is the Cartan 
subgroup. Consequently, the spacetime BPS states of interest would, in the presence of 
Omega-deformation, be captured by the topological sector of a non-dynamically g-gauged 



version of the aforementioned sigma-model (c.f. footnote 49). Hence, according to [71] and 
our arguments in §3.2 which led us to (3.61), we can express the Hilbert space "Hbps °f 



spacetime BPS states on the LHS of (5.49) as 



^BPS — @^BPS,m — @ IH^ (1) 2 xT W(A^G,m), 



(5.50) 



where IH^ X )2 xT U{M.G,m) ls the Z n -invariant (in the sense of (3.75) and (3.83) when n = 2 



and 3, respectively) U(l) 2 x T-equivariant intersection cohomology of the Uhlenbeck com- 
pactification U(M. Grn ) of the (singular) moduli space M.G,m of G-instantons on M 4 with 
instanton number m. 



The Spectrum of Spacetime BPS States on the RHS of (5.49) 



Let us next ascertain the corresponding spectrum of spacetime BPS states on the RHS 



of (5.49). Bearing in mind footnote 36 which tells us that the underlying worldvolume theory 
of the single M5-brane is conformal along .SiV^ ^.^ 7 in (5.49), by repeating our arguments 



in §3.2 which led us to (3.84) and beyond, and from our discussion surrounding (5.6), we 



find that the spacetime BPS states would be furnished by the I-brane theory in the following 
type IIA configuration: 

IIA : M 5 | W5 x C x M 3 As| W7 • (5-51) 



I-brane on C = VD6/06" n 1D4 
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Here, we have a stack of N coincident D6-branes on top of an 06 -plane whose worldvolume 



is given by 



|£3;Z4,5 



x C, and a single D4-brane whose worldvolume is given by C x M 3 /X 3 



where Xq acts as r — > — f in IR 3 . 



Let us for a moment turn off Omega-deformation in (5.51), i.e., let £3 = e\ + t<i = 0. 



Then, by applying to (5.51) our analysis in §3.2 which eventually led us to (3.94), (3.108) 



and (3.125) from (3.84), we learn that the spacetime BPS states would be furnished by 
chiral fermions on C which couple to the dynamical gauge degrees of freedom on the single 
D4-brane that, in turn, can be effectively represented by a chiral WZW model at level 1 on 
C, WZW'T 11 , where q£ s is the Langlands dual of the affine G-algebra g a ff . This is consistent 



with our observation after (5.11) that the symmetries of the 2d theory along C ought to be 
rooted in the Langlands dual Lie algebra $j v (and therefore Q^ s ). 



Now turn Omega-deformation back on. As indicated in (5.51), as one traverses around 
a closed loop in C, the x$-x 5 plane in M 4 ^.^ C K 5 | e3 . !r4S would be rotated by an angle of 



e 3 together with an Si7(2)#-symmetry rotation of the supersymmetric SO(2N) gauge the- 
ory along IR 4 | (E3;X45 . According to our discussion in §5.1 which led us to (5.10) and slightly 



beyond, we find that Omega-deformation in this instance would effect a g'-automorphism of 
M.so(2N),m as we traverse around a closed loop in C, where M.so(2N),m is the moduli space of 
S'0(2A^)-instantons on R 4 with instanton number m; g' = exp ^(e^Js + d ■ T')\ J3 is the rota- 
tion generator of the X4-X5 plane corrected with an appropriate amount of SU (2)#-symmetry 
to commute with the D6/06~ worlvolume supercharges; T" = {T[ . . . , r r ' a nk50(2JV)) are ^ ne 
generators of the Cartan subgroup X" C SO(2N); and a = (a 1; . . . , a ran ks'o(2A r )) ar e the 
corresponding purely imaginary Coulomb moduli of the SO(2N) gauge theory on M 4 | e3;:E4 5 . 
In fact, since A4so{2N),m is also the space of self-dual connections of an SO (2 A r )-bundle on 
IR 4 , and since these self-dual connections correspond to differential one-forms valued in the 
Lie algebra so(2iV), Omega-deformation also means that there is a g'-automorphism of the 
space of elements of so(2N) and thus SO(2N), as we traverse a closed loop in C. 

Note at this point that in the above, q^ s ~ so(2iV)^ , where so(2N)^ is a Z n -twisted 
affine »SO(2iV)-algebra. What this means is that WZWg^ 11 can be regarded as a (chiral half 
of a) SO(2N) WZW model at level 1 that is Z n -twisted on C. Since a Q WZW model on £ 
is a bosonic sigma-model on £ with target the (/-manifold, according to the last paragraph, 
it would mean that Omega-deformation would effect a g'-automorphism of the target space 
of WZWi e v ve11 as we traverse a closed loop in C, where g' £ U(l) x T". In turn, according to 



footnote [49j it would mean that in the presence of Omega-deformation, we would have to 

rleve] 

0a V ff 



non-dynamically gauge WZW 1 ^ 11 by U (1) x T". 
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That said, "H-gauged Q WZW models are physically consistent if and only if they 
correspond to coset models Q/Ti, where H is necessarily a connected subgroup of Q. Since 
the maximal connected abelian subgroup of SO(2N) is T", i.e., U(l) x X" is not a connected 
abelian subgroup of SO(2N), physical consistency would then require us to gauge WZW 1 ™ 11 
by X" only; in other words, our gauged WZW model would correspond to the coset model 
SO(2N)/T'. In turn, because SO(2N)/T ~ SO(2N,C)/B + , where B + C SO(2N, C) is a 
Borel subgroup, we could just as well study a _B + -gauged SO(2N, C) WZW model. 

Before we proceed any further, let us make a slight deviation to highlight an important 
point regarding the effective geometry of C. As the simple roots of B + form a subset of the 
simple roots of SO(2N,C), the level of the affine -B + -algebra ought to be the equal to the 
level of the affine SO(2N, C)-algebra [HI] which is 1. However, it is clear from our discussion 
hitherto that the affine _B + -algebra, in particular its level, will depend nontrivially on the 
Omega-deformation parameters which may or may not take integral values; in other words, 
its level will not be equal to 1. A resolution to this conundrum is as follows. A deviation of 
the level of the affine -B+-algebra from 1 would translate into a corresponding deviation of 
its central charge; since a central charge arises due to an introduction of a macroscopic scale 
in the 2d system which results from a curvature along C [53], it would mean that Omega- 
deformation ought to deform the a priori flat C = S n>t into a curved Riemann surface with 
the same topology - that is, a Riemann sphere with two punctures - such that the anomalous 
deviation in the central charge and thus level, can be consistently "absorbed" in the process 



(see also footnote 50). Thus, we effectively have C = S 2 /{0, oo}, so C can be viewed as an 
fibration of I t whose fiber has zero radius at the two end points z = and z = oo, where 
l z' is a holomorphic coordinate on C. 

Coming back to our main discussion, as explained in §B, since the gauged WZW model 
is non- anomalous if and only if we gauge by iV + C B + , where N + is the subgroup of strictly 
upper triangular matrices which are nilpotent and traceless with Lie algebra n+, ultimately, 
what we ought to consider is an iV + -gauged SO(2N,C) WZW model. In the schematic 
notation of §3.2, this can be expressed as the partially gauged chiral CFT 

*o(2JV)gi/n + g p (5.52) 

on C, where the level p would, according to our discussions hitherto, necessarily depend on 
the Omega-deformation parameters e\ = fte\ and e' 2 = (3 €2- (p, being a purely real number, 
should not depend on the purely imaginary parameter a' = (3a). 

In sum, the sought-after spacetime BPS states ought to be given by the states of the 
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partially gauged chiral CFT in (5.52), and via §B and [72J eo ± n - (6-67)], we find that this chiral 



CFT realizes W(q£k) - a Z n -twisted version of the afhne W-algebra W(so(2N)) obtained 
from so(2iV) a ff via a quantum Drinfeld-Sokolov reduction. In other words, the states of the 
chiral CFT would be furnished by a Verma module W(g aff ) over W(0afr)> and the Hilbert 



space "Heps of spacetime BPS states on the RHS of (|5.49[) can be expressed as 



H 



n' 

BPS 



vv( r ff ) 



(5.53) 



A Pure AGT Correspondence for the C-D-G Groups 

Clearly, the physical duality of the compactifications in (5.49) will mean tli&t ^^gpg in 
(5.50) is equivalent to H§p S in (5.53), i.e., 



m* u(1)2xT u(M 



G,m 



vv( r ff ) 



(5.54) 



Thus, we have a 4d-2d duality relation in the sense of (3.94), (3.108) and (3.125). 



According to footnote 30 and (B.34) - bearing in mind that (i) dimso(2iV) = 2N 2 
(ii) rank so (2N) = N; and (iii) h^ 2 m = 2N - 2 - the central charge of W(fl^) is 



N: 



c D = N-(2N- 2)(2N 2 - N) (a+ + a_) 5 



(5.55) 



where ct + a_ = — 1; a + = 1/yk' + 2N — 2; and k! e K is the effective level of the underlying 

an also write 
N, according 



affine Lie algebra so(2A^) a ff. Note at this point that (5.52) means that we can also write 
c(so{2N) {n) 



CD 



>a,SAJ 



and since the central charge 0(30(2^)^-^ 



to (5.55), we can also write c(n + ^ p ) = (2N - 2)(2N 2 - N) (a+ + a_) 2 . 

As p will depend on e[ = f3e\ and e' 2 = /3e2, so would ot±. Because a + a;_ = —1, it 
would mean that we can write a + = if{€'i,e' 2 ) and a_ = i/~ 1 (e' 1 , e' 2 ), where /(e'^e^) is some 



possibly complex function. Because (5.49) is symmetric under the exchange e\ -H- e' 2 , so must 
Co; in particular, we ought to have /(e^eQ + = /( e 2) e 'i) + / _1 ( e 2; e i)- Because 

a + = l/y/k' + 2N — 2 = if (^,€2) would go from positive real to negative purely complex 
as we vary k', it would mean that /(e^e^) mus t also go from negative purely complex to 



negative real as we vary the e^'s. Because we have a geometrical 



exp[(ei 



exp[(Ae' 1 + Ae' 2 )A 1 Js\ automorphism associated with the Omega-deformation in (5.51), and 
since cd is only a function of e[ 2 and not of J3, we ought to have cd^, e' 2 ) = cd(X^i, Ae 2 ); 
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in other words, a + + a_ ought to be invariant under e[ —> \e' { , where A is some real constant. 
Altogether therefore, it would mean that we can write a + = — *-\/ e i/ e 2 = ~^V e i/ e 2 and 



— *v4Ai = ^V^J^i'i m turn, (5.55) would be given by 



cd,^ 2 = N + (2N- 


2)(2N 2 - 




eie 2 


would have 


k' = -2N + 2-b~ 2 


and 


b = vW e 2 



(5.56) 



(5.57) 



so that one can also write 



c Dl61ja = c(«(2JV)g 1 ) + c (n eii 



(5.58) 



where 



c(a ii2 ) = ^ (2J v)dim S o(2iV) + -\ (5.59) 
can be regarded as an Omega-deformation-induced central charge. (Notice that there is no j3- 



dependence in the formulas (5.56)-(5.59); this is consistent with the fact that these formulas 



are supposed to be globally-defined on C independent of the varying radius of Sj, C C.) 

The Verma module W(0^ ff ) is generated by the application of creation operators W}%< 
on its Z n -twisted highest weight state |A), where the W^qS are the negative modes of 
the spin-Sj fields (z) on C which span W(0^ ff ), and m e Z/n. On the other hand, 



|A) is annihilated by the annihilation operators W^ , where the W^> 's are the positive 
modes of the W^ H \z) fields on C which also span W(fl^). Nonetheless, we have W^ Sl) \A) = 
A^|A), where the A^'s are Weyl- invariant polynomials in a = Jq + (a+ + a_)p; Jo = 



r(si) 



(Jq, . . . , j^ ankso ( 2A 0) are zgro^ modes of the rank5o(2iV) untwisted scalar bosonic fields 
in the free-field realization of W(fl^ ff ); and p is the Weyl vector of so(2N) [72]. For example, 
Wq 2 ^|A) = L \A) = A^ 2 ^|A), where L is the zeroth mode of the stress tensor T{z) = 
W®(z), and A( 2 ) = (a 2 - (a+ + a_) 2 p 2 ) /2 = a 2 /2 + (2N - 2)(2iV 2 - jV)( Cl + e 2 ) 2 /24e 1 e 2 . 



(See [721 ec L n - (6-18)], and note that just like the quantities in (5.56)-(5.59), A^ 2 ^ should be 
/3-independent, as is the case.) 

Recall at this point that Lq generates translations along the fiber in C, and since the 
presence of Omega-deformation means that there is a rotation of an IR 4 space and the gauge 
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field over it as we go around the S* (c.f. our earlier discussion on a g'-automorphism) , L 
should be related to the rotation parameters (ei, e 2 , 3). Indeed, we saw in the last paragraph 
that L has eigenvalues which depend on (£1,62, a), and since a, like 3, is a vector whose 
number of components even coincides with that of a when G = SO(2N), we can naturally 
identify a with —ia, where a factor of — i is needed because a is purely imaginary while a is 



purely real. That said, because of (5.54), it would mean that the symmetries of A^ 2 ) ought 
to be compatible with the symmetries of the partition function Zbps(ci, £2, 3, 0) of "Hbps i n 



(5.10); in particular, since Zbps(ci, 62, 3, /3) is invariant under the simultaneous rescalings 
(/3, 61,62, a) — > (C^ 1 /?! C e i) C e 2, (3), where C is some real constant, the /3-independent A^ 
must be invariant under the simultaneous rescalings (ei, e 2 , 3) — > (C^i, C e 2, (3). Furthermore, 



because (5.49) is symmetric under the exchange e± -H- e 2 , so must A^ 2 ). In sum, we ought to 



have a ~ —ia/ y / eie 2 ~, whence we can write 



I^ (2) |A) = A (2) |A) 



(5.60) 



where 



A 



(2) _ (2iV-2)(2iV 2 -iV) ( ei + e 2 ) 2 _ 7 



'3 2 



24 



eie 2 



eie 2 



for some real constant 7'. 

In the limit that j3 — > 0, it is well-known [73] that 



(5.61) 



-ZbPS^I, e 2, 3, f3) — ^BPS,m(ei, C2, 3, ft) 



(5.62) 



of (5.10) behaves such that ^BPS,m( e i, e 2, 3, /3 — > 0) ~ /3 2 « Z^p S m (ei, €2,3), whence the 



Nekrasov instanton partition function Z- mst (A, e±, 62, 3) = ^2 m A 2 9 Z^p Sm (ei,€2,3) can be 



written as 



Z inst (A, ei , e 2 , 3) = J2 ^ mK ^BPs, m (ei, e 2 , 3,(3^0), 



(5.63) 



where Z B ps m = lm/3 2mh B Z B ps, m ; l m is some constant; and A can be interpreted as the inverse 



of the observed scale of the M 4 | eij(E2 space on the LHS of (5.49). 

Note at this point that equivariant localization [73] implies that IH^n^xT U{M.a,m) 
must be endowed with an orthogonal basis { \p m ) } that is in one-to-one correspondence with 
the fixed-point set {p m } of the U{1) 2 x T-action on U(M.G,m)- Thus, since Z' BPSm is a 
weighted count of the states in "Heps,™ = ^u(i) 2 xT^(-^G,m), it would mean that one can 
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write 



(5.64) 



where lp m {t\, e 2 ,a) G E, and the dependence on ej, e 2 and a arises because the energy level of 
each state (given by the eigenvalue of the L operator which generates translation along C 



S n 4 in (5.49) whence there is an Omega-deformation twist of the theory along the orthogonal 



spaces indicated therein) ought to depend on these Omega-deformation parameters. 
Notice that ( |5.64[ ) also means that 



Z BPS, m ( e u e 2,a } /3 -> 0) = (* m |* m ), 



(5.65) 



where 



l*m) = 0kJPm). 



(5.66) 



Pm 



Here, the state \$? m ) G IH^j( 1 \2 xT U(M.G,m) > an d (-|-) is a Poincare pairing in the sense of |2 
§2.6]. 

Now consider the state 

\*)=@A mh *\* m ). (5.67) 



By substituting (5.65) in the RHS of (5.63), and by noting that (ty m \ty n ) = 8 mn , one can 
immediately see that 

Z inst (A, ei ,e 2 ,a) = (tf|tf>, (5.68) 



where \^f) G ® m IH^/ 1 - )2xT W(A^G,m)- In turn, the duality relation (5.54) would mean that 



m = \ q ,A) 



(5.69) 



whence 



Zi n st(A, €i, €2, a) 



■ A|?,A) 



(5.70) 



where \q, A) G W(0^ ff ). (The meaning of the label 'g' will be clear shortly.) Since the RHS 



of (5.70) is defined at /3 — > (see the RHS of (5.63)), and since we have in C a common 
boundary condition at z = and z = oo, \q, A) and (q, A| ought to be a state and its dual 
associated with the puncture at z = and z = oo, respectively (as z = 0, oo are the points 
in C where the fiber has zero radius). This is depicted in fig. 2. 
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Figure 2: C and its 2iV-fold cover Y^sw with the states (q, A| and \q, A) at z = and oo 



At any rate, note that if we only have iV D6-branes and 1 D4-brane wrapping C in (5.51 ), 
we would (as explained in the last subsection) just have an iV x 1 = iV-fold cover of C. In 
the presence of the 06~ -plane however, there will be a mirror image of this configuration 



on the "opposite side" whence this cover is doubled, i.e., in (5.51), we effectively have a 
2(N x 1) = 2iV-fold cover T, S w of C. This is also depicted in fig. 2. Incidentally, T, S w 
is also the Seiberg-Witten curve which underlies Z inst (A, €2, a)\ Moreover, it is by now 
well-established (see [76] and references therein) that for n = 1, i.e., G = SO(2N), T,sw can 
be described in terms of the algebraic relation 

^sw ■■ A 27V + Mz)* 2N ~ 2 + ■■■ + <p2N-2{z)\ 2 + 4>%(z) = 0, (5.71) 

where A = ydz/z (for some complex variable y) is a section of T*C; the s (z)'s are (s, 0)- 
holomorphic differentials on C given by 

fdz\ j ( A 2N ~ 2 \ fdz\ 2N ~ 2 
(f)j(z) = Uj (— J and 4>2N-2{z) = iz + u 2 n-2 ~\ — )(~) ' {5.72) 

where j — 2, 4, . . . , 2N — 4, N; while for weights Ai, . . . , A2N of the 2iV-dimensional represen- 
tation of SO(2N), and for s = 2, 4, . . . , 2N - 2, N, 

u s = (-l) s+1 ex H e ^2 ■ ■ ■ e ^s (°) and e Ar = a • A r . (5.73) 
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This is consistent with our results established in §B that for G = SO(2N), we have, on C, 
the following (sj, 0)-holomorphic differentials 



W {si) {z) = ( ( ~ ) ' where s i = e i + l = 2,A,...,2N -2,N, (5.74) 



whence we can naturally identify, up to some constant factor, 



with W^ s \z). (In fact, 



on the LHS of (5.49) which underlies 



a (7(1) i?-symmetry of the 4d theory along 1R 4 | £ 
Z inst (A, ei, e 2 , a) and Ylg w , can be identified with the rotational symmetry of S* ; the duality 
relation (5.49) then means that the corresponding U(l) .R-charge of the <j) s (z) operators 
that define Esiy, ought to match, up to a constant, the conformal dimension of the W^ s \z) 
operators on C, which is indeed the case.) 



At z = where we have the state \q, A), we find, after comparing (5.72) with (5.74) 



that 



W (s) |g,A) ~ u s \q, A) and W[ A1 " ZJ |g,A) = q\q, A) ~ A 2N ~ 2 \q, A). To determine the exact 
form of the relation involving Wq , note that as in our derivation of (5.61 ), i.e., the eigenvalue 



W/>2 \q, A) = 0, for s = 2,4,...,2iV-2,iV 



(5.75) 



(2JV-2) I 



A^ 2 ) of Wq 2 \ the eigenvalues of must be invariant under the simultaneous rescalings 



(ei,e 2 ,a) — > (£ei,Ce 2 ,£a) an d the exchange ei <H- e 2 ; since (5.73) tells us that m s is of order 
s in a, it must be that 



W^\q,A) 



Us 



(6ie 2 )V2 



|g,A), for s 



2,4,...,2JV-2,iV 



(5.76) 



(2JV-2) 



recall that since the un- 



To determine the exact form of the relation involving W{ 
derlying worldvolume theory of the N M5-branes on the LHS of (5.49) is scale-invariant 



it would mean that in addition to possessing the symmetries of Zbps(ci, e 2 , a, /?) in ( |5.10 ), 
the w[ -eigenvalue q ~ \2N~2 0U g} 1 ^ ^o a } so b e invariant under the rescaling (A, 0) — > 
((~ 1 A,(f3)', thus, as the rescaling (/3,ei,e 2 ,a) — > (((3, C _1 ei, C~ le 2, C -1 ^) is a symmetry 
of Zbps(ci, e 2 , a, /3), the /3- and a-independent q must be invariant under the rescaling 



(A, e 1; e 2 ) (£ 1 A,( Furthermore, because (5.49) is symmetric under the ex- 

change ei O e 2 , so must g. In sum, it must be that 



(2N-2) 



g,A) = g|g,A), q 



A 



2N-2 



leie 2 



,JV-1 



(5.77) 
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Recall here that the W^ h s generate >V(so(2A)^ ff ), and that on W(so(2N)l s ), the W^'s 



and W&j's act as creation and annihilation operators, respectively; in particular, Wl" ' is 



(AT) 



an annihilation operator, so (5.77) means that \q, A) is actually a coherent state, i.e., an 



eigenstate of an annihilation operator. 

What about when n = 2 whence we have G = USp(2N — 2)? According to [15] , instead 



of (5.72), we now have 
,'dz 

,{Z) = U s 



2N-2 



(5.78) 



where the s (z)'s are also (s, 0)-holomorphic differentials on C with modes in Z and Z + 1/2. 



This is again consistent with our results established in §B and after (5.52) that for n = 2, 
we have, on C, the following (sj, 0)-holomorphic differentials 



2 



and 



z 



where Sj = 2, 4 . . . , 2A — 2, A, whence we can naturally identify, up to some constant factor, 
(j) s (z) with W {s) (z) and <j> s (z) with W^fA 



At z = where the state \q, A) is, we find, after comparing (5.78) with (5.79), that 



instead of (5.75), we have 



Wj^\ \q, A) = 0, for s = 2,4,...,2A-2,A 



(5.80) 



We also have (5.76), and 



Wg 3/2 \q,A) = 0, for 8 = 2,4, 



.,2N-2,N 



(5.81) 



and instead of (5.77), we have W^, 2 '\q, A) = A) ~ A 2Ar 2 |g,A). By employing the 



same reasoning used to derive (5.77), we find that 



W ( ™- 2) \q,A)=q\q,A), q 



A 



2N-2 



iJV— 1 



(5.82) 



Recall here that the W/ Sl), s and Wft^B generate W(5o(2A)f ff } ) = W(usp(2A - 2)^), and 



that on W(usp(2A - 2)^), the {W^, W^} and {Wgtj, W$j} act as creation and anni 



hilation operators, respectively; in particular, l^V is an annihilation operator, so (5.82) 
means that \q, A) is again a coherent state. 
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What about when n = 3 (with iV = 4) whence we have G = G^- According to [18J, 
instead of (5.72), we now have 



, Yj (z) = 0, Mz) = ( z l ' z + ^) , (5.83) 



where s = 2,4,6; j = 2,4; and the 4> s (z) , s are (s, 0)-holomorphic differentials on C with 
modes in Z, Z + 1/3 and Z + 2/3. This is again consistent with our results established in §B 



and after (5.52) that for n = 3 (with N = 4), we have, on C, the following (si, 0)-holomorphic 
differentials 



Jez 



z I V z J 



v fc=l l&L J 



(5.84) 



where Sj = 2,4,6, whence we can naturally identify, up to some constant factor, <p s {z) with 
W (s \z) and 4> a (z) with 



At z = where the state \q, A) is, we find, after comparing (5.83) with (5.84), that 



instead of (5.75), we have 



W$ L \q,A) = 0, for s = 2,4,6 



(5.85) 



We also have (5.76) (where N — 4), and 



|g, A) = 0, for s = 2,4,6 



(5.86) 



and instead of (5.77), we have W^jl\q,A) = q\q,A) ~ A 6 |g,A). By employing the same 



reasoning used to derive (5.77), we find that 



Wj;%\q,A) = q\q,A), q 



A e 



1/3 



e l e 2 



(5.87) 



Recall here that the W^ h s, W$ /3 'b and W$j /3 'a generate W{so{2N)^>) = W(fl^ aff ), and 
that on >V(52aff)> the {^/<o>^<o} an< ^ {^/>0'^>o} act as creation and annihilation 



operators, respectively; in particular, is an annihilation operator, so (5.87) means that 
\q, A) is also a coherent state. 
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Thus, in arriving at the above boxed relations (i) (5.54), (5.56), (5.57), (5.60), (5.61), 
( pT69j ), ( [5~70| , d5~75| , fl5~76j ), ^77} , (ii) $I4§ , ( [5756] ), g57| , fl5~60| ), gMJ, fl5~69| ), (|5J0[, 
( [5~76| , ( |5~80"| ), ( ggj} , ( [57821 ) and (iii) ([5754)), ( |5~56| , ( f5757[ ), fl5~60| ), ( pT6Tj ), ( [5769] ), (|5J0[, 
(5.76), (5.85), (5.86), (5.87), we have just furnished a fundamental physical derivation of the 
pure AGT correspondence for the (i) D^, (ii) Cn-i and (iii) G2 groups! 



6. Generalizations of the Pure AGT Correspondence and the Case with Matter 



6.1. A "Ramified" Generalization of the Pure AGT Correspondence 

Let us now derive, purely physically, a "ramified" generalization of the pure AGT 



correspondence for the A, B, C, D and G groups. To this end, recall that (2.24) and (2.32) 



mean that the 4d defect in (2.23) and (2.34), respectively, can be regarded as a geometric 



background of the underlying M-theory compactification, just like M 4 /^fc an d TN$~* ; the 



same can be said about the 4d defect in (2.36) and (2.37); it can be regarded as a geometric 



background of the underlying M-theory compactification, just like M 4 /^fc and SN§^°. Recall 
also that our discussion in §5.1 about turning on Omega-deformation is independent of 
the geometric background of the underlying M-theory/string compactification. Altogether 



therefore, in the presence of the 4d defect, our arguments hitherto which led us to (5.12) 



and (5.49) would mean that in place of them, we ought to have the following physically dual 



compactifications 



x £ 



71, f 



N M5-branes + 4d defect 



|e3;a;6,7 



351 x C x TNfir*] 



I £3 ; ^4,5 



£3; %6,7 ' 



1 M5-branes + 4d defect 



(6.1) 



and 



x E 



ri.t 



XI 



l<53; ^6,7 



N M5-branes + OM5-plane + 4d defect 



|e3;a;4,5 x C x SN§^°\ e:j - X6 , , (6.2) 



1 M5-branes + 4d defect 



respectively, where we have a common half-BPS boundary condition at the tips of I t C 
£ n) i = S* x I f ; the radius of is (3; l t <C (3; C is a priori the same as £ njt ; the 4d defect on 
the LHS of (6.1) and (6.2) wraps E njt and the z-plane in jR 4 | £1)(E2 ~ C 2 | ei x C„,| e2 ; the dual 



4d defect on the RHS of (6.1) and (6.2) wraps C and the xs-xg directions in TN j 



R^0\ 
N 



and SN^°\ ea - Xe 7 , and here, the xg-direction is spanned by the S 1 -fiber of TN j 



I £35 ^6,7 

TV k3;£6,7 
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and SN§~^°\ e3 . X67 , while the x 6 -x 7 -x 8 -directions are spanned by their 



63! £6,7 



base. As 



usual, there is a Z n -outer- automorphism of IR 4 | eii<E2 , TN§~~* \ e3;X6 7 and SN^°\ t3 . X6 7 as we 
go around the circle and identify the circle under an order n translation, and the e^'s are 
parameters of the Omega-deformation along the indicated planes described in detail in §5.1. 



The Spectrum of Spacetime BPS States on the LHS of (6.1) and (6.2) 



Let us now determine the spectrum of spacetime BPS states on the LHS of (i) (6.1) 



and (ii) (6.2) that define a "ramified" generalization of the partition function in (5.10). In 



the absence of Omega-deformation whence ej = 0, according to our discussions in §5.1 and 
§4.3, the spacetime BPS states would be captured by the topological sector of the N = (4, 4) 
sigma- model on S n t with target the moduli space A^g,l of "ramified" G-instantons on IR 4 , 
where (i) for n = 1 or 2 (with even N), G = SU(N) or SO(N + 1); (ii) for n = 1, 2 
and 3 (with N = 4), G = SO(2N), USp(2N - 2) and G 2 ; while L C G is a Levi subgroup 
which characterizes the 4d defect (as explained in §2.3 and §4.3). However, in the presence of 



Omega-deformation, our discussion immediately after (5.10) now means that as one traverses 



a closed loop in S n)t , there would be a g-automorphism of Mg,l, where g G C/ (1) x U (1) x T, 
and T C G is the Cartan subgroup. Consequently, the spacetime BPS states of interest 
would, in the presence of Omega-deformation, be captured by the topological sector of a 



non-dynamically g-gauged version of the aforementioned sigma-model (see footnote 49). 



Hence, according to [7T] and our arguments in §4.3 which led us to (i) (4.58) and (4.59), (ii) 
(4.69), (4.70) and (4.71), we can express the Hilbert space 'H^ PS of spacetime BPS states on 



the LHS of (i) (6.1) and (ii) (6.2) as 



BPS 



^J^^BPS,a' _ IH 



U(l) 2 xT 



G,L,a'J, 



(6.3) 



where IHu(i) 2 xT U{M.G,a') is the Z n - invariant (in the sense of (i) (3.19) and (ii) (3.75) and 
(3.83), when (i) n = 2 and (ii) n = 2 and 3) U(l) 2 x T-equivariant intersection cohomology 
of the Uhlenbeck compactification U(M.G,h,a') of the (singular) moduli space Aic,h,a' of 
"ramified" G-instantons on IR 4 with "ramified" instanton number a'. Here, the positive 
number a' = a + Tr am, where a is the ordinary instanton number; Tr is a quadratic form 
on q; a G t is the holonomy parameter that is the commutant of L; t is the Lie algebra of 



T; m G A 



cochar 



is the "magnetic charge" ; and A coc h ar is the cocharacter lattice of G. 



The Spectrum of Spacetime BPS States on the RHS of (6.1) and (6.2) 
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Let us next ascertain the corresponding spectrum of spacetime BPS states on the RHS of 



i) (6.1) and (ii) (6.2). Bearing in mind footnote 36 which tells us that the underlying world- 



volume theory of the single M5-brane (plus 4d defect) is conformal along (i) TN j 



R^0\ 
N 



lea; %6,7 



and (ii) SN^°\ e3;X6 7 in (i) (6.1) and (ii) (6.2), by repeating our arguments in §3.1 and §3.2 



which led us beyond (i) (3.20) and (ii) ( |3.84 ), and from our discussion surrounding (5.6), we 
find that the spacetime BPS states would be furnished by the "ramified" I-brane theory in 



IIA 



? 5 I y C y TO" 3 1 

^ Ic3;z4,s Ie3;z6,7 



I-brane on C = 7VD6 n 1D4 n 3d defect 



(6.4) 



and 



(ii) 



IIA : 



|e 3 ;X4 



5 x C x M 3 /Jj 



3|e3;a;6,7 



I-brane on C = ND6 n 1D4 n 3d defect 

Here, we have a stack of A" coincident D6-branes whose worldvolume is given by 
a single D4-brane whose worldvolume is given by (i) Cxi 31 
and a 3d defect which wraps C and the ^-direction in (i) 



|e3;Z6,7 
TU3| 



and (ii) C x 



(6.5) 



? 5 I yf 7 - 

|e3i^4,5 7 

^ 3 /^3|e 3 ;a;6,7) 

! | e3 and (ii) 



'A 



3 \e3',^6 



X 



1 63 



If the 4d defect is absent or trivial whence h = G, our arguments that took us from (i) 



(5.14) to (5.15) and (ii) (5.51) to (5.52), would mean that the spacetime BPS states ought 
to be furnished by the states of a partially gauged chiral CFT on C which, in the schematic 
notation of §3.1 and §3.2, can be expressed as 54 



(i) 0caff,i/<aff, pi , flcaff = * so(N + 1)^ (with even N) if 71 = 1, 2, 



(6.6) 



and 



(ii) 0caff,iKafr, P2 , flLff = 50(2iV)^, m (2N - 2) a v ff , g v 2aS (with N = 4) if n = 1, 2, 3. 

(6.7) 

Here, C is effectively S 2 /{0, oo}, i.e., it can be regarded as an fibration of I t whose fiber 
has zero radius at the two end points z = and z = oo; l z' is a holomorphic coordinate 
on C; n+ aff C 0c aff i s a Langlands dual affine Lie subalgebra whose associated nilpotent Lie 
algebra consists of strictly upper-traingular matrices; and the level Pi necessarily depends 
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To arrive at the following expressions, we recall that sl(N) 



U 2 ) 



aff 



S0(N - 

even N), so(2N)$> ~ so(27V)V ff > S o(2N)%> ~ usp(27V - 2)^ ff and 8o(2N)$> ~ fj^ ff (with N = 4) 



S I(A0aff, 

(3) 



/aff 



(for 
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on the relevant Omega-deformation parameters e[ = j3e\ and e' 2 = /3e 2 , although p iy being a 
purely real number, should not depend on the purely imaginary parameter a' = f3a. 

However, if the 4d defect is nontrivial whence L ^ G, then, our arguments which led us 
to (i) fllJlj ) and ( |463| and (ii) g73| ), gj§ and gj7[ ), would mean that in place of 



and (6.7), we ought to have 



0C aff ,r 



-aff 



Pi 



3Caff,r/Paflf,r] 



flCaflf 



Sl(N) 



v so(N + V v 



aff' 



all' 



(with even iV) if n 



1,2, 



(6.8) 



and 



BCaff.g 



-aff. 



Pi 



[0Caff,g/Paff,(j] 



^ aff = 50(2iV)^, usp(2iV - 2)^, Lff (with N = 4) if n = 1, 2, 3, 

(6.9) 

where p aff C 0c aff ^ s a (semi-lower triangular) parabolic Langlands dual affine Lie subalgebra 
that is associated with L; the second factor in the denominator is due to the dual 4d defect; 
and the levels {p[, r, q} e ' 



Note that one can also regard the entire factor in the denominator of (6.8) and (6.9) as 



being due to an Omega- deformed dual 4d defect which (i) effects a pure Omega-deformation 



that brings us back to (6.6) and (6.7), respectively, when the 4d defect is trivial, i.e., when 
L = G whence p v = q^; (ii) effects a trivial Omega-deformation - so that the entire factor 



in the denominator of (6.8) and (6.9) is equal to identity - when the 4d defect is full, i.e., 



when L = T (as we shall explain later). 

A "Ramified" Generalization of the Pure AGT Correspondence for the A Groups 

1 whence g^ aff 



Let us now focus on (6.8) with n 



sl(N)l s . Note that the factor 
in the denominator of (6.8) means that we are gauging the s[(-^V)aff WZW model on C by a 



subgroup S whose Lie algebra is s = n+ © [s[(iV) v p v ]. Since the second nilpotent factor 
[sl(N) v p v ] is due to the dual 4d defect which, in turn, is characterized by dual nilpotent 
orbits O e v (c.f. §4.3), according to §2.3, §4.3, and the fact that ~ n + for simply-laced Lie 
algebras, we can also write 

S = N + xV [NV /V [niV , (6.10) 

where iV + C SL(N, C) is the nilpotent subgroup of strictly upper triangular matrices, and 
V[ m ]t C SL(N, C) is a semi-lower triangular parabolic subgroup defined by the partition [m]* 



55 We have, for convenience, replaced the levels and {1,^} hi (6.6) and (6.7) with the levels {r,p[} 

and {q,P2} in (6.8) and (6.9), keeping the overall central charge of the underlying partially gauged chiral 
CFT the same. 
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(see §2.3) that is a transpose of the partition [m] of N (in the sense of a Young diagram 
defined in the British convention). Since V[N]t = V[i r „A] = £>_, where B_ C SL(N,C) is a 



lower-triangular Borel subgroup, (6.10) would mean that S is a nilpotent subgroup of strictly 



upper-triangular matrices, i.e., we can also write 



o+, 



(6.11) 



where a + C sl(N) is a nilpotent Lie subalgebra of strictly upper triangular matrices. 



Thus, in this case, we find (bearing in mind the isomorphism relations in footnote 54) 



that the sought-after spacetime BPS states ought to be given by the states of the partially 
gauged chiral CFT 

aff ,PA > 

(6.12) 

where the levels pa and r may not be the same, as the central charge of a +a fr,p A , like that of 



,l +aff,pi — 



n +a ff iPl in (6.6), must also contribute to an anomalous shift in the overall central 



charge which can then be "absorbed" by the curvature of C, as explained in §5.2. This 



partially gauged chiral CFT, like the one in (5.15), can be realized as a gauged SL(N,C) 
WZW model, although the Lie algebra of the gauge group is now a + instead of n + . 

Note that a + is such that in an appropriate basis of sl(N), one can always find an 
element 5 of the Cartan subalgebra of sl(N) whereby 



[5, x] = Ix 



(6.13) 



for some x G a + and positive integer I. Take for example N = 3 and [m] = [2, 1]; let Eij 
denote aniVxiV matrix whose component is one while the rest are zero; then, from 
(6.10), we have x = aii?i3 + a2-E'23, where the a,'s are real constants, and as explicitly verified 



in [77], x indeed satisfies (6.13). As another example, one can take N = 4 and [m] = [2, 1, 1], 



[2, 2] or [3, 1]; again, one can, for each case, compute x using (6.10), and as explicitly verified 



in [77], it will always satisfy (6.13). 

Hence, if we were to repeat the computation in Appendix B with gauge group S instead 
of N + , we would physically realize the general BRST algorithm in [7S]. What this means is 
that the chiral CFT would realize W(su(A^) a fj, pX) - an untwisted affine W-algebra obtained 
from sl(N) a ff via a quantum Drinfeld-Sokolov reduction that is associated with the embed- 
ding p_4 : sl(2) — » sl(N) (which, through the Jacobson-Morozov theorem, is determined by 
a + and therefore, the partition [m] which characterizes the underlying 4d defect). In other 
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words, the states of the chiral CFT would be furnished by a Verma module W(su(iV) aff , p A ) 
over W(su(A^) aff , p_4), and the Hilbert space "Hb PS of spacetime BPS states on the RHS of 
( 6.1[ ) when n = 1, can be expressed as 

n$ PS = W(su(NU,p A ). (6.14) 



Clearly, the physical duality of the compactifications in (6.1) will mean tlicit "?~^Bpg in 
(6.3) (when n — 1) is equivalent to H^'ps i R (6.14), i.e., 



m* u{1)2xT u(M 



SU(N),L,a', 



W(su(NU,p A ) 



(6.15) 



Thus, we have a "ramified" generalization of the duality relation (5.17) for G = SU(N). 



Accordingly, ca in (5.18) ought to be replaced by 



1 2 
c A = dims[(iV)o — -dimsl(iV) i — 12 \a + p + a_t | 

2 2 



(6.16) 



Here, s[(iV),,- = {i£ sl(N) \ [t ,x] = jx}; t = p A (a 3 ), where er 3 G sl(2) is a Cartan element; 
p is the Weyl vector of sl(N); a + = l/y/k A + N, where = —1; and k A G IR is the 

effective level of the underlying affine Lie algebra st(iV) a ff. 

If we have a trivial 4d defect whence L = SU(N) so [rij] = [N], from (6.10), we find 



o 



that a+ = n + whence p A would be principal; in this case, to = P v = P> dimst(iV) 
^dimst(A^)i = rankst(iV) = iV — 1, so c A coincides with (B.34) (for the A groups). As such, 



when the defect is trivial (i.e. absent), W(su(N) a g, p A ) = W(su(iV) a ff) with central charge 
ca — c a, consistent with our "unramified" results in §5.2. As further explained in §5.2, c A 
would also depend on the Omega-deformation parameters 61,2 through a + = —i\ft\/e2 and 
a- = -i^/e 2 /ei. 

Since Omega-deformation is independent of the choice of defect, the manner in which 
C A depends on e 12 would not change as we vary p A away from being principal, i.e., we have 
a + = —i^/ei/e 2 and ct_ = —i\foif^\ in (6.16) for all p A . Therefore, we can also write c A as 



c Aei 2 = dims[(iV)o - -dims[(JV)i + 12 




(6.17) 



Notice that consistent with the LHS of (6.1), c A)(El2 is also asymmetric under the exchange 
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ei <H> t2 whenever we have a nontrivial 4d defect. In addition, we also have 



k A = -N 



£2 



(6.18) 



Note at this point that a rigorous definition of a "ramified" generalization of the 
Nekrasov instanton partition function in [201 §6-6] means that we can actually "ramify" 



the arguments which took us from (5.25) to (5.36). As such, in the presence of a nontrivial 



4d defect whose nature is encoded in p A , we can, via (6.15), write the "ramified" Nekrasov 
instanton partition function as 



Z [nst (SU(N),e 1 ,e 2 ,d,'L) = (p A ,A\p A ,A) 



where 



\ PA ,A)=($A a '\y al , LA ) 



(6.19) 



(6.20) 



Here, \p A ,A) G W(su(N) aS , p A ); A a ' is some real number; \^ a ',h A ) e IH^ (1)2xT U(M S u(N),h,a') 
is also a state in W(su(iV) a fj, p A ) with energy level n a i determined by the "ramified" instan- 
ton number a' (as one recalls that n a i is a constant shift of the eigenvalue a 1 of the Lq 
operator which generates translations along the circle in (6.1)); and (-|-) is a Poincare 
pairing in the sense of [271 §2.6]. The label A just means that W(su(A r ) a g, p A ) is gener- 
ated by the application of creation operators (furnished by the negative-mode elements of 
W(su(N) aiS , p A )) on the highest weight state |A). 



As in the "unramified" case, since the RHS of (6.19) is defined in the limit that the 
fiber in C has zero radius, and since we have in C a common boundary condition at z = 
and z = oo (where the radius of the fiber is zero), \p A , A) and (p A , A\ ought to be a state 
and its dual associated with the puncture at z = and z = oo, respectively. Furthermore, 



as the RHS of (6.20) is a sum over states of all possible energy levels, it would mean that 



\p A , A) is actually a coherent state. 



Thus, in arriving at the boxed relations (6.15), (6.17), (6.18), (6.19) and (6.20), we have 



just furnished a fundamental physical derivation of a "ramified" pure AGT correspondence 
for the An-i groups! (Given a specific L and hence [nj], the "ramified" version of the 



relations (5.41 )-(5.43) can be straightforwardly obtained, albeit rather tediously, via the 



computational technique introduced in [261 §3.3].) 



A "Ramified" Generalization of the Pure AGT Correspondence for the B Groups 
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Let us now focus on (6.8) with n = 2 and even N whence 0caff = 50 

{N+l)l s . Recall 



at this point from footnote [54j that so(N + 1)^ = sl(N) ( ^ = sl(N) v J z > , which means that 



vV(2) 



our proceeding analysis would be exactly the same as that for the A groups above, except 
that the affine Lie algebras involved are now Z 2 -twisted. As such, the Hilbert space "H§ PS of 



spacetime BPS states on the RHS of (6.1) when n = 2 with even N, can be expressed as 



U% PS = W(so(N + l)l s , PA ), 



(6.21) 



where W(so(N + 1)^, Pa) is a Verma module over W(so(iV + l)^ ff , p A ) - a Z 2 -twisted version 
of the affine W-algebra W(su(iV) aff , p A ) obtained from s[(iV) aff via a quantum Drinfeld- 
Sokolov reduction that is associated with the embedding p A : sl(2) — > sl(N) (which, as 
explained above, encodes the nature of the underlying 4d defect). 



Clearly, the physical duality of the compactifications in (6.1) will mean that ?4 2 ps 

m 



(6.3) (when n = 2 with even N) is equivalent to %bps m (6-21), i.e 



m* u(1)2xT u(M 



SO(N+l),h,a' j 



w( 50 (iv+i)r ff ,p^ 



(6.22) 



where the equivariant intersection cohomology is Z 2 -invariant in the sense explained below 
( 6.3[ ). Thus, we have a "ramified" generalization of the duality relation (5.17) for G = 
SO(N + l). 



According to footnote 21 , the central charge of a twisted W-algebra (obtained as a coset 
theory of twisted affine Lie algebras, such as in our case) would be the same as its untwisted 
version. As such, the central charge eg in this case would be the same as c^, i.e., 



c S)£l2 = dims[(iV)o - -dims[(iV)i + 12 

Z 2 




(6.23) 



Likewise, the level of the underlying Z 2 -twisted affine Lie algebra so(N + l)^ ff is 



k H = -N 



C2 

e-i 



(6.24) 



and 



Z inst (SO(N + 1), ei, e 2 , a, L) = {p A , A 2 \p A , A 2 ) 



(6.25) 



149 



where 



\p A ,A 2 ) = Q)B a '\y a ,, LB ) 



(6.26) 



Here, \p A , A 2 ) G W(so(A^+l)^ ff , p^); 5 a ' is some real number; |^ a ',L s ) G IH^ {1)2xT W(A^ S o(Af+i),L,a') 
is also a state in W(so(iV + 1)^,P.a) with energy level n / determined by the "rami- 
fied" instanton number a'; and the label A 2 just means that W(so(N + l)^ e , p A ) is gen- 
erated by the application of creation operators (furnished by the negative-mode elements of 
W(so(N + l)aff,P^)) on the Z 2 -twisted highest weight state |A). 

As in the n = 1 case, |p^, A 2 ) and (p^, A 2 | ought to be a state and its dual associated 



with the puncture at z = and z = oo on C, respectively. Furthermore, as the RHS of (6.26) 



is a sum over states of all possible energy levels, it would mean that \p A , A 2 ) is actually a 
coherent state. 



Thus, in arriving at the boxed relations (6.22), (6.23), (6.24), (6.25) and (6.26), we have 



just furnished a fundamental physical derivation of a "ramified" pure AGT correspondence 



for the Bn/2 groups! (The "ramified" version of the relations (5.41 )-( 5.43) can be obtained 



via a Z 2 -twisted generalization of the computational technique introduced in [261 §3-3].) 

A "Ramified" Generalization of the Pure AGT Correspondence for the D Groups 

Let us now focus on (6.9) with n = 1 whence 0caff = so (2^)afr- Note that the factor 



in the denominator of (6.9) means that we are gauging the so (2 iV) ^ WZW model on C by 



a subgroup S whose Lie algebra is s = © [so(2iV) v p v ]. Notice that the second factor 
[so(2N) v p v ] is spanned by strictly upper triangular matrices which are thus nilpotent 
like the matrices that span the first factor n^; this just reflects the fact that the second 
factor is due to the dual 4d defect which is in turn characterized by dual nilpotent orbits 
O e v (c.f. §4.3). As such, we find that S would be a nilpotent subgroup of strictly upper- 
triangular matrices, i.e., we can also write 



'+■ 



(6.27) 



where DY C so(2iV) v is a nilpotent Lie subalgebra of strictly upper triangular matrices. 

Thus, in this case, we see (bearing in mind the isomorphism relations in footnote 54) 
that the sought-after spacetime BPS states ought to be given by the states of the partially 
gauged chiral CFT 

S o(2iV) affi(? A>+a ff , PD , (6.28) 
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where the levels po and q may not be the same, as the central charge of f+ a ff,p D , like that of 



n v ~ 
,l +aff,p 2 — 



n +afr,p 2 m (6-7), must also contribute to an anomalous shift in the overall central 



charge which can then be "absorbed" by the curvature of C, as explained in §5.3. This 



partially gauged chiral CFT, like the one in (5.52), can be realized as a gauged SO(2N,C) 
WZW model, although the Lie algebra of the gauge group S is now D + instead of n + . 

In an appropriate basis of 50 (2 N), one can always find an element H of the Cartan 
subalgebra of so(2N) such that 

[H,x} = kx (6.29) 

for some x G D+ and positive integer k 56 Hence, if we were to repeat the computation in 
Appendix B with gauge group S instead of iV+, we would physically realize the general BRST 
algorithm in [75]. What this means is that the chiral CFT would realize W(so(2N) a g, p-p) 
- an untwisted afline W-algebra obtained from so(2N) a g via a quantum Drinfeld-Sokolov 
reduction that is associated with the embedding px> : sl(2) — >■ so(2N) (which, through the 
Jacobson-Morozov theorem, is determined by D + that is in turn determined by the underlying 
4d defect). In other words, the states of the chiral CFT would be furnished by a Verma 
module W(so(2iV) aff , p v ) over W(so(2iV) aff , px>), and the Hilbert space "H§ PS of spacetime 
BPS states on the RHS of ( 6.2[ ) when n = 1, can be expressed as 



Hg PS = W(so(2N) aS ,p v ). 



(6.30) 



Clearly, the physical duality of the compactifications in (6.2) will 
(6.3) (when n — 1) is equivalent to W^ps m (6.30), i.e., 



m* u(1)2xT u(M 



SO(2N),L,a'j 



W{so{2N)^ Pv ) 



(6.31) 



Thus, we have a "ramified" generalization of the duality relation (5.54) for G = SO{2N) 



Accordingly, cd in (5.55) ought to be replaced by [78 



c v = dimso(2A^) - -dim5o(2A^)i 

z 2 



12 \a + p + ac-t 



o 



(6.32) 



56 Note that this claim is only true if we restrict ourselves to the subset of 4d defects whereby there exists a 
nilpotent element e = p-p(a 3 ) E + (where cr 3 <E sl(2)) such that the embedding p-p : sl(2) so(2N) realizes 
the conditions for an iJ-compatible halving as spelt out in [7^1 Appendix C, after eqn. (C.10)] (for the D 
series). For simplicity and brevity of discussion, we shall henceforth assume our 4d defects to be such. 
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Here, so(2N)j = {x G so(2N) | [t ,x] = jx}; t = pd(<7 3 ), where a 3 G s((2) is a Cartan 
element; p is the Weyl vector of so(2N); a + = l/\/kp + 2N — 2, where = —1; and 

kp G IR is the effective level of the underlying afhne Lie algebra so(2iV) a gf. 

If we have a trivial 4d defect whence L = SO(2N) so p v = so(2iV) v (and the second 
factor in s is trivial), we have D + = n + whence px> would be principal; in this case, tc 



P' 



p, dimso(2iV)o - |dimso(2iV) i = rankso(2iV) = N, so cd coincides with (TB.34| (for the D 



groups). As such, when the defect is trivial (i.e. absent), W(so(2N) a g, p%,) = W(so(2iV) a ff) 
with central charge Cx> = Cp, consistent with our "unramified" results in §5.3. As further 
explained in §5.3, c© would also depend on the Omega-deformation parameters €1,2 through 
«+ = —iy/ei/e 2 and a_ = — iy / e 2 / 'e x . 

Since Omega-deformation is independent of the choice of defect, the manner in which 
Cx> depends on ex 2 would not change as we vary p%> away from being principal, i.e., we have 
a + = —i^/ei/e 2 and a_ = - 



e 2 /ex in (6.32) for all px>- Therefore, we can also write as 



op = dimso(2iV) - -dimso(2A^)i + 12 




(6.33) 



Notice that consistent with the LHS of (6.2), cx>, ei2 is also asymmetric under the exchange 



e x -H- e 2 whenever we have a nontrivial 4d defect. In addition, we also have 



k 



v 



-2N + 2- 



f2 



(6.34) 



Note at this point that a rigorous definition of a "ramified" generalization of the 
Nekrasov instanton partition function in (20J, §6.6] means that we can actually "ramify" 



the arguments which took us from (5.62) to (5.70). As such, in the presence of a nontrivial 



4d defect whose nature is encoded in pp, we can, via (6.31), write the "ramified" Nekrasov 
instanton partition function as 



Z inst (5'0(2Ar),e 1 ,e 2 ,a,L) = (p v ,A\ Pv ,A) 



where 



|p„,A) = 0D a '|v|/ a , Ll ,) 



(6.35) 



(6.36) 



Here, |p©,A) G W(so(2N) aS , p v ); D a ' is some real number; \^ a ',u,) G IH^ (1) 2 xT W(A^5 (2V),L,a') 
is also a state in W(so(2iV) a ff, px>) with energy level n a > determined by the "ramified" in- 
stanton number a' (as one recalls that n a i is a constant shift of the eigenvalue a 1 of the Lq 
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operator which generates translations along the circle in (6.2)); and (-|-) is a Poincare 
pairing in the sense of J27J §2-6]. The label A just means that W(so(2iV) aff , p v ) is gener- 
ated by the application of creation operators (furnished by the negative-mode elements of 
W(so(2iV) aff , px>)) on the highest weight state |A). 



As in the "unramified" case, since the RHS of (6.35) is defined in the limit that the 
fiber in C has zero radius, and since we have in C a common boundary condition at z = 
and z = oo (where the radius of the fiber is zero), \pz>, A) and (p©, A| ought to be a state 
and its dual associated with the puncture at z = and z = oo, respectively. Furthermore, 



as the RHS of (6.36) is a sum over states of all possible energy levels, it would mean that 



\px>, A) is actually a coherent state. 



Thus, in arriving at the boxed relations (6.31), (6.33), (6.34), (6.35) and (6.36), we have 



just furnished a fundamental physical derivation of a "ramified" pure AGT correspondence 



for the D]\f groups! (The "ramified" version of the relations (5.41 )-( 5.43) can be obtained 



via an SO(2N) generalization of the computational technique introduced in [261 §3-3]. 
A "Ramified" Generalization of the Pure AGT Correspondence for the C-G Groups 



Let us now focus on (6.9) for n = 2 and 3 (with N = 4) whence Q^ aS = usp(2N — 2) aff 



and 02aff' respectively. Recall at this point from footnote 54 that usp(2N — 2 



so(2iV) (2) 



all' 



so(2N) v J 2) and g^ aff = eo(2N)j^ = so(2N) v J 3) (where N = 4), which means that our pro- 
ceeding analysis would be exactly the same as that for the D groups above, except that the 
affine Lie algebras involved are now Z2- and Z,3-twisted, accordingly. As such, the Hilbert 



space "Heps of spacetime BPS states on the RHS of (6.2) can be expressed as 



H 



BPS 



(6.37) 



where W(gi£g, Pv) is a Verma module over W(0 a / fT , px>) - a Z n -twisted version of the affine W- 
algebra W(so(2A^) aff , p v ) obtained from so(2iV) aff via a quantum Drinfeld-Sokolov reduction 
that is associated with the embedding p^ : si(2) — > so(2iV) (which, as explained above, 
encodes the nature of the underlying 4d defect). 



Clearly, the physical duality of the compactifications in (6.2) will mean that T^gpg in 
(6.3) (when n = 2, and when n = 3 with N = 4) is equivalent to "H^ps in (6.37) (when 
n = 2, and when n = 3 with N = 4), i.e., 



0IH 



U(l) 2 xT 



G,L,a' 



(6.38) 
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where the equivariant intersection cohomology is Z n -invariant in the sense explained below 
( 6.3[ ). Thus, we have a "ramified" generalization of the duality relation (5.54) for G = 
USp(2N - 2) and G 2 . 



According to footnote 30 , the central charge of a twisted W-algebra (obtained as a coset 
theory of twisted affine Lie algebras, such as in our case) would be the same as its untwisted 
version. As such, the central charge cq in this case would be the same as ct>, i.e., 



cg 



£1,2 



dimso(2iV)o - -dimso(2iV)i + 12 



P + 



(6.39) 



Likewise, the level of the underlying Z n -twisted affine Lie algebra $j^ ff is 



-2N + 2- 



£2 
6l 



and 



where 



Z inst (G,e 1 ,e 2 ,a,h) = (p v ,A n \p v ,A n ) 



| Pc ,A„,) = 0G a > a , LG ) 



(6.40) 



(6.41) 



(6.42) 



Here, \p v , A„) e W(g^ s ,p v ); G a ' is some real number; |# ',l g ) e \W u{1)2y , T U(M G ^) is also 
a state in W(q^ s , pv) with energy level n a > determined by the "ramified" instanton number 
a'; and the label A n just means that W(g^ s , p v ) is generated by the application of creation 
operators (furnished by the negative-mode elements of W($j^ ff , px>)) on the Z n -twisted highest 
weight state |A). 

As in the n = 1 case, \px>, A„) and (px>, A n | ought to be a state and its dual associated 
with the puncture at z = and z = oo on C, respectively. Furthermore, as the RHS of (6.42) 



is a sum over states of all possible energy levels, it would mean that \px>,A n ) is actually a 
coherent state. 



Thus, in arriving at the boxed relations (6.38), (6.39), (6.40), (6.41) and (6.42), we have 



just furnished a fundamental physical derivation of a "ramified" pure AGT correspondence 



for the Cn-i and G 2 groups! (The "ramified" version of the relations (5.41 )-(5.43) can be 
obtained via a Z n -twisted, SO(2N) generalization of the computational technique introduced 
in [HI §3.3].) 



The "Fully-Ramified" Pure AGT Correspondence for the A-B Groups 
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Let us now specialize our above discussion to the case of a full 4d defect whence L = T. 



For the A-B groups, this means that [rij] = [1, . . . , 1] in (6.10). As such, a + in (6.11) is 
trivial. Hence, the full defect "undoes" the quantum Drinfeld-Sokolov reduction, and in 



place of (6.12), we have 



where n — 1 and 2 (with even N) for the A^-i and -Bat/2 groups, respectively. 



(6.43) 



Thus, in place of (6.15) and (6.22), we have 



m* m2xT u(M G , T , a/ ) = e 



V 

aff,fc.Ag 



(6.44) 



where G = SU(N) and SO(N + 1) (with even N), and QaS,k AB I s a Verma module over the 
Langlands dual aifine Lie algebra g^g k a ^ level ^ab- 



From (6.18) and (6.24), we get 



kAB 



-N 



?2 



(6.45) 



In turn, the central charge is 



cab,< 



fi 
e 2 



(iV 3 - AT) + iV 2 



(6.46) 



Recall at this point that if the defect were to be trivial, (i) 0aff,fc^ B w °uld be replaced by 
W(fJaff> Pa) with principal px, (ii) the Z n -twisted highest weight state \ j, A) e ^ would 
be replaced by the Z n -twisted highest weight state |A) G W(0^ fT ,p^); (iii) the zeroth modes 
J = (Jg, . . . , Jq^ 1 ) of the N — 1 untwisted scalar bosonic fields in the free-field realization 
of W(0aff , Pa) would be given by J = a + i(b + b~ l )p, where b - 



e i/ e 2', (iv) the conformal 
dimension A*- 2 ) of |A) would be given by A< 2 ) = (a 2 + (6 + 6- 1 ) 2 p 2 )/2. Notice that since both 
J and A^ 2 ) are p_4- independent, we can expect them to take the same form at p^ = 0, i.e., 
when we actually have a full defect. 



That being said, the "unramified" configuration (5.12) - which underlies the above- 



stated expressions for J and A^ 2 ) - is symmetric under the exchange e\ <->• on the other 



hand, the "ramified" configuration (6.1) - which underlies the story with the full defect - is 



not; in other words, unlike the above-stated expressions for J and A^ 2 ) for when the defect 
is trivial, the expressions for J and A^ 2 ) for when the defect is full should not be symmetric 



155 



under the exchange £\ -H- £2- Thus, the expressions for J and A^ 2 ^ for when the defect is full 
should be given by the above-stated expressions for J and A^ less the b- or & -1 -dependent 
term. In turn, this means that (i) the expression for the conformal dimension of \j, A) 
ought to be given by the above-stated expression for A^ 2 ^ less the b- or 6 _1 -dependent term; 
(ii) the highest weight j = ib~ 1 J' associated with \j,A) is such that the expression for J' 
ought to be given by the above-stated expression for J less the b- or 5~ ^dependent term^ 
Therefore, as Aj 2 '' = — j ■ (j + 2p)/26 -2 by definition, a consistent solution would involve 
dropping the 6 _1 -dependent term in J and A^ 2 ^ such that j = z6 _1 a — p and A^ = (a 2 + 
b 2 p 2 )/2. Since we can identify a with —id/ ^£\£2 (see §5.2), we can write 



3 = P 

ei 



(6.47) 



and 



L |j,A) = A( 2) |j,A) where Af = iL 



(6.48) 



Hence, in place of (6.19) and (6.25), and in place of (6.20) and (6.26), we have 



Zin S t(G, ei, e 2 , a, T) = (0, A n |0, A n ) 



(6.49) 



and 



|O,A n ) = 0S a > aVZUB ) 



(6.50) 



Here, |0,A n ) G 

0afr,fc^ B i G a ls some rea l number; and \^f a ',T AB ) e ^*u{i) 2 xT^(-^G,T,a') is also 
a state in 0afffe^ B with energy level n a i determined by the "ramified" instanton number a'. 
The label A n just means that g^ s ^ AB is generated by the application of creation operators 
(furnished by the negative- mode elements of 0a ffjfc ^ e ) on the Z n -twisted highest weight state 
|J,A). 

As before, |0, A n ) and (0,A n | ought to be a state and its dual associated with the 



puncture at z = and z = 00 in C, respectively. Furthermore, as the RHS of (6.50) is a sum 



57 Note that according to [HI Appendix C], the relation between j and J' is actually j = — 6 _1 J'; in other 
words, there is an extra factor of '— V in our definition of the relation. The reason for our deviation is as 
follows. Recall that the vector a in §5.2 is purely real in our conventions; this implies that t\ and e 2 must 
be opposite in sign whence b~ l is purely imaginary; thus, since j (like J') must also be purely real, one has 
to insert an extra factor of '— V in the relation. 
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over states of all possible energy levels, it would mean that |0, A n ) is actually a coherent 
state. 



Thus, in arriving at the boxed relations (6.44), (6.45), (6.46), (6.47), (6.48), (6.49) and 



(6.50), we have just furnished a fundamental physical derivation of a u fully-ramified" pure 



AGT correspondence for the An_\ and (for even N) the -Bat/2 groups! (The "ramified' : 



version of the relations (5.41 )-(5.43) can be obtained via a Z n -twisted generalization of the 



computational technique introduced in j26j §3.3].) 



The "Fully- Ramified" Pure AGT Correspondence for the C-D-G Groups 



Let us now turn our attention to the C-D-G groups. Unlike a + in (6.12) for the A-B 



groups, we do not have, for the C-D-G groups, an explicit description of D + in (6.28) in 



terms of some partition [nj] which describes L, i.e., apart from the obvious case of a trivial 
4d defect where L = G whence d + = n+, we cannot determine the exact form of D + in all 
generality. Nevertheless, one can still deduce the exact form of D + for when the 4d defect is 
full. 

To this end, first note that by shifting the center-of-mass of the N M5-branes + 4d 



defect system in (6.2) away from the OM5-plane, the SO(2N) gauge group which underlies 



the original iV M5-branes + OM5-plane + 4d defect system would reduce to an SU(N) 
gauge group which underlies the now effective N M5-branes + 4d defect system. Second, 



note that shifting the center-of-mass of the N M5-branes + 4d defect system in (6.2) will 



not modify the intrinsic properties of distinguished defects, i.e., a full or trivial defect will 
remain as such, regardless. Third, note that the action of Omega-deformation, as effected 
by a background fluxbrane, is also independent of this shift in the center-of-mass of the N 
M5-branes + 4d defect system. Altogether, this means that if we start with configuration 



(6.2) with a full defect and shift the center-of-mass of the N M5-branes + 4d defect system 



away from the OM5-plane, we will end up with configuration (6.1) with a full defect, and 



vice-versa. Therefore, since our above "fully-ramified" analysis for the A-B groups is also 
independent of the center-of-mass of the N M5-branes + 4d defect system, we can conclude 
that the "fully-ramified" analysis for the C-D-G groups ought to be the same, except that 



one has to replace sl(N) with so(2N) everywhere. In particular, instead of (6.43), we now 
have 



so(2N) (n) 



(6.51) 



where n = 1, 2 and 3 (with N = 4) for the Dn, Cn-i and G2 groups, respectively. Hence, 
we deduce that D + is actually trivial, like a+ was. 
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Also, in place of (6.44) is 



m* m > xT u(M G!T>a ,)=% s , 



kc-vg 



(6.52) 



where G = SO(2N), U Sp(2N—2) and G2, and 0aff,fc CI)g i s a Verma module over the Langlands 
dual affine Lie algebra oi s ^ kcvg at level kcvg- 



From (6.34) and (6.40), we get 



ccvg 



-2N + 2 



52 
61 



(6.53) 



In turn, the central charge is 



ccvg^ 2 = -(4iV 3 - 6N 2 + 2N) + 2N 2 - N 
£2 



(6.54) 



By the same arguments which led us to (6.47) and (6.48 ), we can also state the following 



The highest weight I associated with the highest weight state \l,A) G Saff,fc CX)g j can ^ e written 

as 



r a 
1 = — p 

ei 



and moreover, 



L \l,A) = A ( f\l,A) where A ; 



(2) 



2e 2 



?21 



(6.55) 



(6.56) 



Hence, in place of (6.35) and (6.41), and in place of (6.36) and (6.42), we have 



Z ins t(G, ei, e 2 , a, T) = (0, A n |0, A n ) 



(6.57) 



and 



|O,A n ) = 0^> a , Tcw ) 



(6.58) 



Here, |0, A n ) G g%$ >kcvg ; & a> is some real number; and \^ a ',T CV g) e JH* UW 2 xT U(M G ,T,a') is 
also a state in $j^ ff fccDg with energy level determined by the "ramified" instanton number 
a'. The label A n just means that g^ s fccog is generated by the application of creation operators 
(furnished by the negative-mode elements of Q^ s ^ CT>g ) on the Z n -twisted highest weight state 
f,A). 
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Again, |0, A n ) and (0, A n | ought to be a state and its dual associated with the puncture 
at z = and z = oo in C, respectively. Furthermore, as the RHS of (6.58) is a sum over 
states of all possible energy levels, it would mean that |0, A n ) is actually a coherent state. 



Thus, in arriving at the boxed relations (6.52), (6.53), (6.54), (6.55), (6.56), (6.57) 



and (6.58), we have just furnished a fundamental physical derivation of a "fully-ramified" 
pure AGT correspondence for the D^, Cn-i and G2 groups! (The "ramified" version of 
the relations (5.41 )-(5.43 ) can be obtained via a Z n -twisted, SO(2N) generalization of the 
computational technique introduced in [26l §3.3].) 



6.2. An ALE Generalization of the Pure AGT Correspondence 

Let us now derive, purely physically, an ALE generalization of the pure AGT correspon- 
dence for the A, B, C, D and G groups. For brevity, we shall consider only the fully-resolved 
ALE space of A- type with k centers, R 4 /Zfc. 



An ALE Generalization of the Pure AGT Correspondence for the A-B Groups 

To this end, first note that according to our analysis in §4.1, replacing IR 4 on the LHS 
of (5.12) with M 4 /Zfc would mean that we have to replace (5.15) with the Omega-deformed 
version of (4.16). Bearing in mind the relation (4.13), and the fact that Omega-deformation 
(which, a priori, is effected via coseting by the Z n -twisted affine CFT's associated with 



the stack of iV D6 and k D4-branes in (4.11), where the level I G IR, and n + is a nilpotent 
subalgebra of the Lie algebra of the gauge groups on the stacks of D-branes) will act only on 



the Z n -twisted affine CFT associated with the stack of N D6-branes in (4.11) (as our result 
at k — 1 must be the same as that found in §5.2), we find that (5.15) has to be replaced by 



u. 



■nW ifc-i 



n (n) ' 



(6.59) 



Recall at this point that the central charge due to the Omega-deformation factor 



in (6.59), is given by (5.22) when we have a single D4-brane intersecting the N D6-branes, 



i.e., when k = 1, as shown in (5.14). Recall also that this central charge is proportional to the 
curvature of C induced by Omega-deformation; thus, when we have k D4-branes intersecting 
the N D6-branes whence the curvature of C would be "diluted" over k D4-branes, we ought 



to divide its value by k. This means that the second factor in (6.59) ought to obey the 
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following (conformal) equivalence of coset realizations: 



n (n) 



'afT.fcJToda' 



(6.60) 



where the subscript "Toda" indicates that the affine CFT is realized by a Z n -twisted Toda 
field theory with rank su(iV) scalar fields and central charge 



/iV (Ar) dimsu(AT) f ! 
c To da(ei, e 2 ) = ranksu(iV) H I ft + - 



(6.61) 



Here, ftw^) is the dual Coxeter number of su(N), and b 



\feje~2- 



Therefore, via (6.60), we can also express ( |6.59 ) as 



[^(!)iff,A J 



[u(l) 



aff.fcJToda 



(6.62) 



The first factor in the above product is a Z n -twisted parafermionic coset theory of SU(k) at 



level N, and from (6.61), one can see that the second factor is a Z n -twisted version of the 
k th paratoda theory of SU(N) described in [50"| §2]. In light of the isomorphism relations in 



footnote 54 we can also write the affine algebras associated with (6.62) as 



para,./V 



affJ 



(6.63) 



Here, ^p ara A r is the parafermionic coset of the Langlands dual affine Lie algebra £? v ff at 
level N, where Q a s = su(A;) afT or so(k + l) aff when n = 1 or 2 (with even k), and V\4(0 aff ) 
is the k-th para-W-algebra derived from the Langlands dual affine Lie algebra g aff , where 
g aff = su(iV) aff or so(N + l) aff when n = 1 or 2 (with even N). 



Hence, in place of (5.17), we have 



^ara,iV®W fc ( 0a V ff ) 



(6.64) 



Here, W(.M^m( M 7 z fc)) is the Uhlenbeck compactification of the moduli space jMJ!? TO (R 4 / z k) 
of G-instantons of instanton number m on 1R 4 /Zfc of class W2 € i/ 2 (lR 4 /Zfc, tti(G)); G = 
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SU(N) or SO(N + 1) when n = 1 or 2 (with even N); and Q^ yN and WUg^) are Verma 
modules over £p ara7V and W fc (0 aff ), respectively. 



From (6.62 ), (6.61 ), and footnote 21 , we find that the central charge of the affine algebra 



which underlies the RHS of (6.64) is 



k(N-l) + 



(N 3 -N) (e 1 + e 2 f 
k e x e 2 



(6.65) 



When k — 1, c\ ei £2 indeed reduces to (5.19), as expected. 

Since we can straightforwardly generalize from IR 4 to R 4 /Zfc the arguments which took 



us from (5.25) to (5.36), via (6.64), we can write the IR 4 /Zfc Nekrasov instanton partition 

(6.66) 



function as 



Z ins t(G, ei, e 2 , a, k) = (k, A\k, A) 



where 



\k,A) = Q)A m \y m , k ) 



(6.67) 



Here, \k, A) e ^^at 



I H^/(i)2 xT W(A^^m( 



Wfc(0 aff ); A m is some real number; |^ m , fc ) G t 
is also a state in Qp araN <8> VVfe^^ff) with energy level n m determined by the instanton num- 
ber m (as one recalls that constant shift of the eigenvalue m of the L operator 
which generates translations along the circle in (5.12)); and (-|-) is a Poincare pairing in 
the sense of [2ZI §2.6]. The label A just means that Gp^N ® Wfc(5 aff ) is generated by the 
application of creation operators on the highest weight state |A). 

As in the IR 4 case, since the RHS of (6.66) is defined in the limit that the S 4 fiber in C 
has zero radius, and since we have in C a common boundary condition at z = and z = oo 
(where the radius of the S 4 fiber is zero), \k, A) and (k, A| ought to be a state and its dual 
associated with the puncture at z = and z = oo, respectively. Furthermore, as the RHS of 



■/z*)) 



(6.67) is a sum over states of all possible energy levels, it would mean that \k, A) is actually 
a coherent state. 



Thus, in arriving at the boxed relations (6.64), (6.65), (6.66) and (6.67), we have just 



furnished a fundamental physical derivation of an M 4 /^ pure AGT correspondence for the 
A N _i and (for even N) the B N / 2 groups! 

An ALE Generalization of the Pure AGT Correspondence for the C-D-G Groups 

Similarly, if we replace IR 4 on the LHS of (5.49) with IR 4 /Zfc, it would mean that we 



have to replace (5.52) with an Omega-deformed D-tjpe version of (4.16). 



161 



A D-type version of (4.16) would be given by an M 4 /Zfc generalization of (3.90). Such 



a generalization would be furnished by the I-brane system in (3.84), but now with k non 



coincident D4-branes; in other words, the original SO(k) gauge symmetry associated with the 
stack of D4-branes would now be reduced to a U(l) k ^ 2 gauge symmetry. In turn, according 
to our explanations in §3.2, since the gauge groups on the D4- and D6-branes must be of 
the same type, it would mean that we ought to associate a U(1) N gauge symmetry with 
the D6-branes, i.e., the D6-branes would be pulled apart and away from the 06~-plane by 
the 6-4 strings as the D4-branes become non-coincident. Thus, via the arguments which 
led us to (4.16), and the fact that only the U(l) k ^ 2 gauge symmetry associated with the 



non-coincident D4-branes is dynamical, we find that a D-tjpe version of (4.16) would be 
given by 

lfc/2 



[ u ( 1 ) ifF,2jyJ 



|(") lfc/2 
'aff,2ArJ 



W)%\ N 



[u(l 



.(*») ]N 
'aff.fcJ 



(6.68) 



Bearing in mind that Omega-deformation (which, a priori, is effected via coseting by 
tt+afFq the Z n -twisted affine CFT's associated with the iV D6- and k D4-branes, where the 
level q G 1R, and n + is a nilpotent subalgebra of the Lie algebra of the gauge groups on the 
sets of D-branes) will act only on the Z n -twisted affine CFT associated with the set of N 
D6-branes (as our result at k — 1 must be the same as that found in §5.3), we find that an 



Omega-deformed version of (6.68) would be given by 



[u(l) 



(") lfc/2 
aff,2JVJ 



y\( n ) lfc/2 
± )a,S,2N\ 



Ui 



_S0(^)iff,2JV 

[u(l)' 



( n ) lfc/2 
aff,27VJ 



n (n) 



[u(l) 



(n) ■ 
aff.fc. 



A? 



[u(l 



,(«) ]N 
'aff,fcJ 



(6.69) 



Therefore, we have to replace (5.52) with (6.69) 



Recall at this point that the central charge due to the Omega-deformation factor n + ^j 
in (6.69), is given by (5.59) when we have a single D4-brane intersecting the iV D6-branes, 
i.e., when k — 1, as shown in (5.51 ). Recall also that this central charge is proportional to the 



curvature of C induced by Omega-deformation; thus, when we have k D4-branes intersecting 
the iV D6-branes whence the curvature of C would be "diluted" over k D4-branes, we ought 



to divide its value by k. This means that the last factor in (6.69) ought to obey the following 
(conformal) equivalence of coset realizations: 



"MS* 



-2, ® Ki)a n iF 



n 



S°(2AQagfc 

W)%\ N 



[ U (l)ifT^fc]Toda) 



(6.70) 
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where the subscript "Toda" indicates that the affine CFT is realized by a Z n -twisted Toda 
field theory with rank so (2 N) scalar fields and central charge 



c T oda(ei,e 2 ) = rank S o(2iV) + so(2N) - — lb+- 



(6.71) 



Here, ti£ g , 2N x is the dual Coxeter number of so(2N), and b = \J e\je 2 . 



Therefore, via (6.70), we can also express ( |6.69[ ) as 



[u(l) 



(™) lfc/2 
arT,2jvJ 



[u(l) 



aff,A;JToda 



(6.72) 



The first factor in the above product is a Z n -twisted generalized parafermionic coset theory of 



SO(k) at level 2N, and from (6.71 ), one can see that the second factor is a Z n -twisted version 
of the k th paratoda theory of SO(2N) described in [80, §2]. In light of the isomorphism 



relations in footnote 54, we can also write the affine algebras associated with (6.72) as 



'para,2JV 



w fc ( r ff ) 



(6.73) 



Here, &p axgi2 N * s the generalized parafermionic coset of the Langlands dual affine Lie algebra 
£f a g at level 2N ', where £f aff = so(fc) aff , usp(k — 2) aff or $j 2aff when n = 1, 2 or 3 (with k = 8), 
and Wfc(fl a / ff ) is the k-th para-W-algebra derived from the Langlands dual affine Lie algebra 
B^r, where aff = so(2A^) aff , usp(2A^ - 2) aff or 2aff when n = 1, 2 or 3 (with N = 4). 



Hence, in place of (5.54), we have 



m* m2xT u(M% m (R*/z k )) 



affj 



(6.74) 



Rexe,U(M%J 



l /Zfc)) is the Uhlenbeck compactification of the moduli space ^Q 2 m { 



of G-instantons of instanton number m on M 4 /^fc of class w 2 € ff 2 (R 4 /Zfc, 7r 1 (G)); G = 
SO(2N), USp(2N - 2) or G 2 when n = 1, 2 or 3 (with AT = 4); and ^ ar ^ 2N and VVfc(0^) 
are Verma modules over ^ ax&2 N an< ^ Wfc(Saff); respectively. 



From (|6.72|), (|6.71|), and footnote 30[ it is clear that the central charge of the affine alge- 

kN-c{[u{l)% N f/*) + {2N - 2)(2iV 2 - iV) 



bra which underlies the RHS of (|6.74|) is c k D ei t2 



(ei + e 2 ) 2 /keie 2 , where c(. . . ) is the central charge of the indicated affine algebra. That said, 
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when k = I, Cr 



should reduce to (5.56); this implies that c([u(l) ( ' n 



this means that c([u(l) ~- --~\ k / 2y 



k x c([u(l) 



(w) 1 l/2> 
aff,27VJ J 



aff,2Jv] 1/2 ) = 0; in tum > 

0. Thus, the central charge of the 



affine algebra which underlies the RHS of (6.74) is actually 



(2N - 2)(2N 2 - N) ( ei + e 2 ) ; 



k 



eie 2 



(6.75) 



Since we can straightforwardly generalize from IR 4 to M 4 /Zfc the arguments which took 
us from (5.62) to (5.70), via (6.74), we can write the M 4 /Zfc Nekrasov instanton partition 
function as 

(6.76) 



Zhmt(G, ei, e 2 , a, k) = (k, A\k, A) 



where 



Here, |fc,A)e% v ara>27V C 



\k,A) = ®D m \* m)k ) 



D' 



is some real number; 



is also a state in 5fj^ ra2 jv ® ^fc(flafr) with energy level n m determined by the instanton num- 
ber m (as one recalls that constant shift of the eigenvalue m of the L operator 
which generates translations along the circle in (5.49)); and (-|-) is a Poincare pairing in 
the sense of [27, §2.6]. The label A just means that £g> ^fc(Saff) * s generated by the 
application of creation operators on the highest weight state |A). 

As in the IR 4 case, since the RHS of (6.76) is defined in the limit that the fiber in C 
has zero radius, and since we have in C a common boundary condition at z = and z = oo 
(where the radius of the S 4 fiber is zero), \k, A) and (k, A| ought to be a state and its dual 
associated with the puncture at z = and z = oo, respectively. Furthermore, as the RHS of 



(6.77) 



(6.77) is a sum over states of all possible energy levels, it would mean that \k, A) is actually 



a coherent state. 



Thus, in arriving at the boxed relations (6.74), (6.75), (6.76) and (6.77), we have just 



furnished a fundamental physical derivation of an M 4 /Zfc pure AGT correspondence for the 
Dn, Cjv-i an d the G 2 groups! 



6.3. The AGT Correspondence with Matter 

Let us now extend our derivation of the pure AGT correspondence in §5 to include 
matter. For concreteness, we shall restrict ourselves to the A-type superconformal quiver 
gauge theories described by Gaiotto in [16]. 
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From Gaiotto's construction in [TU] , it is clear that in order to obtain the corresponding 
Nekrasov instanton partition function with matter of mass m and Coulomb moduli a, i.e., 
Z inst (G, ei, e 2 , a, m), we would need to insert, along ]R 4 | ei e2 on the LHS of (5.12), 4d defects 
of the type studied in [28]. These defects are characterized by Young diagrams. 

We considered such 4d defects in our derivation of a "ramified" pure AGT correspon- 
dence in §6.1. There, the original defect spanned a complex plane in IR 4 | eij<:2 and wrapped 
S n ,t = Sj, x I t) whence we could appeal to the chain of dualities described in §2.3 to write 



down the duality relation (6.1). However, if the original defect were to span the entire 
as in the case at hand, it is no longer clear how one can appeal to duality arguments 



of the kind furnished in §2.3 to arrive at a duality relation like (6.1). 

Nevertheless, recall from §5. 1 §5.2 that we actually have a pair of M9-branes at the 
ends of S n t and C = S 2 /{0, oo} in (5.12), whereby the M9-branes at the ends of C at 
z = {0, oo} have a nine-dimensional worldvolume which spans the directions transverse 
to C (as the S^-fiber of C that their underlying ten-dimensional worldvolumes wrap has 
zero radius at those points). Also, according to Gaiotto's generalization [3] of the analysis 
in [16] to asymptotically-free theories, and our discussions leading up to ( |5.36[ ), one ought to 
associate to each puncture at z — {0, oo} in C, a 4d defect (which would underlie the coherent 
state in (5.36)). Last but not least, note that the 4d defects that Gaiotto had considered, can 



be realized by intersecting M-branes in the M-theoretic picture of his story [81 J . Altogether 
therefore, this means that instead of inserting 4d defects along IR 4 | eij<E2 on the LHS of (5.12), 
one can also obtain Z inst (G, €1,62, a, m) by inserting appropriate M9-branes which intersect 
the M5-branes along S* x IR 4 | eije2 whilst taking the radius /3 of to zero (recall this from 
§5.2). In the limit that — > 0, on the dual side, we would have instantonic M9-branes which 
sit at specific points in C - the "time" degree of freedom of the M9-branes along the S^-fiber 
in C is effectively reduced to a point as (3 — > 0. 

In the pure case with Nekrasov instanton partition function Z- mst (G, e±, e 2 , a), the M-- 
branes in the original compactification in the limit /? — > and the corresponding CFT on C 
in the dual compactification that are behind our derivation of the pure AGT correspondence 
in §5.2, are depicted in fig. 3. In fig. 3, the vertical planes represent the spatial part of the 
M9-branes; X 9 \ Ei = ]R 4 | eii(E2 x IR 5 | e3;a;6 7 , where four of the spatial directions of the M5-branes 
are along IR 4 | eij£2 C X 9 \ e .; e 3 = e\ + e 2 ; I and a are the instanton number and Coulomb 
moduli of the underlying 4d gauge theory along M 4 | ei (:2 ; V^a and V g * A is a vertex operator 
and its dual with higher order poles that represent the coherent state |?, A) and its dual 



(q, A| in (5.36) of the CFT on C; and the two points on C where the vertex operators are 
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n.t(P->0) 




Figure 3: A pair of M9-branes in the original compactification in the limit — > and the 
corresponding CFT on C in the dual compactification that are behind our derivation of the 
pure AGT correspondence in §5.2. 

located are also where the two instantonic M9-branes which are dual to the two original M9- 
branes, sit. Note that each of the two planes in fig. 3 along which / G Z + , can be thought 
of as a coalescence of the planes in fig. 4 along which I takes its minimum value / m i n ; this is 
consistent with the fact [3j that the class of punctures in fig. 3 arise from a coalescence of 
the class of punctures in fig. 4. 

In the case with matter with Nekrasov instanton partition function Z inst (G, e\, e 2 , a, m), 
the AGT correspondence can be constructed out of the sphere with a small hole and the 
cylinder depicted in fig. 4. In fig. 4, l min and are the minimal instanton number and the 
Coulomb moduli of the underlying 4d gauge theory along IR 4 | ei)(:2 ; V? is a vertex operator 
associated with the unshaded plane that represents the state \V?) of the CFT on C whose 
conformal weight depends on Q = (ex + e 2 )/ v /e 1 e 2 and a (or its relevant mass substitute, as 
we shall explain below); V$ i} s i+1 is a vertex operator which is associated with the shaded plane 
that transforms the theory with parameter cii to the adjacent theory with parameter aj+i; 
and the second correspondence, which is actually a conformal equivalence, arises because 
we are dealing with a CFT on C. As the 4d gauge theory along IR 4 | ei)(E2 in the original 
compactification in fig. 4b (like the one in fig. 3) is asymptotically-free, the observed scale of 
the eleven-dimensional spacetime S nt x ]R 4 | ei e2 x IR 5 | e3 . X67 would be inversely proportional 
to g 2 , its gauge coupling squared; in turn, this means that the length of the cylinder on the 
dual side ought to be proportional to l/g 2 , as indicated. As I = / min along the planes, the 
4d-2d correspondence between I and the conformal weight of CFT states on C that we have 
derived hitherto, means that the vertex operators in fig. 4 are all primary operators. Last 
but not least, note that the CFT on C with W- algebra symmetry can be thought of as a 
conformal Toda field theory with background charge Q; with an appropriate metric on C, 
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(a) 




(b) 



Figure 4: Building blocks of our derivation of the AGT correspondence with matter, (a) a 



at z = with corresponding boundary state \V~. i ); (b) a cylinder of length ~ 1/g 2 , with 
boundary states (V3? J and |V^r x ). 

one can localize Q to the poles [64J; in other words, one can regard Q to be zero at the point 
where Va it $ i+1 is inserted (which explains the absence of the superscript 'Q'). 

The AGT Correspondence for a Conformal Linear Quiver of n SU(N) Gauge Groups 

Let us now consider an illuminating example of a conformal linear quiver of n SU(N) 
gauge groups, where N > 2. The linear quiver diagram (in the formulation of [16]) and the 
various steps that lead us to the overall Riemann surface £ on which our 2d CFT lives, are 
depicted in fig. 5. In fig. 5, the circles and boxes denote the gauge and flavor symmetry 
groups, respectively; in the second step, we strip away the circles and boxes, use a filled 
and circled dot to indicate the two different types of external legs corresponding to different 
flavor symmetry groups, and represent the gauge group with a bounded line; in the third 
step, we depict the correspondence with Riemann surfaces (in accordance with [16J), where 
g r is the gauge coupling associated with the SU(N) r gauge group; and in the final step, 
we glue together the individual Riemann surfaces to form the overall Riemann surface E on 
which our 2d CFT lives. 
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(1) 




Figure 5: The linear quiver diagram and the various steps that lead us to the overall Riemann 
surface S on which our 2d CFT lives. 
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Figure 6: The effective correspondence when the 4d theory is a conformal linear quiver with 
n SU (N) gauge groups. 



Comparing the individual Riemann surfaces in fig. 5 with the building blocks in fig. 4, 
whilst noting that one can, for our present purpose, replace the primary operator V? 
in fig. 4(a) with a small hole and the state {V®\, it is clear that we have to glue the 
eleven-dimensional theories in fig. 4 along the unshaded boundary planes in order to ob- 
tain Z inst (G, 6i, e 2 , a, m) on the 4d gauge theory side. On the 2d CFT side, notice that the 
overall Riemann surface S is actually conformally equivalent to a sphere; in other words, 
the effective Riemann surface C e ff on which our 2d CFT lives, is S 2 . Thus, the effective 
correspondence in this case which replaces fig. 3 in the pure case, would be as depicted in 
fig. 6. In fig. 6, the m^'s are the mass parameters associated with the flavor groups; g 
is an operator representing the shaded plane which transforms the theory with parameter 
a to the adjacent theory with parameter /3; the subscript 'j p ' is the highest weight that 
defines the primary operators V? and V* ; g r — e 2mTr , where r r = Ani/g^ + Q r j1i\\ and the 
points where the Vj 's are inserted are z = 1, qi, gig%, . . . , q\qi . . . q n because the insertion 
point z — 1 is propagated along the tube of length ~ 1/ ' g\ in fig. 5 to the insertion point 
z = 1 • q\ = gi, the insertion point z = qi is propagated along the tube of length ~ in 
fig. 5 to the insertion point z = q±q2, and so on. Note also that in order to arrive at fig. 6, 
we have chosen the normalization (VS\vS) = 1 so that pairs of unshaded boundary planes 
associated with the same c4 in fig. 4, upon being glued together, become identity planes 
which therefore effectively disappear. 



Clearly, the operator $ 5m . g also transforms the space (5.13) of BPS states of the 
theory with parameter a to that of the adjacent theory with parameter (3. Thus, we can 
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also describe $ as the following map: 



®a, mi J : n « ^ % where U -v = m *u(i)*xTU(Msu(N),i) ® C(ei, e 2 , a p ) (6.78) 



is the space of BPS states of the theory with parameter a p . 

At any rate, in the case of a linear quiver of n SU(N) gauge groups, the expression 



(5.26) for the Nekrasov instanton partition function ought to be replaced by 



^ t (q, ei ,e 2 ,a,m) = ^ ■ ■ ■ & 2^ S)Ilifai ...,,„ (ei, e 2 , a, m, -> 0), 



(6.79) 



l\,l<2...,l r , 



where U is the instanton number associated with the SU(N)i gauge group, and Z%p S h h i n 
is the partition function of the aforementioned BPS states associated with the left diagram 
in fig. 6. This partition function can be viewed as a sum over BPS states that propagate 
from the rightmost to the leftmost end of the diagram which undergo transformations of the 



kind described in (6.78) due to the presence of the shaded planes; in other words, one can 
also write 



■^inst(*l' e l' e 2; a ; m ) mi {®\®3i,m2,ai Ql ^01,^3,02 <?2 ^a n -i,m n +l,an Qn ^ a n ,m n+2 ,a n W)rn n 



+3' 



(6.80) 

where mi (0| and |0) mn+3 are the minimum energy BPS states at the leftmost and rightmost 
end of the diagram that are associated with m,\ and m n+3 , respectively, while lj is an instanton 
number operator whose eigenvalue is the instanton number Zj associated with the BPS states. 



Note at this point that the duality relation in (5.17), the self-Langlands-duality of 



simply-laced affine Lie algebras, the discussion following (5.17), and the map (6.78), also 
mean that 



(6.81) 



where Vj(g ) is the Verma module over the W-algebra W(su(iV) aff ) of central charge 



c = (N - 1) + (N 3 - N) 



[ei + eg) 
eie 2 



and highest weight 



j(a p ) = —^= + iQp, 
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(6.82) 



(6.83) 



with p being the Weyl vector of su(N). Consequently, $ can also be interpreted as a primary 
vertex operator V acting on V; this underlies the correspondence between 3 and V7. in 
fig. 6. Similarly, the duality relation in ( 5.17[ ), and the discussion following it, underlie the 
correspondence between mi (0| and |0) mn+3 and (V?\ and \V? ) in fig. 6. 

Hence, the correspondence depicted in fig. 6, and our explanations in the last three 
paragraphs, mean that we can write 



Z&Cq, e lt 6 2 , a, m) = Z lm (q, e h m) • ( V£(oo) V> (1) W ( 9l ) . . . V,( qi q 2 . . . q n )V? „ (0) 



7 lin / 



31 



32 1 



33' 



3n + 2 



3n + 3 



S 2 



(6.84) 

The independence of the factor Z hn on a is because the eL's have already been "contracted" 



in the correlation function: see the RHS of (6.80). 



According to (6.83), the fact that the aJs and the m^'s have the same dimension, and 



the fact that V® and V® +3 ought to depend on mi and m n+3 , respectively, one can conclude 
that 



Ji 



-imi ip (ei + e 2 ) , -> 
H 1= — and j n+3 



A/eIe2 



-im n+3 ip (ei + e 2 J 



A/eIe2 



(6.85) 



where the N — 1 component vectors fh\ and m n+ 3 depend on m,\ and m n+ 3. 

Similarly, one can conclude, after recalling that Q vanishes where the Vj u operators are 
inserted, that 



Ju 



—im. 



for 



u 



2,3,...,n + 2 



(6.86) 



where the N — 1 component vector m« depends on mj. 

Last but not least, note that like in §5.2, we effectively have N D6-branes and 1 D4- 



brane wrapping C e g (which one can see by "gluing" the configuration in (5.14) according 
to our description above), i.e., we effectively have an N x 1 = iV-fold cover I^sw of C e ff- 
This is depicted in fig. 7. Incidentally, Ti$w is also the Seiberg-Witten curve which underlies 



Zlin 
; 



inst 



q, ei, e 2 , a, m)! In fact, Y* S w can be described in terms of the algebraic relation 



A' 



^sw '■ ^ N + ^ N k( , 



0. 



(6.87) 



fc=2 



where A = ydz/z (for some complex variable y) is a section of T*C e Q, and the 0jt(z)'s are 
(k, 0)-holomorphic differentials on C c s with poles at the punctures z = 00, 1, qi, qiqz, . . . , 
qiq2 ■ ■ -q-a that are determined by the matter content of the 4d theory. In particular, near 
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Figure 7: C e g and its iV-fold cover T*sw with primary operators inserted at the n+3 punctures 
z = oo, 1, q u gig 2 , • • • , gi<?2 • • • <?n, 0. 



the puncture z = z a , we have 



u^dz* 



\z — z s 



(6.88) 



and from the correspondence between (j>2(z) and the holomorphic stress tensor W^ 2 '(z) (es- 
tablished in §5.2, which thus also applies here), we have 



W^(z)V ls (z 



a 



(2) 



(z - z s ) 



(6.89) 



where (z s ) can be V?(z s ) or (z s ). In other words, the conformal dimension of the 

Js j s Js 

primary operator Yj s (z s ) is equal to uh \ i.e., we have 



JJ_ _ Js ■ ipjei + e 2) 
2 



A/eIe2 



u 



i 2 -*, where s — 1, 2, . . . , n + 3 



(6.90) 



from which we can ascertain the explicit form of the mass vectors m s in (6.85) and (6.86). 



Thus, in arriving at the boxed relations (6.82), (6.84), (6.85), (6.86) and (6.90), we 



have just derived the AGT correspondence for a conformal linear quiver of n SU(N) gauge 
groups! 

The AGT Correspondence for a Conformal Necklace Quiver of n SU(N) Gauge Groups 

Let us now consider another illuminating example of a conformal necklace quiver of 
n SU(N) gauge groups, where N > 2. The necklace quiver diagram (in the formulation 
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of [TB]) and the various steps that lead us to the overall Riemann surface S on which our 
2d CFT lives, are depicted in fig. 8. In fig. 8, the circles and boxes denote the gauge and 
flavor symmetry groups, respectively; in the second step, we strip away the circles and 
boxes, use a circled dot to indicate the external leg corresponding to the flavor symmetry 
group, and represent the gauge group with a bounded curve; in the third step, we depict 
the correspondence with Riemann surfaces (in accordance with [16J), where g r is the gauge 
coupling associated with the SU(N) r gauge group; and in the final step, we glue together 
the individual Riemann surfaces to form the overall Riemann surface X on which our 2d 
CFT lives. 

Comparing the individual Riemann surfaces in fig. 8 with the building blocks in fig. 4, 
whilst noting that one can, for our present purpose, replace the primary operator V? in 
fig. 4(a) with a small hole and the state (V®\, it is clear that we have to glue in a loop 
the eleven-dimensional theories in fig. 4 along the unshaded boundary planes in order to 
obtain Z inst (G, ei, e 2 , a, m) on the 4d gauge theory side. On the 2d CFT side, notice that 
the overall Riemann surface £ is actually conformally equivalent to a torus; in other words, 
the efffective Riemann surface C e ff on which our 2d CFT lives, is T 2 . Thus, the effective 
correspondence in this case which replaces fig. 3 in the pure case, would be as depicted in 
fig. 9. In fig. 9, the m^'s are the mass parameters associated with the flavor groups; ^g, l ,m l ,d i+1 
is an operator representing the shaded plane which transforms the theory with parameter 
&j to the adjacent theory with parameter eij+i; the subscript is the highest weight that 
defines the primary operators V-9 and Vj ; q r = e 2mTr , where r r = 4iri/g 2 + 6 r /2ir; and the 
points where the Vj^'s are inserted are z = 1, qi, q±q2, ■ ■ ■ , <?i<?2 • • • <?n-i because the insertion 
point z = 1 is propagated along the tube of length ~ 1/g 2 in fig. 8 to the insertion point 
z = 1 • q\ = qi, the insertion point z = q 1 is propagated along the tube of length ~ in 
fig. 8 to the insertion point z = qiq2, and so on. Note also that in order to arrive at fig. 9, 
we have chosen the normalization (V® \V9) = 1 so that pairs of unshaded boundary planes 
associated with the same in fig. 4, upon being glued together, become identity planes 
which therefore effectively disappear. 



Clearly, the operator &a i ,m l ,3 i+1 also transforms the space (5.13) of BPS states of the 
theory with parameter cij to that of the adjacent theory with parameter Oi+j. Thus, we can 
also describe $ as the following map: 



^rmA+i '■ ^ -^3 i+1 , where = (J) IH^ (1) a xT U(M S u{N),i) ® C(ei, e 2 , a p ) (6.91) 

i 
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Figure 8: The necklace quiver diagram and the various steps that lead us to the overall 
Riemann surface S on which our 2d CFT lives. 
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Figure 9: The effective correspondence when the 4d theory is a conformal necklace quiver 
with n SU (N) gauge groups. 



is the space of BPS states of the theory with parameter a p . 

At any rate, in the case of a necklace quiver of n SU(N) gauge groups, the expression 



(5.26) for the Nekrasov instanton partition function ought to be replaced by 



^i n n c s c t k (q>ei,e 2 ,a, mj 



E M ■ ■ ■ In ^bps,W 2 ,.., J £ i> e 2, a, m, 0), 



(6.92) 



h,h — ,ln 



where U is the instanton number associated with the SU(N)i gauge group, and ^bps u i 2 i n 
is the partition function of the aforementioned BPS states associated with the left diagram 
in fig. 9. This partition function can be viewed as a sum over BPS states that propagate 



around the diagram which undergo transformations of the kind described in (6.91) due to 
the presence of the shaded planes; in other words, one can also write 



(6.93) 

where li is an instanton number operator whose eigenvalue is the instanton number l\ asso- 
ciated with the BPS states. 



Note at this point that the duality relation in (5.17), the self-Langlands-duality of 



simply-laced affine Lie algebras, the discussion following (5.17), and the map (6.91), also 
mean that 



(6.94) 
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where Vj(g ) is the Verma module over the W-algebra W(su(A r ) a fj) of central charge 



(N - 1) + (iV 3 - AT) 



eie 2 



(6.95) 



and highest weight 



(6.96) 



with p being the Weyl vector of su(N). Consequently, $ can also be interpreted as a primary 
vertex operator V acting on V; this underlies the correspondence between $ai_i 



and 



in fig. 9. 



Hence, the correspondence depicted in fig. 9, and our explanations in the last three 
paragraphs, mean that we can write 



Z^ k (q, ei , e 2 , a, m) = Z neck (q, e h m) • {V^V^V^q,) . . . ^>g 2 . . . q n _ x ^ 

(6\97) 

The independence of the factor Z neck on a is because the cL's have already been "contracted' : 



in the correlation function: see the RHS of (6.93). 



According to (6.96), the fact that the a p 's and the m^'s have the same dimension, the 
fact that Vj s ought to depend on m s _i, and recalling that Q vanishes where Vj a is inserted, 
one can conclude that 



3s 



for s = 1, 2, . . . , n 



(6.98) 



where mo = m n , and the N — 1 component vector depends on m^. 

Last but not least, note that like in §5.2, we effectively have A" D6-branes and 1 D4- 



brane wrapping C e g (which one can see by "gluing" the configuration in (5.14) according to 
our description above), i.e., we effectively have an iV x 1 = A^-fold cover T^sw of C e g. This 
is depicted in fig. 10. Incidentally, Xsw is also the Seiberg-Witten curve which underlies 
Z^ t k (q, ei, e 2 , a, m)! In fact, Tisw can be described in terms of the algebraic relation [16] 



N 



Zsw:X N + J2* N ~ k Mz) = 0, 



(6.99) 



k=2 



where A = ydz/z (for some complex variable y) is a section of T*C e ff, and the 0jk(z)'s are 
(k, 0)-holomorphic differentials on C c s with poles at the punctures z = 1, (ft, gi(? 2 , . . . , 
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Vr n-2 / 

v j„ • n q, 





eff 



Figure 10: C e fj and its iV-fold cover T, sw with primary operators inserted at the n punctures 
z = 1, q 1 ,q 1 q 2 ,..., qiq 2 ■ 



9i92 • • • qn-i that are determined by the matter content of the 4d theory. In particular, near 
the puncture z = z s , we have 



[z — z. 



(6.100) 



and from the correspondence between 4>2(z) and the holomorphic stress tensor W^ 2 '(z) (es- 
tablished in §5.2, which thus also applies here), we have 



W^\z)V 3s {z s ) 



u 



(2) 



(z-z s ) 2 3s 



V- (z x ). 



(6.101) 



In other words, the conformal dimension of the primary operator Vj (z s ) is equal to Ms , i.e., 
we have 



(6.102) 




from which we can ascertain the explicit form of the mass vectors m s in (6.98). 



Thus, in arriving at the boxed relations (6.95), (6.97), (6.98) and (6.102), we have just 



derived the AGT correspondence for a conformal necklace quiver of n SU (N) gauge groups! 
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Part III 

Integrable Systems 



7. The AGT Correspondence, Chiral Fermions, Integrable Systems, and the 
"Ramified" Geometric Langlands Correspondence for Curves 



7.1. The AGT Correspondence with Matter and Chiral Fermions 

Let us consider the topological string limit e.\ + e 2 = €3 = in our derivation of the 
AGT correspondence with matter in §6.3. For brevity, and to make contact with results by 
Nekrasov-Okounkov in [4J, we shall consider only the conformal necklace quiver of n SU(N) 
gauge groups. (The analysis for the conformal linear quiver with n SU(N) gauge groups is 
similar.) 



In the topological string limit e\ = —e 2 = h, Omega-deformation on the RHS of (5.12) 



effectively vanishes. According to our discussions in §5, the partially gauged chiral CFT 



behind (5.15) would then be ungauged. Consequently, the W-algebra W(su(./V) a ff) that 



appears in §6.3, ought to be replaced throughout by the affine Lie algebra su(N) a g t i of level 



1. This means that instead of (6.93), the Nekrasov instanton partition function would now 
be given by 



^insflq, K a, m) = Tr Wsi {q x q 2 . . . q n ) h $ 3l)tniA $ 



where 



with Vj(s p ) being the Verma module over su(A r ) a g j i of central charge 



(7.2) 



c = N-l 



(7.3) 



and highest weight 



j(a P ) 



h 



(7.4) 



dp is the Coulomb moduli of the p SU(N) gauge group; q r = e 2mTr , with r r being the 
complexified gauge coupling of the r th SU(N) gauge group; li is the instanton number 
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operator of the first SU(N) gauge group; and m s is the mass of the s th bifundamental 
matter. 



From (7.2), we see that $ can be interpreted as a primary vertex operator V acting on 



V. Furthermore, recall that (i) we have N chiral fermions which live on C e g in fig. 10, that 



realize su(N)as t i; (ii) the duality of the compactifications in (5.1) means that the instanton 



number li of the gauge theory corresponds to the energy level L of the chiral CFT on C e ff- 
In other words, we can also write 



Zf- k (q, H, a, m) = Tr H w (qiq 2 ■ ■ ■ Quf V^(l) V^fa) Vj 3 ( qi q 2 ) . . . V^( qi q 2 . . . q n ^) 



(7.5) 



where is the Fock space of N chiral fermions defined by the highest weight a/H — j(fli) 
of su(A r ) aff l ; Vj s (z s ) is a primary operator inserted at z = z s in C e g = T 2 , that is associated 



with the highest weight j s ; and from (6.98) 



m s -i 

h 



for 



1,2, 



n 



(7.6) 



where m = fh n , and the N — 1 component vector depends on m^. 

For n = 1, the 4d quiver gauge theory reduces to an SU(N) theory with a massive 
adjoint hypermultiplet, or the M = 2* theory. In this case, our above results coincide with 



those by Nekrasov-Okounkov in jH §6.3]. Hence, the boxed relations (7.3), (7.4), (7.5) and 



(7.6) serve as a bifundamental quiver generalization of the results in loc. tit. 



7.2. The Nekrasov-Okounkov Conjecture and the Tau-Function of Toda Lattice Hierarchy 

We shall now derive a conjecture by Nekrasov-Okounkov |4j, and elucidate the connec- 
tion between the Nekrasov instanton partition function and the tau-function of Toda lattice 
hierarchy. 



The Nekrasov-Okounkov Conjecture 

To this end, let us consider the topological string limit t\ +e2 = e 3 = in our derivation 
of the pure AGT correspondence for G in §5. In this limit, Omega-deformation on the RHS of 



(5.12) and (5.49) effectively vanishes. According to our discussions in §5, (i) C in the I-brane 



configurations (5.14) and (5.51) would become flat again, i.e., C would return to becoming 



the finite cylinder S n 4 = x I t ; (ii) the partially gauged chiral CFT behind (5.15) and 
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(5.52) would be ungauged. This means that instead of (5.36) and (5.70), we would now have 



Z inst (G,A,h,a) = (u h \A 



2nh v L 



(7.7) 



Here, A is the scale; h — e\ = — e 2 ; a is the Coulomb moduli of the underlying 4d pure G 
theory; \u%) G j^s 1> where $^ ff 1 is the integrable highest weight module over the Langlands 
dual affine Lie algebra Q y &si of level 1 and central charge cc,h', \u^) is a coherent state generated 
from the primary state |A^) of conformal dimension A^; h w is the dual Coxeter number of 
the Lie algebra g; n = 1 for G = SU(N) and SO(2N); n = 2 for G = SO(N+l) (with even 
N) and USp(2n — 2); n = 3 for G = G2', and Lq is the generator of time translations along 

which propagates the state \un) at one end by a distance ~ 1/g 2 ~ In A 2nhV to the other 
end whence it is annihilated by the state where g is the underlying gauge coupling 

For G = SU(N) and SO(N + 1) (with even N), we have, from (I5~l9j) and (l5~24|), 



08 



iV - 1 and A. 



70^ 



(7- 



where 7 is some real constant. 



For G = SO(2N), USp(2N-2) and G 2 (with = 4), we have, from (5.56) and (5.61 ) 



c G ,h = N and A h 



ja 2 



(7.9) 



where 7' is some real constant. 



Note that in arriving at the boxed relation (7.7), and its accompanying boxed relations 



(7.8) and (7.9), we have just derived the Nekrasov-Okounkov conjecture in [H §5.4]! (Strictly 
speaking, the Nekrasov-Okounkov conjecture holds for the full dual partition function Zjj. 
Nevertheless, since (i) Zd is just a linear sum of the full partition function at different 
values of a but with the same underlying highest weight j when the complex parameter £ in 
eqn. (5.1) of loc. cit. is set to zero, where a 2 ~ j 2 ; (ii) the conjecture also holds at £ = 0; (hi) 
the perturbative part of the full partition function is just some constant at each different 
value of a; the conjecture also holds for a linear sum of Z- mst with the same underlying highest 
weight j. This last statement is what our aforementioned results imply.) 



58 As the 4d gauge theories along K 4 | ei e2 in the original compactifications ( 5.12[ ) and (5.49) are, in this 

itiA f»cnrnnn^/~if T/iollir -fv/Ai-i 4- Vi r\ /-il-i ci s\vi ti~is-\ c i <-i i~\ 1 /"\ i-v-f 4- It /~i a1 at rnn /liTnnTiciiAnnI o n t~i it i~\ 4- i m r\ TCP ^ | ^ ' \y TCP 5 AnrfViT- 



case, asymptotically-free, the observed scale of the eleven-dimensional spacetime 



ought 



to be inversely proportional to g 2 ; in particular, this means that the length of S„ t ought to be proportional 
tol/ 5 2 . 
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The G = SU(N) Case and the Tau-Function of Toda Lattice Hierarchy 

Let us now focus on the G = SU(N) case where we necessarily have n = 1 such that 
there is no twist of the chiral CFT on E n>< as we go around S* . According to our discussions 
in §3 and §5, we would have N untwisted chiral fermions on which realize su(N) aS1 . 



As such, by comparing the RHS of (7.7) with the RHS of [H eqn. (5.24)], bearing in mind 
that |H eqn. (5.24)] can also be written as (U eqn. (5.25)], we find that we can also express 
the Nekrasov instanton partition function as 



Z iBSt (SU(N),A,h,a) = (ple^A^e^lp) 



(7.10) 



where \p) is a vacuum state in a standard fermionic Fock space % whose energy level is p 2 /2; 
1 < p < N; and J T \ are creation and annihilation operators in H, respectively, which are 
constructed out of the chiral fermions. 

According to |82j . the tau-function of Toda lattice hierarchy (in the fermionic Fock 
space formulation) is given by 



T P ,g = (p\e h Qe » \p), 



(7.11) 



where \p) G Ho, (p\ G Hoo, and Q : H — > H.^. This is just the RHS of (7.10) when 
Q = A 27VL °. Therefore, we have 



Z inst (SU(N),A,h,a) 



r p,A 2NL o 



(7.12) 



and since S nj4 is conformally equivalent to a Riemann sphere with two disks deleted at 
z = 0, oo, this is just Nekrasov's conjecture in [91 eqn. (4.11)]! 



7.3. The "Fully- Ramified" Nekrasov Instanton Partition Function and Quantum Affine 
Toda Systems 

Let us consider the Nekrasov-Shatashvili limit £2 = in our derivation of the "fully- 



ramified" pure AGT correspondence for G in §6.1. From (6.45) and (6.53), we find that in 



place of (6.49) and (6.57), the "fully-ramified" Nekrasov instanton partition function is now 



Zi^t{G, ei,0,a,T) = (ex, A n |ei, A n ), 



(7.13) 
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where a is the Coulomb moduli of the underlying pure G theory on ]R 4 | ei e2=0 ; T C G is the 
maximal torus that G reduces to along lR 2 | ei C IR 4 | ei)e2= o; |ei, A n ) e 8%g C nv an d Saffcrit i s 
the integrable module of the Langlands dual affine Lie algebra q^ s crit at the critical level. 

Via the (twisted) dimension-one currents J ai that generate 0^j crit on C = S 2 , one can 
define the (twisted) Segal-Sugawara operators 

S^\z) = (k + h v )T^\z), Si = ei + 1, % = l,2,...,rank( ), (7.14) 

where the Lie algebra g = sl(N) if G = SU(N) and SO(N + 1) (with even N); g = so(2N) 
if G = SO(2N), USp(2N — 2) and G2', h v is the dual Coxeter number of g; the e^'s are the 
exponents of g; and the spin-Sj (sj > 2) operators are just higher spin generalizations 
of the holomorphic stress tensor T^ 2 \ Note that we can also write 

=: d a ^- a ^(k)(J ai J a2 . . . J asi )(z) :, (7.15) 

where d aia2a3 '" a ^(k) is a completely symmetric traceless g-invariant tensor of rank s« (which 
depends on the variable k); in other words, the rank(g) number of S^'s are Casimir oper- 
ators. 



From (7.14), one can see that the S^'s generate in their OPE's with all other operators 
of the quantum CFT on C, (k + h v ) times the field transformations generated by the T^'s. 
Therefore, at the critical level k = —h v , the S^^'s generate no field transformations at all: 
their OPE's amongst themselves, and with all other field operators, are regular. Hence, on 
any correlation function of operators, the S^'s effectively act as c- numbers. In particular, 



this means that the RHS of (7.13) - which can be interpreted as a two-point correlation 
function of coherent state operators - is a simultaneous eigenfunction of the commuting 
gW's, As the S^'s generically act as order- differential operators in their action on 
a correlation function of primary state operators (see for example [531 §15.7]), and since 
a coherent state can be obtained by applying creation operators on a primary state, i.e., 
a coherent state operator can be derived from a primary state operator, our discussion 
hitherto would mean that Z inst (G, ex, 0, a, T) ought to be a simultaneous eigenfunction of 
rank($j) commuting differential operators Dx, D 2 , . . . -D r ank(g) derived from the Casimirs of the 
Langlands dual of an affine G-algebra. Furthermore, these commuting D^s should also define 
a completely integrable system with spectral curve the (twisted) Seiberg-Witten curve Y*sw 
in fig. 1 or 2 when G = {SU(N), SO(N + 1)} or {SO(2N), USp(2N - 2), G 2 }, respectively. 
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Indeed, note that the coherent state \e%, A n ) is also known as a Whittaker vector in rep- 



resentation theory whence its norm on the RHS of (7.13) is a Whittaker function associated 
with g^ s crit ; in turn, according to [831 §2], this would mean that Z inst (G, ei, 0, a, T) must be a 
simultaneous eigenfunction of rank($j) quantum Toda Hamiltonians "D^ da , T>^ da , . . . , ^Toda 
that are associated with the Langlands dual of an affine G-algebra, i.e., 



Pffda • g°gt(g, ei, 0, a, T) = Z- mst (G, e 1; 0, a, T) (7.16) 

where the ^Toda' s are Casimir differential operators; the ^Toda' s are complex eigenvalues; and 
I = 1,2, . . . , rank(jj). Furthermore, it has also been shown in (Hl| that the spectral curve of 



the quantum affine Toda system defined by (7.16), is just T, S w- 



Note that our result is also consistent with fI7\ Corollary 3.7(2)], where Z^ B and e in 
loc. cit. correspond respectively to Z inst (G, ei, 0, a, T) and e 2 . 

7.4- The "Fully- Ramified" Nekrasov Instanton Partition Function, Hitchin Systems, and 
the "Ramified" Geometric Langlands Correspondence for Curves 

We shall now elucidate the relation between the "fully-ramified" Nekrasov instanton 
partition function and Hitchin systems, and connect our story to the "ramified" geometric 
Langlands correspondence for curves. 

The Relation to Hitchin Systems 

To this end, first note that a pure G theory can also be interpreted as the m — > oo, 
limit of a G theory with an adjoint hypermultiplet of mass m and complexified 
gauge coupling r, where me CTT ^ v remains fixed with h v being the dual Coxeter number of G. 
Second, note that in this limit, the Hamiltonian and spectral curve of the (twisted) elliptic 
Calogero-Moser system associated with the aforementioned G theory with adjoint matter, 
reduce to the Hamiltonian and spectral curve of the quantum Toda system associated with 



the Langlands dual of an affine G-algebra |85j. These two points and (7.16) therefore imply 
that 



£>cm ' z inst(G, q, ei, 0, a, m, T) = 8$^ Z mst (G, q, e x , 0, a, m, T) (7.17) 



where Z inst (G, q, ei, 0, a, m, T) is the "fully-ramified" Nekrasov instanton partition function 
in the Nekrasov-Shatashvili limit e 2 = of the G theory on M 4 | £1 £2=0 with an adjoint hy- 
permultiplet of mass m, i.e., for the Af = 2* theory on M 4 | (Eli(E2= o; a are its Coulomb moduli; 
T C G is the maximal torus that G reduces to along M 2 | £l C M. 4 | £1>e2=0 ; the X>cm' s are 
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differential operators that correspond to the quantum Hamiltonians of the (twisted) elliptic 
Calogero-Moser system for G; the ^'s are complex eigenvalues; and I = 1,2, ... , rank(G). 
In the case where G = SU(2), the eigenvalue 8^ has been determined explicitly in [19j 
§4.3]. 

Let us henceforth assume that G = SU(N). The untwisted elliptic Calogero-Moser 
system in this case is also known to be equivalent to the Hitchin system on a torus with one 
puncture over which the singularity of the associated Higgs field is regular [86]. Thus, from 



(7.17), we can write 



pg ) -Z iMt (^C/(iV),g,e 1 ,0,a,m,T) = 4 ^nst(5'^(iV), g ,e 1 ,0,a,m,T) (7.18) 



where the X>^'s are the quantum Hitchin Hamiltonians for SU (N), and the S^'s are complex 
eigenvalues. In other words, Z- msi (SU(N),q,E\,Q,a,m,T) is also a simultaneous eigenfunc- 
tion of the quantum Hitchin Hamiltonians for SU(N). This confirms the conjecture by 
Alday-Tachikawa in [19], at least for a genus one Riemann surface with a single puncture. 

The Connection to the "Tamely-Ramified" Geometric Langlands Correspondence for a Single- 
Punctured Elliptic Curve 



Notice that (7.18) means that Zi nst (SU(N), q, e\, 0, a, m, T) is a D-module; moreover, 
this D-module is associated with the Hitchin system for SU(N) on a genus one complex curve 
with a "tamely-ramified" point. Hence, according to [89], Z inst (SU(N),q,ei,0,a,m,T) is a 
T>-module in the "tamely-ramified" geometric Langlands correspondence for SU(N) at genus 
one with a single puncturel 



One can also obtain this result as follows. Firstly, from the LHS of (6.1 ) and fig. 9, we 
find that we have, along the six-dimensional worldvolume of the N M5-branes in the original 
compactification that underlie Z- mst {SU{N),q,ei,Q,a,m,T), the configuration 



part of M9-plane 



° 2 1 e 2 =o x IK^lei x T marked)i g_ > . , (7-19) 



s v- 



4d defect 



where T^ arked is a torus with a marked point over which the (spatial part of the) M9- 
plane sits, and /3 is the radius of one of its two circles. 

Note that one can place on M 2 | £2= o = M 2 a "cigar-like" metric 

ds 2 = dr 2 + f{r)d9, < r < oo, < 9 < 2vr, (7.20) 
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with f(r) ~ r 2 for r — > and f(r) — >■ p 2 for r — )■ oo. Obviously, p is the asymptotic radius 
of the circle S 1 parameterized by 9. We can assume that f(r) is identically equal to p for 
sufficiently large r, say r > r . 

One can likewise place on IR 2 | ei the above "cigar-like" metric, where the rotation of the 
plane associated with a nonzero t\ would therefore correspond to a rotation of the circle S 1 
of the cigar. Moreover, since the rotation of the plane confines the physical excitations close 
to the origin, i.e., close to the tip of the cigar, we can conveniently consider the truncated 
cigar with length r < R, where R» p,tq. 

Thus, if we denote ]R 2 | £2=0 and M 2 | ei endowed with the above "cigar-like" metrics as D 



and D Rtl , respectively, we can also express (7.19) as 

part of M9-planc 

D x D R<ei x T 

marked,/?— >0 ' 

(7.21) 

V v ' 

4d defect 

Secondly, notice that we can regard D x D R ei as a nontrivial S 1 x S 1 fibration of R + x I, 
where M + and I are a half-line and an interval, respectively. However, macroscopically at 
low-energies whence the curvature of the cigar tips is not observable, D x D R ei is effectively 
a trivial S 1 x S 1 fibration of K + x I. Therefore, where the minimal energy limit of the 



M5-brane worldvolume theory is concerned, we can simply take (7.21) to be 

part of M9-plane 

/ I v 1 

■ marked, /3— >0 " 



S 1 x R + x S 1 x I x T 2 /^o • (7-22) 



Id defect 

Thirdly, according to §6.3 and JHTJ EE], the compactification at minimal energy of the 



M5-brane worldvolume theory on S 1 x S 1 x T^ arked in ( 7.22 ) , would result in an M = (4, 4) 
sigma-model on S = K + x I with target space Mh, where A4h is the "tamely-ramified" 
Hitchin fibration associated with SU(N) and the single-punctured Riemann surface T 2 unc . 
As S is a worldsheet of an open string which starts propagating at time t = 0, there must 
be branes at the two ends of I. Since the sigma-model is an A-model, these branes must 
necessarily be A-branes. 

Fourthly, as argued in [88j, the distinguished A-brane at the tip of -D_r j(E is a space-filling 
canonical coisotropic brane B cc of type (A, B, A) with respect to the hyperkahler structure 
of M.h- Hence, on one end of I, we have the brane B cc . 

What about the brane El at the far end of D^ e l According to [H], (B CC ,B CC ) strings 
correspond to holomorphic differential operators that act on some line bundle over M.h- 
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Since our {B cc , Bl) strings ought to encode the minimal energy spectrum of the underlying 
M5-brane worldvolume theory, i.e., the space of (B cc , Bl) strings ought to furnish a space of 
states and not a space of differential operators, Bl cannot be B cc . As such, being an A-brane 
that is not space-filling, Bl can only be middle-dimensional Lagrangian; in other words, Bl 
can either wrap the fiber or base of A4h- 

As in the last subsection, we have along C c s = Tp Unc in the dual compactification 
given by the RHS of a generalization (to include a 4d defect) of fig. 9 with n = 1, the 
spin-Sj Casimir operators S^ Si ' whose action on any correlation function of operators is a 
multiplication by a c-number. Also, the correspondence in the generalization of fig. 9 tells 
us that the S^'s - like the W^'s in §5.2 - can be identified with the (k, 0)-holomorphic 
differentials (f>k (with an order- k pole at z — 1) that define the underlying SW curve which 
is an iV-fold cover of Tp Unc . Since the 0fc's are the commuting Hamiltonians that define 
M.H [HI], the last two statements mean that we effectively have the condition — hy. = 0, 
where the h^s are complex constants. This condition defines the fiber F of M.n |S]- Thus, 
as H k ~ Tr $ fc , where the 4d scalar field <3> of the "fully-ramified" N — 2* SU (N) theory on 
S 1 x S 1 x S survives as a sigma-model scalar field on £ after compactifying on S 1 x S 1 , from 
the concluding remarks in the last paragraph, one can deduce that Bl = F. Hence, on the 
other end of I, we have the brane F. 

From the above four points, one can conclude that the minimal energy spectrum of 
the M5-brane worldvolume theory which is captured by Z inst (SU (N), q, ex, 0, a, m, T), is fur- 
nished by the space of (£> cc , F) strings. In turn, since the space of (B cc , F) strings in M. H 
also furnishes a P-module |4T] , we find that Z inst (SU(N), q, ex, 0, a, m, T) is also a V- module 
in the "tamely-ramified" geometric Langlands correspondence for SU(N) on T 



2 

punc - 



The Connection to the "Tamely-Ramified" Geometric Langlands Correspondence for a Multi- 
Punctured Elliptic Curve 



One could also replace T^ arked p_^ and the single M9-plane in (7.19) with an n-marked 
torus T^ arked and n M9-planes, respectively, and repeat the above analysis. Everything 
follows verbatim, where the only change is the target of the A-model which is now M.H,n ~ the 
"tamely-ramified" Hitchin fibration associated with SU(N) and the n-punctured Riemann 
surface T^^. 

Therefore, if Z^. (SU(N), q, ei, 0, a, m, T) is the "fully-ramified" Nekrasov instanton 
partition function in the Nekrasov-Shatashvili limit e<i = of a conformal necklace quiver 
theory of n SU(N) gauge groups, then Z^^(SU(N), q, ex, 0, a, m,T) is also a V-module 
in the "tamely-ramified" geometric Langlands correspondence for SU(N) on Tp Uncn , where 
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n > 1! 

In turn, according to [89], Z^^(SU(N), q, ei, 0, a, m, T) zs a/so a simultaneous eigen- 
function of the quantum Hitchin Hamiltonians for SU(N). This confirms the conjecture by 
Alday-Tachikawa in [19J, at least for a genus one Riemann surface with n > 1 punctures. 

TTie Connection to the "Tamely- Ramified" Geometric Langlands Correspondence for a Multi- 
Punctured Rational Curve 

Let us now turn our attention to Z^.(SU(N), q, ei, 0, a, m, T) - the "fully-ramified" 
Nekrasov instanton partition function in the Nekrasov-Shatashvili limit = of a conformal 



linear quiver theory of n SU(N) gauge groups. From the LHS of (6.1) and fig. 6, we find 
that we have, along the six-dimensional worldvolume of the N M5-branes in the original 
compactification that underlie Z^ t (SU (N), q, ej, 0, a, m, T), the configuration 



part of M9-planes 



j> 2 1 w id - 



X M 2 | ei X C n +3 0-X), (7.23) 



4d defect 



where C n+ ^^^o is a short cylinder with n + 3 marked points over which the (spatial part of 
the) n + 3 number of M9-planes sit, and /3 is the radius of its circle. 



By repeating our arguments which took us from (7.19) to (7.22), we find that where 



the minimal energy limit of the M5-brane worldvolume theory is concerned, we can simply 



take (7.23) to be 



part of M9-planes 



S 1 x R + x S 1 x I x • (7.24) 

S v ' 

Id defect 

According to §6.3 and [871 188] . the compactification at minimal energy of the M5-brane 



worldvolume theory on S 1 x S 1 x C n+ 3^o in (7.24), would result in an Af = (4,4) sigma- 
model on E = M + x I with target space ^H,n+3, where ^H,n+3 is the "tamely-ramified" 
Hitchin fibration associated with SU(N) and the n + 3-punctured Riemann sphere Sp UnCin+3 . 

As before, the sigma-model is an A-model whence the branes at the ends of I must 
be A-branes; in particular, the sigma-model describes a (£> cc , 8$i) string, where S$l is a 
Lagrangian brane that can either wrap the fiber or base of ^H,n+3- So which does 33^ 
wrap? 

As in the last subsection, we have along C eff = Sp Unc n+3 in the dual compactification 
given by the RHS of a generalization (to include a 4d defect) of fig. 6, the spin-Sj Casimir 
operators S^ Si > whose action on any correlation function of operators is a multiplication by 



187 



a c- number. Also, the correspondence in the generalization of fig. 6 tells us that the S^'s - 
like the W^'s in §5.2 - can be identified with the (k, 0)-holomorphic differentials <pk (which 
have an order-/c pole at each puncture) that define the underlying SW curve which is an 
iV-fold cover of Sp Uncn+3 . Since the 0fc's are the commuting Hamiltonians Hk that define 
<^H,n+3 [HI], the last two statements mean that we effectively have the condition Hk — hk = 0, 
where the h^s are complex constants. This condition defines the fiber F of ^H,n+3 [41j- 
Thus, as Hk ~ Tr$ fc , where the 4d scalar field $ of the "fully-ramified" conformal linear 
quiver theory on S 1 x S 1 x S survives as a sigma- model scalar field on E after compactifying 
on S 1 x S 1 , from the concluding remarks in the last paragraph, one can deduce that S$l = F. 

Thus, one can conclude that the minimal energy spectrum of the M5-brane worldvol- 
ume theory which is captured by Zl™ t (SU(N),q,€i,0,a,m,T), is furnished by the space 
of (B cc , F) strings. In turn, since the space of (£> cc , F) strings in ^H,n+3 also furnishes a 
"D- module jH], we find that Z\™ t (SU(N), q, ex, 0, a, m, T) is also a T> -module in the "tamely- 
ramified" geometric Langlands correspondence for SU(N) on Sp Uncn+3 , where n > 1! 

In turn, according to [89], Zl™ t (SU(N), q, ex, 0, a, m, T) is also a simultaneous eigen- 
function of the quantum Hitchin Hamiltonians for SU(N). This confirms the conjecture by 
Alday-Tachikawa in [19], at least for a genus zero Riemann surface with n + 3 punctures, 
where n > 1. 

Part IV 
Appendix 



A. The Multi-Taub-NUT Space, Sen's Four-Manifold and String/M-Theory 



A.l. The Geometry of Multi-Taub-NUT Space 

The multi-Taub-NUT space, which we will here denote broadly as TN^, is a hyperkahler 
four-manifold that can be regarded as a nontrivial singular S 1 fibration of M 3 . It has the 
metric [90] 

ds 2 TNk = ^—(da + x? + U(r)dr$, (A.l) 
where a is a compact periodic coordinate, and r = (r^r 2 ,?" 3 ) is a three-vector in M. 3 . The 
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function U (f) and the 1-form x are defined by 



U(r) = 1 + 



R 



k 



d x = * 3 dU, 



(A.2) 



0=1 



where *3 is Poincare duality in three-dimensions. Smoothness requirements of the metric 



(A.l) dictate that a must have period 2nR. Hence, the actual radius of the circle fiber is 



given by [90 



R(f) = U{r)- 1/2 R. 



(A.3) 



Notice from (A.2) and (A.3) that the circle fiber shrinks to zero size at the k points 



fk in IR 3 . That is, there are k—1 line segments that connect each pair of neighboring 
points, and over each of these k — 1 line segments, there is a circle fibration which degenerates 
at the end points. In other words, TN^ is generically a perfectly smooth four-manifold 
with k — 1 homologically independent two-spheres given by the circle fibrations of the line 
segments. 

Notice also from (A.2) and (A.3) that at infinity, i.e. r — > 00, we have R(oo) = R. 



Consequently, one can see from (A.l) that the geometry of TN^ at infinity approximates 
IR 3 x S 1 , where S 1 has a fixed radius of R. However, the S 1 factor is actually nontrivially 
fibered over the S 2 submanifold of IR 3 = S 2 x IR at infinity, where the fibration can be viewed 
as a monopole bundle of charge (or first Chern-class) k, i.e., 



dx = 2nk. 



(A.4) 



This point will be important in our below discussion of TN^ as an M-theory background and 
its interpretation as D6-branes in the corresponding type IIA theory. 

Last but not least, note that as we "decompactify" the asymptotic radius of the circle 
by letting R — > 00, the geometry of TNk will be that of a resolved ALE space of type 
Ak-i] the intersection matrix of the two-spheres just gives the Cartan matrix of the A^-i 
Lie algebra. In order to obtain a singular ALE space of type A^-i such as 1R 4 /Zfc, one 
just needs to bring together all the k points fi, . . . , f& to the origin in IR 3 , such that the 
k — 1 homologically independent two-spheres all collapse to result in an A^-i singularity 
at 0. This has an interpretation in terms of enhanced gauge symmetries in the context of 
string/M-theory as we will explain below. 



189 



A. 2. The Multi-Taub-NUT Space in a IIA/M-Theory Correspondence 

The k Kaluza-Klein monopoles solution in M-theory can be described by the metric 



ds 2 = -dt 2 + dy m dy m + ds 2 TNk , (A.5) 



m=l 



where the y m 's denote the space-like worldvolume coordinates on the six- dimensional solitons 
in type IIA that are represented by the above solution in M-theory. In order to ascertain what 
these solitons are, let us take the "eleventh circle" to be the circle fiber of TNk- Then, a D0- 
brane in type IIA can be interpreted as a Kaluza-Klein excitation along the "eleventh circle" . 
The DO-brane is electrically charged under the gauge field C M = g^i after a Kaluza-Klein 
reduction. Therefore, its magnetic dual, the D6-brane, must be magnetically charged under 
the same gauge field. Since a Kaluza-Klein monopole must correspond to a magnetically 
charged soliton, we find that the six-dimensional space with coordinates y m ought to be filled 
by D6-branes after a type IIA compactification of M-theory along the circle fiber of TNk- 
That one has k D6-branes is consistent with the fact that the circle fibration of TNk 



is actually a monopole bundle of charge k at infinity via (A. 4). Note also that the r a 's 
can be interpreted as the location of the Kaluza-Klein monopoles in IR 3 G TN^. This 
means that the k D6-branes will be localized at the k points f±, f 2 , . . . , f& in M 3 G TN^. 
Therefore, as one brings the k points together towards 0, all k D6-branes will coincide and 
the worldvolume theory will possess an enhanced non-abelian U (k) gauge symmetry. Hence, 
upon a compactification along the circle fiber of M-theory on a TNk that has an A^-i 
singularity at its origin, one will obtain an equivalent description in terms of a stack of k 
coincident D6-branes that span the directions transverse to TNk in type IIA string theory. 
One can also understand this enhancement of gauge symmetries as follows [2Q]. Starting with 
a non-singular TNk manifold, there are M2-branes which wrap the k — 1 two spheres in TNk- 
Upon compactification along the circle fiber, these M2-branes become open strings in type 
IIA which connect between neighboring D6-branes which are non-coincident. As we bring 
all the r a 's together, the k — 1 two-spheres in TNk collapse, and we have an enhanced gauge 
symmetry in M-theory due to extra massless gauge fields that originate from the M2-branes 
which now have zero-volume, in the transverse spacetime directions. In the equivalent IIA 
picture, this corresponds to the open strings becoming massless as the k D6-branes become 
coincident, which consequently results in an enhanced non-abelian gauge symmetry in the 
transverse spacetime directions along the worldvolume of the D6-branes. 

Another relevant point would be the following. In order for the tension of a soliton 
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described by the monopole solution (A. 5) to agree with the tension of a D6-brane in type 
IIA string theory, one has to set R = gfl s , where gf is the II A string coupling and l s is the 
string length scale |90j . In particular, a compactification of M-theory along the circle fiber 
of TNk where the asymptotic radius R is either large or small, will result in an equivalent 
IIA theory that is either strongly- or weakly-coupled, respectively. 



A. 3. The Multi-Taub-NUT Space, NS5-Branes and T-Duality 

Consider the following ten-dimensional background in type IIA or IIB string theory: 

5 



ds 2 = -dt 2 + ^2 d y l dy l + ds 



2 

TN k - 



(A.6) 



i=i 



Notice that the metric ( A.l ) enjoys a £7(1) isometry which acts to shift the value of a. Conse- 
quently, this allows for the application of T-duality transformations to the above background 
solution. In doing so, one will obtain the following T-dual solution [49, 91J: 

5 

ds 2 = -dt 2 + dy l dy l + V(x)(d6 2 + dr 2 ), (A.7) 
i=i 

where 9 is a compact coordinate of period 2tc which parameterizes the dual S 1 , and 

V(x) = i- + - V - 1 - , , (Ai 
R 2 2^\x-x n 1 ' 

a=l 



where x = (#, r) is taken to mean a position in a full Mr. From (A.8) and (A.7), we see that 



the asymptotic radius of the dual circle is indeed given by 1/R as expected under T-duality. 



Note that the solution given by (A.7) consists of k objects which are pointlike in the 
IR 4 , and which are also magnetic sources of the NS-NS potential jl9]. In fact, they just 
correspond to k NS5-branes which span the space with coordinates y l , that are also arranged 
in a circle on 9 and localized on the rest of IR 4 according to the centers x a , a = 1, 2, . . . , k. 
Reversing the above arguments, we conclude that one can do a T-duality along any circle 
that is transverse to a stack of k coincident NS5-branes in type IIA(IIB) string theory, 
and obtain a dual background with no NS5-branes but with a TN^ manifold that has an 
Ak_i singularity at the origin in type IIB (IIA) string theory. In addition, notice that the 
asymptotic radius R of the dual, singular TNk background must tend to zero if the radius 
V(x) 1 ^ 2 of the circle transverse to the NS5-branes is to be infinitely large at any point r G M 3 . 
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Last but not least, note that in going from (A. 6) to (A. 7) under T-duality transfor- 



mations, only components of the solution transverse to the NS5-brane worldvolume get 
modified. In other words, the components of the solution along the worldvolume directions 
have no structure and are therefore trivial. Consequently, an application of T-duality along 



any worldvolume direction will map us back to the same NS5-brane solution given by (A.7). 



(This is to be contrasted with a _D p -brane, where T-duality along a direction parallel or 
transverse to its worldvolume will result in a _D p _i or D p+ i-brane, respectively.) 

A. 4- The Geometry of Sen's Four-Manifold 

Consider the following four-manifold characterized by a nontrivial S 1 fibration of M. 3 
with metric 140 



ds 2 



1 



W(f 



(da + x) + W(r)dr 



-»2 



modded out by the transformation 



(A.9) 



r ->■ 



a — > 



-a) 



(A.10) 



where a is a compact periodic coordinate of the S 1 fiber, and r = (r 1 , r 2 , r 3 ) is a three-vector 
in M 3 . The function W(r) and the 1-form x are defined by 



k 



2-, 

a=l 



+ 



1 



r + rJ 



dx = *3 dW, 



(A.ll) 



where *3 is Poincare duality in three-dimensions, and where the asymptotic radius of the 



circle fiber is R (before the identification in (A. 10)) 



Note that the metric is invariant under the reflection (A. 10); W(r) is invariant under 
(r — > —r) and x changes sign under the reflection. However, the metric is singular at r = 0. 
This singularity can be removed by replacing the metric near r = by the Atiyah-Hitchin 
metric which is completely nonsingular after we perform the reflection (A.10). We shall 



here denote this effectively smooth hyperkahler four-manifold broadly as Sen's four-manifold 
or SN k . 



In the region where r — > oo, we see from (A.ll) that W(r) — > 1. Hence, from (A.9) and 
(A.10), we find that SN^ approximates (IR 3 x S 1 )/X 4 far away from the origin at infinity, 
where I4 denotes an independent action on the two factors M. 3 and S 1 that is defined in 



(A.10). As mentioned earlier, the S 1 factor has a fixed radius of R. 
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At the k points fi, . . . , ffc in SNk, the circle fiber shrinks to zero size, as one can see from 



(A. 11) and (A. 9). Consequently, the circle fibrations of the line segments connecting each 



of these neighboring points will result in a set of k — 1 two-spheres. Because the reflection 



(A. 10) is a symmetry of the space, there is an identification r a ~ — r a . As such, there will 
be additional two spheres coming from the extra circle fibrations of the line segments that 
connect the points fi and —fi+i- In short, the homologically independent two-spheres will 
define an intersection matrix that is the Cartan matrix of a Dk Lie algebra jlQ]. If we let 
all the r a 's approach the origin, the areas of all the two-spheres vanish, and we obtain a Dk 
singularity. As we shall explain below, this observation is consistent with the fact that such 
an SN k background in string/M-theory would lead to an enhanced SO (2k) gauge symmetry. 

A. 5. Sen's Four-Manifold in a IIA/M-Theory Correspondence 

Consider the following eleven-dimensional background in M-theory: 

6 

ds 2 = -dt 2 + J2 dy m dy m + ds 2 SNk , (A. 12) 

m=l 

where the y m, s denote the space-like worldvolume coordinates on the six- dimensional solitons 
in type IIA that are represented by the above solution in M-theory. In order to ascertain 
what these solitons are, first note that near f = 0, the metric of SNk agrees with the Atiyah- 
Hitchin or AH space. It is known that upon a type IIA compactifcation of M-theory along 
the circle fiber of such an AH space, one would get an orientifold six-plane [93]. Second, 
note that near the point F = f a or its image — f a (under X4) for 1 < a < k, the metric 
agrees with the one near a Kaluza-Klein monopole. Moreover, far away from the origin at 
infinity, the metric looks like the multi-Taub-NUT space at infinity albeit identified under 



the action of I4. In all, this means that (A. 12) represents an M-theory background which 



upon compactification along the circle fiber, gives us k D6-branes and an 06 -plane in type 
IIA string theory which span the directions transverse to SNk given by the coordinates y 
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Note also that the f* a 's can be interpreted as the location of the Kaluza-Klein monopoles 
in SNk- This means that the k D6-branes will be localized at the k points fi,r 2 , . . . ,fk in 
SNk- Therefore, as one brings the k points together towards 0, all k D6-branes will coincide 



59 As emphasized in [40] itself, the M-theory background given by (A. 12) is only an approximate solution 
to the exact one describing the D6-branes and 06~-plane in type IIA string theory. However, it differs from 
the exact solution by terms that vanish exponentially as we move away from the origin. Since our discussion 
in the main text will only involve an analysis of SNk near the boundary at infinity, this deviation from the 
exact solution will not affect us. 
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on top of the 06 -plane and the worldvolume theory will possess an enhanced non-abelian 



SO (2k) gauge symmetry, 60 Hence, upon a compactification along the circle fiber of M-theory 
on an SNk that has a singularity at its origin, one will obtain an equivalent description in 
terms of a stack of k coincident D6-branes on top of an 06~ -plane that span the directions 
transverse to SNk in type IIA string theory. One can also understand this enhancement 
of gauge symmetries from the perspective of M2-branes wrapping the two-spheres in SNk 
and open strings in type IIA connecting between the D6-branes [40j. Since the discussion is 
analogous to the one before on we shall skip it. 

Once again, in order for the tension of a soliton described by the monopole solution 



(A. 12) to agree with the tension of a D6-brane in type IIA string theory, one must have 
R ~ gf l s . Therefore, a compactification of M-theory along the circle fiber of SNk where the 
asymptotic radius R is either large or small, will result in an equivalent IIA theory that is 
either strongly- or weakly-coupled, respectively. 



A. 6. Sen's Four-Manifold, NS5-branes/ON5-planes and T-Duality 

Consider the following ten-dimensional background in either type IIA or IIB string 
theory: 

5 

ds 2 = -dt 2 + dy l dy l + ds 2 SNk . (A. 13) 



i=i 



Notice that the metric (A. 9), just like the metric (A.l ), enjoys a U(l) isometry which acts to 



shift the value of a. Consequently, this allows for the application of T-duality transformations 
to the above background solution, just like in the multi-Taub-NUT example. Far away from 
the origin 



61 



the T-dual background will therefore look like 



ds 2 = -dt 2 + J2 d y l dy l + Y(r)(d6 2 + dr 2 ) 



(A. 14) 



where 6 is a compact coordinate of period 2tt which parameterizes the dual S 1 , and 



Y(x) 



1 2 
R? ~ W\ + 2 



h 



a=l 



X X a 



+ 



(A.15) 



60 Onc has an SO(2k) gauge symmetry because of the presence of an 06~-plane, i.e., the orientifold 
six-plane that is associated with a worldsheet parity operator whose eigenvalue is —1. 

61 As mentioned earlier, our analysis in the main text will only involve the physics of the background near 
infinity. As such, it suffices to just discuss what happens away from the origin. 
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where x = (9,r) is taken to mean a position in a full 1R 4 . From (A. 15) and (A. 14), we see that 
the asymptotic radius of the dual circle is indeed given by 1/R as expected under T-duality. 



Note that the solution given by (A. 14) consists of k objects which are pointlike in the 
IR 4 , and which are also magnetic sources of the NS-NS potential B^ u |49]. In fact, they just 
correspond to k NS5-branes which span the space with coordinates y l , that are localized on 
the M 4 according to the centers ±x a , a = 1,2, ... ,k. The reason why we ended up with a 
dual background that appears to have k instead of k NS5-branes is because the background 



represented by (A.9)-(A.ll), and therefore the type II background (A. 13), incorporates a 
reflection in the spatial directions transverse to the NS5-branes, which, effectively doubles 



the number of NS5-branes present. This means that the T-dual solution (A. 14) really cor- 
responds to a background which only has k dynamical NS5-branes and an ON5~-plane, 
whereby the '-' superscript just indicates that its presence will result in an orthogonal gauge 
symmetry in the worldvolume theory as required, while the 'N' just denotes that it can only 
be associated with NS5-branes [39]. Reversing the above arguments, we conclude that one 
can do a T-duality along any circle that is transverse to a stack of k coincident NS5-branes 
on top of an ON5~-plane in type IIA(IIB) string theory, and obtain a dual background with 
no NS5-branes and no ON5~-plane but with an SNk manifold that has a Dk singularity at 
the origin in type (IIB)(IIA) string theory. In addition, notice that the asymptotic radius 
R of the dual, singular SNk background must tend to zero if the radius Y(x) 1 ^ 2 of the circle 
transverse to the NS5-branes is to be infinitely large over any point f G M 3 . 



Finally, note that in going from (A. 13) to (A. 14) under T-duality transformations, 
only components of the solution transverse to the NS5-brane/ON5~ -plane worldvolume get 
modified. In other words, the components of the solution along the worldvolume directions 
have no structure and are therefore trivial. Consequently, an application of T-duality along 
any worldvolume direction will map us back to the same NS5-brane/ON5~-plane solution 



given by (A. 14). 



B. A Gauged WZW Model and Affine W-Algebras from a Quantum Drinfeld- 
Sokolov Reduction 

An N + -Gauged G WZW Model 

The action of the most general WZW model can be written as 

Swz(g) = [ d 2 z Tr(d z g-%g) + I d'x Tr^dg) 3 , (B.l) 

195 



where k' is the level, the worldsheet £ is a closed Riemann surface, and g is a worldsheet 
scalar field valued in any connected Lie group Q that is also periodic along one of the 
worldsheet directions with period 2ir. The trace Tr is the usual matrix trace in the defining 
representation of Q whose Lie algebra is g. 



A non-dynamically gauged version of (B.l) can be written as 

k' 



'-''gauged (g,A z ,A z ) = S wz (g) + 



2tt 



/ d 2 z Tt[A z {d s gg- 1 + M) — A- z {g- l d z g + M) 
+A,gA g g- 1 - A Z A S ], (B.2) 



where the worldsheet one- form gauge field A = A z dz + A z dz is valued in f), the Lie algebra 
of a subgroup % of Q. Notice that S gmge( i(g,A z ,A z ) differs slightly from the standard form 
of a gauged WZW model commonly found in the physical literature - additional M and M 
constant matrices have been incorporated in the d z gg~ x and g~ l d z g terms of the standard 
action, so that one can later use them to derive the correct form of the holomorphic stress 
tensor without reference to a coset formalism. Setting M and M to the zero matrices 
simply takes us back to the standard action for the gauged WZW model. As required, 
Sgauged(5S A z , A z ) is invariant under the standard (chiral) local gauge transformations 



g hgh- 1 ; A z -»■ d z h ■ hT 1 + hA z h~ l ; A- z -»■ d z h ■ /T 1 + hA^ 1 , 



(B.3) 



where h 



E H for any \(z,z) G P) 62 The invariance of (B.2) under the gauge 



transformations in (B.3) can be verified as follows. 



Firstly, note that the M(M)-independent terms make up the usual Lagrangian for the 
standard gauged WZW action, which is certainly invariant under the gauge transformations 
of (B.3). Next, note that under an infinitesimal gauge transformation h ~ 1 + A, the terms 



Tr(A z M) and Tt(A s M) change as 

5Ti(A z M) 
8Ti{A- z M) 



Tr(<9 z A M) — Tr(M [A, A z )), 
Tr(d z \ M) — Tr(M [X,A Z ]). 



(B.4) 
(B.5) 



Since we really want to consider the case where T-L is a priori the Borel subgroup of a 
complex Lie group Q, A and A will be valued in the Lie algebra of a maximally solvable 



(Borel) subgroup of Q. As such, the second term on the RHS of (B.4) and (B.5) will be 



62 A similar model has been considered in [75]. However, the action in that context is instead invariant 
under a non- chiral local gauge transformation. Moreover, it docs not contain the A z A z term present in a 
standard gauged WZW model. 
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zero [79] . What remains are total divergence terms that will vanish upon integration on E 
because it has no boundaries. Therefore, unless Tl is a Borel subgroup of Q (or any other 
solvable subgroup of Q), one cannot incorporate M and M in the action and still maintain 
the requisite gauge invariance. This explains why generalizations of gauged WZW models 
with these constant matrices M and M have not appeared much in the physical literature. 
Nevertheless, this generalization can be considered in our case. As we shall see shortly, this 
generalization will allow us to obtain the correct form of the holomorphic stress tensor of 
the %-gauged Q WZW model without any explicit reference to a coset formalism. 



The classical equations of motion that follow from the field variations in (B.3) are 



8A Z : D s gg 1 \ H = 
5A Z : g~ l D z g\ H = 
5g : Dg{g~ x D z g) 
5g : D Z (D- Z gg- X ) 



-M+, 
-M-, 



(B.6) 
(B.7) 
(B.8) 
(B.9) 



where F zz = d z A z — d z A z + [A z , A z ] and F zz = d z A z — d z A z + [A z , A z ] are the non-vanishing 
components of the field strength, and the covariant derivatives are given by D z = d z + [A z , } 
and D z = d z + [Ag, ]. By imposing the condition of (B.7) in (B.8), and by imposing the 



condition of ( B.6[ ) in (B.9), since M± are constant matrices, we find that we have the zero 
curvature condition F zz = F zz = as expected of a non-dynamically gauged WZW model. 
This means that A z and A z are trivial on-shell. One is then free to use the gauge invariance 
to set A z and/or A 2 to a constant such as zero. In setting A z = A z = in (B.8) and (B.9), 
noting that F zz = F zz = 0, we have the relations 



dz(g 1 d z g) = and d z (d z gg 



0. 



(B.10) 



In other words, we have a g-valued, holomorphic conserved current J(z) = g 1 d z g, and a 
0- valued antiholomorphic conserved current J(z) = d^gg' 1 , both of which are dimension one 



and generate affme symmetries on S. The action in (B.2) can thus be written as 

SgaugedG?, A s , Ag) = S wz (9) + ^ / d 2 z Ti[A z ( J(z) + M) — Ag(J(z) + M) 

+A z gA s g~ 1 — A Z A S ]. 



(B.11) 



In fact, (B.ll) can be further simplified as follows. Firstly, since Q is a connected 



group, its Lie algebra g will have a Cartan decomposition g = n_ © c © n+, where c is 
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the Cartan subalgebra, and n± are the nilpotent subalgebras of strictly upper and lower 
triangular matrices, respectively. The Borel subalgebras will then be given by b± = c © n±, 
and they correspond to the Borel subgroups B±. We will adopt the positive convention, i.e., 
by Borel subgroup, we will mean B + . With respect to this decomposition of the Lie algebra 
fl , we can write J(z) = £t"T Wt~ + E5' + Et7 + ^WC, and J(z) = 
Ea=i n ~ J a -m + Et=i j2m + Y,t=x n+ Jl^)tt, where t~ G n_, t% G c, and t+ G n + . One 
can also write M = ES"" MH~ + Ea=i + ElT + Mp+, and M = £^7" Mlt~ + 

Eri'^cX + E!T + ^+^a-> where M£. C (M±. C ) are arbitrary number constants. 

Secondly, with all being said, note that the gauged WZW model would be anomalous 
unless we have Tr^(tt') — Tr n(t't) = 0, where t, t' G f), and the traces Tr^ and Tr^ are taken 
over some L and R representation of Q [HS]- Since in this paper, n + C b + is spanned by 
traceless square matrices whose products with one another remain traceless, this anomaly- 
cancellation condition would be satisfied in all generality if t, t' G n + . In other words, we 
ought to have f) = n + and thus, % = N + , which means that N + C B + is actually the solvable 
non-anomalous subgroup of Q to be gauged. Hence, let us write A z = Ea™" + A z^a , and 

Finally, note that since Tr(t^t^) = 5 a ^S a,lB , the trace of the second term on the RHS of 



(B.ll ) will be nonvanishing only for components of J(z)(J(z)) and M(M) that are associated 
with their expansion in n + . 

Let us write J+(z) = EaS n+ and M+ = EaS" + Mp+. Let us also write 

J + (z) = Ea™ n+ J+(z)ta and M + = Ea=T + M+t+. Then, from the above three points, one 
can express the action of an iV + -gauged Q WZW model as 

y dimn+ 

s N+ . gmged (g, a z , a s , j+ J+) = s wz (g) - y / d%z E + M +) - A z( J +(^) + m\) 

n ^ s 1=1 

-Ti[A z gA- z g- 1 - A Z A,}. (B.12) 

Due to the iV+-gauge invariance of the theory, we must divide the measure in any 
path integral computation by the volume of the iV + -gauge symmetry. That is, the partition 
function has to take the form 

z a = [ ^- l dgM z ,dA l z ] ^ j+; 

y s (gauge volume) 

One must now fix this gauge invariance to eliminate the non-unique degrees of freedom. 
One can do this by employing the BRST formalism which requires the introduction of 
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Faddev-Popov ghost fields. In order to obtain the holomorphic BRST transformations of 
the fields, one simply replaces the infinitesimal position-dependent parameters e l of h = 
^("EtT^^m) e in the corresponding left- sector of the gauge transformations in 



(B.3) with the ghost fields c , which then gives us 

5brst(<?) = ~c l t+g, 5 B rst(4) = ~D- Z c\ 5 B RS T (others) = 0. (B.14) 

The components of the ghost field c(z) = ^^^ n + and those of its anti-ghost partner 

b(z) = Ylt=L " + ^ l ( z )^i wm transform as 

5brst(c') = -\f l mk c m c\ 5 BRST (b l ) = B l , S BRST (B l ) = 0, (B.15) 

where the /^ fe 's are the structure constants of n + . Also, the B l, s are the Nakanishi-Lautrup 
auxiliary fields that are the BRST transforms of the b h s. They also serve as Lagrange 
multipliers to impose the gauge-fixing conditions. 

In order to obtain the antiholomorphic BRST transformations of the fields, one employs 



the same recipe with the corresponding right-sector of the gauge transformations in (B.3), 
with the infinitesimal position-dependent gauge parameter now replaced by the ghost field 
c l , which then gives us 

$BKST(g) = c l t+g, 5 BRST (A l z ) = -D z c\ 5 BRST (others) = 0. (B.16) 

The components of the ghost field c{z) = Ylt=i n+ ^'(^)^ + and those of its anti-ghost partner 
b(z) = Ylt=L " + ^(^)^/ + wm transform as 

W(c') = -\? mk ^\ 5 BRST (b l ) = 5\ WrOS') = 0. (B.17) 

In the above, the B l, s are the Nakanishi-Lautrup auxiliary fields that are the antiholomorphic 
BRST transforms of the b l fields. They also serve as Lagrange multipliers to impose the 
gauge-fixing conditions. 



Since the BRST transformations in (B.14) and (B.16) are just infinitesimal versions of 



the gauge transformations in (B.3 ), 5 , Ar + _ gaugc d(5', A z , A g , J + , J + ) will be invariant under them. 
An important point to note is that in addition to (<5brst + <Wst) • (^brst + ^brst) = 0, 
the holomorphic and antiholomorphic BRST- variations are also separately nilpotent, i.e., 
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^brst = and ^brst = °> whence S BRS t ■ <5brst = -5brst • ^brst- This means that the 
BRST-cohomology of the iV + -gauged Q WZW model can be decomposed into independent 
holomorphic and antiholomorphic sectors that are just complex conjugate of each other, and 
that it can be computed via a spectral sequence, whereby the first two complexes will be 
furnished by its holomorphic and antiholomorphic BRST-cohomologies, respectively. Since 
we will only be interested in the chiral half of the iV + -gauged Q WZW model, we shall 
henceforth focus on the holomorphic BRST-cohomology of the iV + -gauged Q WZW model. 

By the usual recipe of the BRST formalism, one can fix the gauge by adding to the 
BRST-invariant action Stv + -gauged A z , A s , J + , J + ), a BRST-exact term. Since the BRST 
transformation by (<5brst + ^brst) is nilpotent, the new total action will still be BRST- 
invariant as required. The choice of the BRST-exact operator will then define the gauge- 
fixing conditions. A consistent choice of the BRST-exact operator that will give us the 
requisite action for the ghost and anti-ghost fields is 

(y r dimn + n 
2^J d2z A\b l + A l z b l 

where one will indeed have the desired total action, which can be written as 

y r dimn + 

SwzwG?) - f / d 2 z { [A l ,(J l +(z) +M l + - &) - A l z {J l + {z) + M l + + B 
71 ^ s 1=1 

U r dimn + 

-Tr[A z gA- z g- 1 ~A z A 2 }} + — d 2 z £ (c l D s b l + +c l D z b l ) . 

71 ^ s i=i 

(B.18) 

From the equations of motion by varying the B h s, we have the conditions A\ = for 
I = l,...,dimn+. From the equations of motion by varying the B l, s, we also have the 
conditions A\ — for I — 1, . . . , dimn + . Thus, the partition function of the iV + -gauged Q 
WZW model can also be expressed as 

Zg = J [g^dg, db, dc, db, dc] exp (iS WZ w{g) + ^ J d 2 z Tr(c • d z b)(z) + Tr(c • d z b) (z)*j , 

(B.19) 



where the holomorphic BRST variations of the fields which leave the effective action in (B.19) 
invariant are now given by 

<W(<?) = ~c m Cg, Wr(c z ) = -\f mk c m c\ 5 BKST (b l ) = J l + + M[ - f l mk b m c\ 
5brst (others) = 0. (B.20) 
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The holomorphic BRST-charge generating the field variations in (B.20) will then be 
given by 



/ /dimn-f dimn-|- \ 

J2 c\z){f + {z) + M\) - - J2 fLb m c l c k (z) . (B.21) 
71 \ 1=1 1=1 J 



The free-field action of the left-moving ghost fields in (B.19) implies that we have the usual 



OPE's of (dimn + ) free be systems. From these free be OPE's, one can verify that Qbrst i n 



(B.21) will indeed generate the field variations in (B.20). 



Though we did not make this obvious in our discussion hitherto, by integrating out 



the A^s in (B.12), and using the above conditions A l z = for I = 1, . . . ,dimn + , we find 
that we actually have the relations {JAz) + M l + ) = for Z = 1, . . . , dimn + . These relations 
- involving the currents associated with the Lie algebra n + of the group N + that we are 
modding out from Q - will lead us directly to the correct form of the holomorphic stress 
tensor for the gauged WZW model without reference to a coset formalism, as we shall now 
see. 

In the holomorphic BRST-cohomology are dimjj currents J a (z) (spanned by the J l + (z)'s, 
Ji(z)'s and the J l c (z)'s) that generate an affine Q OPE-algebra at level k' . As such, one can 
construct a holomorphic stress tensor using the Sugawara formalism as 

To(z) - k , + hv , (B.22) 

where d a b is the Cartan-Killing metric on q. However, as shown above, one will have the 
conditions J l + = —M\ for / = 1, 2, . . . , dimn + . In order for the conformal dimensions of the 
J^'s to be compatible with these conditions, one must define a modified holomorphic stress 
tensor: 

T modific d(^) = T g (z) + f- dJ c (z), (B.23) 

where J c (z) is a rank jj-dimensional vector with components being the J l c currents associated 
with the Cartan subalgebra c, and I is a sum of simple positive roots of q. In order for the 
above conditions involving the J^_'s to be compatible with the fact that Qbrst generating the 
holomorphic variations of the fields must be a scalar of dimension zero, the dim n + left-moving 
ghost systems (b l ,c l ) must have conformal dimensions (h , 1 — h l ) for I = 1,2, .. . ,dimn + , 
where h is the conformal dimension of the corresponding J l + current under T mo difi e d(-2)- In 
sum, by including the holomorphic stress tensor contribution from the action of the free 
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left-moving ghost fields, we can write the total holomorphic stress tensor of the iV + -gauged 
G WZW model as 

TV gauged (z) = : ^ J +y : + X>W - E Wd z c\z) + (h l - l)(d z b l c l )(z)] . 

a=l ZSA+ 

(B.24) 

Here, A + is the set of positive roots of q, and for a GA + , we have (p v , a) = 1 if and only if 
a is a simple root of $j, where p y is the "dual Weyl vector" of q. 

The Holomorphic BRST-Cohomology and Affine W-Algebras from a Quantum Drinfeld- 
Sokolov Reduction 

We shall now show that the holomorphic BRST-cohomology of the iV + -gauged Q WZW 
model will be spanned by local operators whose Laurent modes generate W(fl) - an affine 
W-algebra obtained from g via a quantum Drinfeld-Sokolov reduction, where g is the affine 
version of q at level k'. To this end, let us first review the purely algebraic approach to 
generating W(fl) via a quantum Drinfeld-Sokolov (DS) reduction [96] . 

The quantum DS-reduction scheme can be summarized as the following steps [72J. 
Firstly, one starts with a triple x)> where $j' is an affine subalgebra of q, and x is a 

1-dimensional representation of q'. Next, one imposes the first class constraints g ~ xid) 
, Vp G g', via a BRST procedure. The cohomology of the BRST operator Q on the set of 
normal-ordered expressions in currents, ghosts and their derivatives, is what is called the 
Hecke algebra Hq(q,q',x) °f the triple ($,$', x). For generic values of k', the Hecke algebra 
vanishes for i / 0; the existing zeroth cohomology HqCq,^' ,x) is j us t spanned by a set of 
local operators associated with the triple q',x)i whose Laurent modes generate a closed 
affine W-algebra. We shall denote the affine W-algebra associated with this set of operators 
as Wds[0, Note that Wd5[0,0 ; ,x] is j us t W(g). Let us be more explicit about how 

one can go about defining Wds[0 ; fl'; x] an d therefore W($j), now that we have sketched the 
general idea behind the DS-reduction scheme, f In order for Wds[s> S'j x] to be an affine 
W-algebra, one has to choose a suitable triple x)- A suitable triple can be obtained by 
considering a principal s((2) embedding in g. Let us now describe this embedding. Suppose 
we have an sl(2) subalgebra {t 3 , t + , t_ } of q. The adjoint representation of $j decomposes 
into sl(2) representations of spin j^, where k = 1, . . . , s, for example. Then, one may write 
the current J(z) = Y^t™ 5 J a (. z )ta as 

S jk 

J(z) = J2 E Jfc ' m (^>-, (B.25) 

fc=l m=-j k 
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where t^ m corresponds to the generator of spin j k and isospin m under the sl(2) subalgebra. 
In particular, we have the correspondences t\j_ = t + , i lj0 = t 3 , and t\-\ = The sl(2) 
subalgebra t 3 ,t + ,t_ can be characterized by a "dual Weyl vector" p v , i.e., as mentioned 
above, for a G A + , where A + is the set of positive roots of q, we have (p v , a) = 1 if and only 
if a is a simple root of q. The s((2) root a is given by a = pj (p, p), and t% = p • c, where c is 
the Cartan sublagebra of q. 

Take q' to be the affine Lie subalgebra n + generated by all J k ' m (z), where m > 0. 
Denoting the currents corresponding to positive roots a by J a (z), and choosing ti t \ = e ai , 
one can then impose the condition (which realizes the required first-class constraint g ~ x(flO) 

XDs(J a ( z )) — 1 (f° r simple roots ), xl^"!- 2 )) = (otherwise). (B.26) 

Next, we introduce pairs of ghost fields (6° (z), c a (z)), one for every positive root a GA + . 
By definition, they obey the OPE b a (z)c/3(z') ~ 5 a p/{z ~ z '), where the a, (3 (and 7) indices 



run over the basis of n + . The BRST operator that is consistent with (B.26) will then be 
given by Q — Q + Q x , where 

Qo = j^n ( Ja ^ c ^ ~ lf?( blc « c e)( z )) (B.27) 
is the standard differential associated with n + , /"^ are the structure constants of n+, and 

Q l = -j^.XDs{J a {z))c a {z). (B.28) 

They satisfy 

Q 2 = Ql = Ql = {Qo,Qi} = o. (B.29) 

The resulting Q-cohomology is just the Hecke algebra Hq(q,q', x), which is spanned by a set 



of local operators whose Laurent modes generate Wd5[0, q',x] — VV(fl). Note that (B.29) 
implies that one can compute the Hecke algebra via a spectral sequence of a double complex 
with differentials being Qq and Q\ accordingly. 

The variation of the various fields under the action of Q can also be computed using 
the OPE's of the affine algebra $j, the OPE's of the ghost fields, and the explicit forms of Qo 



and Q\ in (B.27) and (B.28) above, and they are given by 



5c a (z) = -^( CpCl )(z), (B.30) 
5b a (z) = J a (z) - X Ds(J a (z)) - f?{Vcft){z). (B.31) 
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Note also that VVds^J', x] and thus W($j), will at least contain the Virasoro algebra. 
The explicit form of the stress tensor whose Laurent modes will generate the Virasoro algebra 
is (after omitting the normal-ordering symbol) 



T DS (z) 



d ab J a (z)J\; 
(k' + /i v ) 



dime 



Y,d z J c {z) + (G°V) - l)b a d z c a (z) + (p\a)(d z b a c a )(z) 



c=l 



(B.32) 

where the J c (z)'s are just the affine currents that are valued in the Cartan subalgebra c 
of the Lie algebra g. Note that with respect to Tj^s(z), the conformal dimensions of the 
pair (b a (z), c a (z)) will be given by (1 — (p v , a), (p v , a)). The central charge of this Virasoro 
subalgebra and therefore that of W($j), is 



/ — 12|« + p + a^p 



V|2 



(B.33) 



where / = rankjj; = —1; a + = l/y/k' + h v ; and h y is the dual Coxeter number of g. 

In the case of a simply- laced Lie algebra g, we have g = $j v and p = p v , where g v is 
the Langlands dual Lie algebra. From the Freudenthal-de Vries strange formula p 2 /2h v = 
dim g/24, one can then simplify c to 



cade = I - h y dxmg (a+ + 



^B.34) 



At any rate, notice that in the iV + -gauged Q WZW model, for any J l + which has h 7^ 0, 
the corresponding M l + must be set to zero for consistency. This means from our above 
discussion, that one can identify M l + with — Xds{J 1 +{ z ))- With this identification, one can 



see that the field variations in (B.20) agree with the field variations in (B.30) and (B.31). 
In addition, we find that Qbrst in (B.21) also coincides with Q = Q Q + Q\, where Qo and 



Qi are given in (B.27) and (B.28), respectively. Moreover, Tjv + -gauged(^) of (B.24) is just 



Tds(z) of (B.32). Hence, we see that the holomorphic BRST-cohomology of the iV + -gauged 



Q WZW model physically realizes, in all generality, the purely algebraic DS-reduction scheme 
of generating the Hecke algebra. 

We can summarize the results in this appendix as follows. Let us label the local op- 
erators of the Hecke algebra as W^ Si '(z), where i = 1, 2, . . . , rank $3; Sj = + 1, the e^'s 
being the exponents of g; and W^i^z) are higher spin-Sj analogs of T/v + _ gauged (z), where 
W^ 2 \z) = T/v + _ gaugcd (;z). Then, we find that the holomorphic BRST-cohomology of the iV + - 
gauged Q WZW model will be spanned by local operators W^(z) whose Laurent modes 
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generate W($j) with central charge (B.33), or in the simply-laced case, (B.34). Hence, just 
as a chiral half of a regular Q WZW model realizes q whence its spectrum would be gen- 
erated (modulo null states) by a Verma module over g, a chiral half of an A+-gauged Q 
WZW model realizes W($j) whence its spectrum would be generated (modulo null states) by 
a Verma module over W($j). 
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